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We would be grateful to any readers who bring any remaining errors to our attention. 
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PART 1 Equilibrium 


01.1 


01.3 


01.5 


The properties of gases 


Answers to discussion questions 


An equation of state is an equation that relates the variables that define the state of a system to each other. 
Boyle, Charles, and Avogadro established these relations for gases at low pressures (perfect gases) by 
appropriate experiments. Boyle determined how volume varies with pressure (V « 1/p), Charles how 
volume varies with temperature (V сс Т), and Avogadro how volume varies with amount of gas (V « n). 
Combining all of these proportionalities into one we find 


nT 
Ух —. 
p 


Inserting the constant of proportionality, R, yields the perfect gas equation 


RnT 
v= or pV=nRT. 
p 


Consider three temperature regions: 


(1) T < Тв. At very low pressures, all gases show a compression factor, Z = 1. At high pressures, all 
gases have Z > 1, signifying that they have a molar volume greater than a perfect gas, which implies 
that repulsive forces are dominant. At intermediate pressures, most gases show Z < 1, indicating 
that attractive forces reducing the molar volume below the perfect value are dominant. 

(2) T = Тв. Z = 1 at low pressures, slightly greater than 1 at intermediate pressures, and significantly 
greater than 1 only at high pressures. There is a balance between the attractive and repulsive forces 
at low to intermediate pressures, but the repulsive forces predominate at high pressures where the 
molecules are very close to each other. 

(3) T > Тв. 2 > 1 at all pressures because the frequency of collisions between molecules increases 
with temperature. 


The van der Waals equation ‘corrects’ the perfect gas equation for both attractive and repulsive 
interactions between the molecules in a real gas. See Justification 1.1 for a fuller explanation. 


The Bertholet equation accounts for the volume of the molecules in a manner similar to the van der 
Waals equation but the term representing molecular attractions is modified to account for the effect of 
temperature. Experimentally one finds that the van der Waals a decreases with increasing temperature. 
Theory (see Chapter 18) also suggests that intermolecular attractions can decrease with temperature. 


E1.1(b) 


E1.2(b) 


E1.3(b) 
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This variation of the attractive interaction with temperature can be accounted for in the equation of state 
by replacing the van der Waals a with a/T. 


Solutions to exercises 


(a) The perfect gas law is 
pV = пКТ 


implying that the pressure would be 


m nRT 


Р= у 


All quantities on the right are given to us except n, which сап be computed from the given mass 
of Ar. 


25 g 





n= —————__ = 0.626 mol 
39.95 g mol 
0.626 mol 31 x 10-2 dm? bar K^! mol! 30 + 273 К = 
"UR mol) x (8.31 x m 5 то!) x (30+ P e 10.5 bar 
1.5 dm 
not 2.0 bar. 


(b) The van der Waals equation is 


E RT a 

Р з WE 

x: (8.31 x 107? dm? bar K^! mol!) x (30 + 273) К 
ges 


77 (1.53 dm?/0.626 mol) — 3.20 x 10-2 dm? mol"! 


(1.337 dm®atm mol?) x (1.013 bar аш!) = 
= =| 10.4bar 
(1.5 dm? /0.626 mol)? 





(a) Boyle’s law applies: 


pV = constant so pfVf = piVi 


and 


7 1.97Ь 2.14 dm? 
Е СН) 1.07 Баг 


Vi (2.14 + 1.80) dm? 


(b) The original pressure in bar is 


1 ati 760 Т 
pi = (1.07 bar) x (тоза) : ( ат) — [803 топ 


1 atm 





The relation between pressure and temperature at constant volume can be derived from the perfect 
gas law 
pi _ РЕ 


pV=nRT so p«T and т, “Т 


E1.4(b) 


E1.5(b) 


E1.6(b) 


E1.7(b) 
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The final pressure, then, ought to be 
ріТе (125 kPa) x (11 + 273) К 
= ст, (23 +273)К 
According to the perfect gas law, опе can compute the amount of gas from pressure, temperature, 


and volume. Once this is done, the mass of the gas can be computed from the amount and the molar 
mass using 





pV = nRT 


pV _ (1.00 atm) x (1.013 x 10? Pa atm ^!) х (4.00 x 103 m?) 
RT (8.3145 J K~!mol!) х (20 + 273) К 


and m = (1.66 x 10? mol) х (16.04 g mol~!) = 2.67 x 10°g = | 2.67 х 10? kg 


Identifying pex in the equation p = Pex + pgh [1.3] as the pressure at the top of the straw and p as the 
atmospheric pressure on the liquid, the pressure difference is 


р — pex = рей = (1.0 x 10? kg m^?) x (9.81 ms?) x (0.15 m) 


=|1.5 x 103 Ра | (= L5 x 10-2 atm) 


The pressure in the apparatus is given by 


— 1.66 x 105mol 





SO n = 


P = pam + рай [1.3] 
Patm = 760 Torr = 1 atm = 1.013 x 10? Pa 


1 kg 
10? g 


р = 1.013 x 10? Pa + 1.33 x 10^ Ра = 1.146 x 10? Pa = | 115 kPa 


All gases are perfect in the limit of zero pressure. Therefore the extrapolated value of pVm/T will give 
the best value of R. 





pgh — 13.55 g ст? x ( 


106 3 
) x | :- ) х 0.100 т x 9.806 m s^? = 1.33 х 10^ Pa 
= 


The molar mass is obtained from pV = nRT = RT 


i Я КТ КТ 
which upon rearrangement gives М = v = p— 
р р 


The best value of М is obtained from an extrapolation of p/p versus р to p = 0; the intercept is M/RT. 


Draw up the following table 





p/atm (pVm/T)/(dm? atm K~!mol~!)  (p/p)/(dm-?atm-!) 





0.750 000 0.082 0014 1.428 59 
0.500 000 0.082 0227 1.428 22 
0.250 000 0.082 0414 1.427 90 














V 
From Figure 1.1(a), (Ez) = [0.082 061 5 dm? atm K^! тог”! 
p=0 


+ 
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- 102 Ру /(dm? atm K^ шог”! 





Figure 1.1(a) 


From Figure 1.1(b), (£) = 1.427 55 g dm? аш! 
P p=0 


71 
В 
: = 
ге 
Ф 
: Б 
ot 
5.50 2. 
ие 
Head 


Te 





Figure 1.1(b) 
М = ВТ (=) = (0.082 061 5 dm? atm mol! K^!) x (273.15 К) х (1.42755 g т-а!) 
p=0 


= | 31.9987 g шог! 


The value obtained for К deviates from the accepted value by 0.005 percent. The error results from the 
fact that only three data points are available and that a linear extrapolation was employed. The molar 
mass, however, agrees exactly with the accepted value, probably because of compensating plotting 
errors. 


E1.8(b) Тһе mass density p is related to the molar volume Vm by 


where M is the molar mass. Putting this relation into the perfect gas law yields 


M 
pVa — RT so "xd 
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Rearranging this result gives an expression for M; once we know the molar mass, we can divide by the 
molar mass of phosphorus atoms to determine the number of atoms per gas molecule 


_ RTp _ (8.314 Ра т? mol!) x [(100 + 273) К] х (0.6388 kg m^?) 
р _ 1.60 х 104 Ра 


= 0.124 kg тої! = 124 в шог! 


М 


The number of atoms per molecule is 


124 g шог”! 
31.0 g шог”! 


suggesting a formula of | Pa | 


E1.9(b) ^X Use the perfect gas equation to compute the amount; then convert to mass. 


= 4.00 


V 
pV=nRT so “== 
RT 


We need the partial pressure of water, which is 53 percent of the equilibrium vapor pressure at the given 
temperature and standard pressure. 


p = (0.53) x (2.69 x 10° Pa) = 1.43 x 10° Pa 


_ (1.43 х 10° Pa) x (250m?) 
~ (8.31457 K7! mol!) x (23 + 273) К 


or m = (1.45 x 10? mol) х (18.08 mol^!) = 2.61 x 10° g =| 2.61 kg 


E1.10(b) (а) The volume occupied by each gas is the same, since each completely fills the container. Thus solving 
for V we have (assuming a perfect gas) 


son — 1.45 x 10? mol 





njRT 0.225 g 
V = T пу = — L 
Р] 20.18 g тої 


= 1.115 x 107? mol, рм = 8.87 КРа, T = 300К 





y _ (1115 x 1072 mol) х (8.314 dm? kPa К^! mol!) х 300 К) 


8.87 КРа 
= лат) 


(b) The total pressure is determined from the total amount of gas, п = NCH, + ПАг + Mye. 


= 3.137 dm? 


0.320 g 0.175 g 
16.04 g mol! 39.95 g mol"! 


n = (1.995 + 0.438 + 1.115) x 1072mol = 3.548 x 107? mol 


= 1.995 x 1072то! Nar = 


NCH, = = 4.38 x 107? mol 


(3.548 х 10-2 mol) x (8.314 dm? kPa K^! шог!) х (300 К) 
3.137 dm? 





Soi 
p= y 18 = 


=| 28.2 КРа 
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E1.11(b) This is similar to Exercise 1.11(a) with the exception that the density is first calculated. 


RT 
M = p— [Exercise 1.8(a)] 
Р 


_ 33.5 тв 
^ 250cm? 


ын -3 3 -1 -1 
м = (913408 dm 7) x (62,360! To КЦ mor) х 098К) е7 
152 Тогг 


E1.12(b) This exercise is similar to Exercise 1.12(a) in that it uses the definition of absolute zero as that temperature 
at which the volume of a sample of gas would become zero if the substance remained a gas at low 
temperatures. The solution uses the experimental fact that the volume is a linear function of the Celsius 
temperature. 


= 0.1340 в dm, р = 152Тот, Т —298K 


Thus У = И + æ Vo = Vo + b0, b = aVo 
At absolute zero, У = 0, or 0 = 20.00 dm? + 0.0741 dm? °C7! x 6(abs. zero) 
20.00 dm? 
0(abs. zero) = ———————À,—À— =|—270°С 
( ) 0.0741 dm? oc-! 
which is close to the accepted value of —273 °C. 


B nRT 
E1.13(b) а) Ру 
n = 1.0 mol 


T = (1) 273.15 К; (ii) 500K 
V = (i) 22414 dm?; (ii) 150 cm? 


_ (1.0 mol) x (8.206 x 10-2 dm? atm K^! mol!) x (273.15 К) 
в {= 22.414 dm? 


[Lam 


_ (1.0 mol) x (8.206 x 10-2 dm? atm К-! шог!) x (500 К) 
ан 0.150 dm? 


= (2 significant figures) 
(b) From Table (1.6) for H2S 


а = 4.484 атб ант то!-! b = 4.34 x 10-2 dm? mol! 


_ nRT ап? 
Р= уа ү? 





_ (1.0 mol) х (8.206 х 10-2 dm? atm K^! mol!) x (273.15 К) 
9 pe 22.414 dm? — (1.0 mol) х (4.34 x 10-2 dm? шог!) 


(4.484 аш? atm шог!) х (1.0 mol)? 
(22.414 dm?)? 


=| 0.99 atm 
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_ (1.0mol) x (8.206 x 10-2 dm? atm K^! mol!) х (500 К) 


ii 
09 0.150 dm? — (1.0 mol) х (4.34 x 10-2 dm? mol!) 





(4.484 ашбайт mol ') x (1.0 mol)? 
(0.150 dm?)? 


= 185.6atm = (2 significant figures). 


E1.14(b) Тһе conversions needed are as follows: 
| atm = 1.013 х 10 Ра; 1Ра--1КЕт 1877: 1 аб = 10-6 тб; 1 т? = 10-3 m? 
Therefore, 


a = 1.32 atm dmÓ mol? becomes, after substitution of the conversions 


a =| 1.34 x 107! kg m>°s~?mol~? | апа 


b = 0.0436 dm? mol! becomes 


b =| 4.36 x 10-5 ш тог! 


E1.15(b) Тһе compression factor is 








т 2 PYn Е Vin 
RT уо 


(a) Because Vm = Ур + 0.12 V9 = (1.12) 0, we have Z = forces dominate. 


(b) The molar volume is 


RT 
V = (1.12) ° = (1.12) х (=) 
p 
0.08206 dm? atm K^! mol! 350K 
V — (1.12) x Їиний “ханилан -127 dm? то]! 
atm 


E1.16(b) (a) yo _ RT _ (8314JK" mol") x (298.15 K) 
"Ig (200 bar) x (105 Pa bar!) 


= 1.24 x 10-4 m? mol! =| 0.124 dm? шог”! 


(b) The van der Waals equation is a cubic equation in Vm. The most direct way of obtaining the molar 
volume would be to solve the cubic analytically. However, this approach is cumbersome, so we 
proceed as in Example 1.4. The van der Waals equation is rearranged to the cubic form 


RT b R 
va (o và + (2) -2 =0 or 2 - (oe 2) 24(2)x-S о 
p p p p p p 


with x = Уһ /(dm? mol” !). 
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The coefficients in the equation are evaluated as 


(8.206 x 10-2 dm? mol~!) x (298.15 К) 


RT 
b + — = (3.183 x 1072 dm? шог!) + 
p (200 bar) х (1.013 atm bar! ) 


= (3.183 x 107? + 0.1208) dm? mol! = 0.1526 dm?mol7! 


a 1.360 dm? atm mol? 6.71 x 10-3 (dm шог”! 
— = = о. х 
P (200Ьаг) x (1.013 atm Багт!) цаас 





ab (1.360 dm atm mol?) х (3.183 х 10:24ш тог!) = ЭРГЭВ 1\3 
ee eT (йи шо) 
р (200 bar) x (1.013 atm bar") 


Thus, the equation to be solved is х? — 0.1526x? + (6.71 x 10-3)х — (2.137 x 10-4) = 0. 
Calculators and computer software for the solution of polynomials are readily available. In this case 
we find 


x=0.112 or Vm = | 0.112 dm? шог! 


The difference is about 15 percent. 


E1.17(b) The molar volume is obtained by solving Z = pVm/RT [1.17], for Vm, which yields 


_ ZRT _ (0.86) x (0.08206 dm? atm K~! mol!) x (300K) 


= 1.059 dm? mor! 
p 20atm 


Vm 


(a) Then, V = nVm = (8.2 x 10-3 mol) x (1.059 dm? mol-!) = 8.7 x 10-3 dm? = 


(b) An approximate value of B can be obtained from eqn 1.19 by truncation of the series expansion after 
the second term, B/Vm, in the series. Then, 


у, 
B= Vm (Z2 -1) = Vm x Z-D 


= (1.059 dm? тог!) x (0.86 — 1) =| —0.15 ат? тої! 


E1.18(b) (а) Mole fractions are 
_ Мм _ 2.5 mol Е 
N= aoa (25+15)т  — 
Similarly, хн = 


(с) According to the perfect gas law 


Protal V = Mota RT 


Nota RT 
V 


(4.0 mol) x (0.08206 dm? atm mol! K^!) x (273.15 К) 
= Е = (4.0 atm | айп 
22.4dm? 





SO Рам = 
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(b) The partial pressures are 





PN = хмро = (0.63) х (4.0 atm) = | 2.5 atm 


and рн = (0.37) x (4.0 atm) = 


E1.19(b) Тһе critical volume of a van der Waals gas is 


ү. = ЗЬ 


so b = } Ve = 1(148 ст? mol!) = 49.3 cm? mol! = | 0.0493 dm? тог”! 


By interpreting b as the excluded volume of a mole of spherical molecules, we can obtain an estimate 
of molecular size. The centers of spherical particles are excluded from a sphere whose radius is the 
diameter of those spherical particles (i.e. twice their radius); that volume times the Avogadro constant 
is the molar excluded volume b 


b= ma (2529: is 301 3b n 

3 2 Х4л NA 
1 3(49.3 cm? mol” !) ын 

=. | —— ЩО = 1.94 x 1078 cm = | 1.94 х 1079 т 
2 (m x 1023 mol 5) 


The critical pressure is 








E a 
| 27b? 


so a = 27реБ? = 27(48.20 atm) x (0.0493 dm? mol^!)? = | 3.16 пб atm mol? 


But this problem is overdetermined. We have another piece of information 


Pc 





_ 8а 
977 27Rb 





According to the constants we have already determined, Т. should be 


8(3.16 dm? atm mol?) 


i UE 9 ЕЮ 
27(0.08206 dm? atm K~! шог!) x (0.0493 dm? mol!) 


Тс 


However, the reported Т, is 305.4 К, suggesting our computed a/b is about 25 percent lower than it 
should be. 


E1.20(b) (a) The Boyle temperature is the temperature at which limy, со dZ/(d(1/Vm)) vanishes. According 
to the van der Waals equation 





( RT a )" 
z= РУт = Vin —b v2 P E Vm a 
RT RT Vn —b У. АТ 
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47 ( 47 ) dVin 
so ——— = | —— | x 
d(1/Vm) dVm бе) 





47 -Ү, 1 а 
m | dVm ™\ (Vm —b)2 Vm-b = V2RT 
= Vb a 
^ (Vm —b)2 RT 


In the limit of large molar volume, we have 
dZ 
im see ee ene E 
Va оо d(1/Vm) RT RT 
is ü (4484 dmÓ atm mol?) 
an = — = — 
Rb (0.08206 dm? atm K^! mol™!) x (0.0434 dm? шог!) 


- ээк) 


(b) By interpreting b as the excluded volume of a mole of spherical molecules, we can obtain an estimate 
of molecular size. The centres of spherical particles are excluded from a sphere whose radius is the 
diameter of those spherical particles (i.e. twice their radius); the Avogadro constant times the volume 
is the molar excluded volume b 


4n Qr? Df 3b s 
»-x( 3 ) 50 = (ем) 


1/3 
1 3(0.0434 dm? шог”! 
r= анаа. = 1.286 х 1079 dm = 1.29 х 107 m = [0.129 nm | 








~ 2 \4л(6.022 х 1023 шог!) 


E1.21(b) States that have the same reduced pressure, temperature, and volume are said to correspond. The reduced 
pressure and temperature for № at 1.0 atm and 25°С are 


p 10атш T (05+273)К 
sae aen ad Ecce dM 
Pr. 33.54 ани хийл - 126.3 К 


The corresponding states are 


(a) For H2S 


р =PrPc = (0.030) x (88.3 atm) = 
T = T,T, = (2.36) х (373.2K) = 
(Critical constants of H2S obtained from Handbook of Chemistry and Physics.) 
(b) For CO2 
р = pypc = (0.030) х (72.85 atm) = 
Т = TT, = (2.36) х (304.2K) = 
(c) For Ar 


р = Prp: = (0.030) х (48.00 atm) = 


Т = T,T, = (2.36) x (150.72 K) =| 356 К 


Е1.22(Ь) 


P1.1 


P1.3 
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The van der Waals equation is 


RT a 
Vm = р VÀ 


which can be solved for b 





8.3145 J К-! mol!) x (288 К) 
b= Va — E = 4.00 x 1075 т? mol! — 8 x = 
р+-> 4.0 x 106 Ра + 0.76 m? Pa mol 
Vin Р (4.00 х 10-4 m? тої !)2 





-113 х 10-4 m? шог! 





The compression factor is 


PVm (4.0 x 10$ Pa) х (4.00 x 10-4 m? mol!) 
И 
RT (8.3145 J K~! mol!) x (288 К) [0.67 | 


Solutions to problems 
Solutions to numerical problems 


Since the Neptunians know about perfect gas behavior, we may assume that they will write pV = nRT 
at both temperatures. We may also assume that they will establish the size of their absolute unit to be 
the same as the °N, just as we write 1К = 1°C. Thus 


pV(Ti) = 28.0dm? atm = АТ! = nR x (Ту + 0°N), 
pV(T2) = 40.0 dm? atm = nRT> = nR x (Ту + 100°N), 


28.0 dm? at 40.0 dm? atm 
che, ПИЩЕ 
nR nR 


о 3 s 
Ti + I00N _ A00dm am _ 1.425 огТү +100°N = 1429, Ti = 233 absolute units. 
Ti 28.0 ат” atm 


As in the relationship between our Kelvin scale and Celsius scale T = 0— absolute zero(°N) so absolute 
zero (°№ =| —233°N 


Dividing, 


COMMENT. To facilitate communication with Earth students we have converted the Neptunians' units of 
the pV product to units familiar to humans, which are dm? atm. However, we see from the solution that only 
the ratio of pV products is required, and that will be the same in any civilization. 


Question. If the Neptunians' unit of volume is the lagoon (L), their unit of pressure is the poseidon (P), 
their unit of amount is the nereid (n), and their unit of absolute temperature is the titan (T), what is the 
value of the Neptunians' gas constant (R) in units of L, P, n, and T? 


The value of absolute zero can be expressed in terms of o by using the requirement that the volume of 
a perfect gas becomes zero at the absolute zero of temperature. Hence 


0 = Vo[1 + a6 (abs. zero)]. 


Р1.5 


Р1.7 
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1 
Then 0 (abs. zero) = ——. 
а 


All gases become perfect in the limit of zero pressure, so the best value of a and, hence, 0 (abs. zero) 
is obtained by extrapolating o to zero pressure. This is done in Fig. 1.2. Using the extrapolated value, 
а = 3.6637 x 10-3°С-1, or 


1 
0 (abs. = = | -272.95°C |, 
(a 9 zero) 3.6637 x 10-3°С-! 


which is close to the accepted value of —273.15°C. 





Figure 1.2 


nR E : 
ах эн constant, if п and V are constant. Hence, E = 22, where р is the measured pressure at 
3 


H|'S 


temperature, Т, and рз and 73 are the triple point pressure and temperature, respectively. Rearranging, 
< (2) т 
р 15) 


6.69 КР 
The ratio P3 is a constant = 225 
T3 273.16K 


the change in temperature, АТ: Ap = (0.0245 КРаК”!) x (AT). 


(а) Ap = (0.0245 КРаК”!) x (1.00 K) =| 0.0245 kPa]. 
T 73.16K 

(b) Rearranging, p = ($) = (лек) х (6.69 kPa) = | 9.14 kPa |. 
3 . 


(с) 5шсе 2 is a constant at constant n and V, it always has the value 0.0245 kPa K—!; hence 


Ap = p374.15K — P373.15K = (0.0245 kPa K^!) x (1.00 K) = | 0.0245 kPa |. 
—2 3 -1 -1 
1 1 350К 
мик dn иш шы жшн, essei mer ], 
Р 


2.30 atm 
КТ а RT 
——— — — [1.21b], we obtain Vn = —————— + b [rearrangel.21b]. 


i 
ДА! 


= 0.0245 kPa K~!. Thus the change in p, Ap, is proportional to 


(b) From p — 
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Then, with a and b from Table 1.6, 


(8.206 x 107? dm? atm K^! mol!) x (350K) 
(2.30 atm) + ((6.260 dm atm mol~*)/(12.5 dm? mol!) ) 


28.72 dm? mol! 
x == те + (542 х 1072 dm? тог!) = | 12.3 dm? mol! |. 


Vin = + (5.42 x 107? dm? шог!) 





Substitution of 12.3 dm? тої! into the denominator of the first expression again results in 
Vm = 12.3 dm? шог”, so the cycle of approximation may be terminated. 


P1.9 As indicated by eqns 1.18 and 1.19 the compression factor of a gas may be expressed as either a virial 


expansion in p or in | — |. The virial form of the van der Waals equation is derived in Exercise 1.20(a) 
m 


RT a 1 
раи у (СД em dens 
AST cl +( xr) А (5) + | 


М рУш а 1 
Rearranging, Z = вт = 1 + (b эт) х (5) + 


Оп the assumption that the perfect gas expression for Vm is adequate for the second term in this expansion, 





we can readily obtain Z as a function of p. 


2-14( 6) (8-2 )pt- 


(а) T. = 126.3K. 


_ (0.08206 dm? atm K^! mol!) х (126.3 К) 
л 10.0 atm 








(0.08206 dm? atm К-1то17!) x (126.3 К) 


= (1.036 — 0.092) dm? mol! = | 0.944 dm? mol! |. 


dus (2) «йй = (10.0 atm) х (0.944 dm? mol7!) _ 
КТ 7. — (0.08206 dm? atm K-! mol!) х (1263К) 


Фф С dm? mol!) B | 1.352 аш atm шог”? ) | 


911. 


(9) The Boyle temperature corresponds to the temperature at which the second virial coefficient is zero, 
hence correct to the first power in p, Z = 1, and the gas is close to perfect. However, if we assume 
that № is a van der Waals gas, when the second virial coefficient is zero, 


a a 
b— —)=0, or Тв = —. 
( =) B = ZR 


1.352 dmÓ atm mol? 


(0.0387 dm? шоГ”!) x (0.08206 dm? atm K-! шог!) 
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The experimental value (Table 1.5) is 327.2 К. The discrepancy may be explained Бу two 
considerations. 
1. Terms beyond the first power in p should not be dropped in the expansion for Z. 


2. Nitrogen is only approximately a van der Waals gas. 


RT 
When Z = 1, Vm = —, and using Тв = 327.2 К 
р 


_ (0.08206 dm? atm K^! mol!) х 327.2 К 
i 10.0 atm 


= | 2.69 dm? mol! 


and this is the ideal value of Vm. Using the experimental value of Тв and inserting this value into 
the expansion for Ур above, we have 


_ 0.08206 dm? atm K^! mol! x 327.2 К 
ил 10.0 atm 





0.08206 dm? atm К-! mol! х 327.2K 
= (2.685 — 0.012) dm?mol~! = | 2.67 dm? шог! 


V, 2.67 dm? mol! 
and Z = =" = 79 0 TH. 0.992 a« 1. 
Và 2.69 dm” то! 


4 зэ Ав алаг”! — | 1.352 dmÓatm mol? | | 


(c) Ту = 621 К [Table 2.9]. 


_ 0.08206 dm?atm K ! mol! x 621K 
T 10.0 atm 





0.08206 dm? atm K-! mol^! x 621 K 
= (5.096 + 0.012) dm? шог”! = | 5.11 dm? шог! 


_ 5.11 dm?mol! 
754040 шог”! 


JE ! 0387 dm? шог”! — | 1.352 dmfatm mol? ) | 


and 2 = 1.002 = 1. 

Based on the values of Тв and Тү given in Tables 1.4 and 2.9 and assuming that Мо is a van der Waals 
gas, the calculated value of 2 is closest to 1 at but the difference from the value at Тв is less 
than the accuracy of the method. 


02 Їл? 
Баия. wy, ШКМ... Emm рг анг, 


density p 1332x 10? g dm? 


PV (327.6 atm) x (0.1353 dm? то! !) 
b) Z = — [1.170] = — = [0.6957 | | 
" RT | (0.08206 dm? atm К-! шог!) x (776.4 К) 
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(c) Two expansions for Z based on the van der Waals equation are given in Problem 1.9. They are 
Z=1+(b- =) x S usus 
i RT Vm 


5.464 d 6 t 1-2 
=1+ | ассан” то!) -( тб atm mo ) 


(0.08206 dm? atm К-! mol~!) x (776.4 K) 


1 
^ 3 1 
0.1353 ат? mol ^ 


2-14( 6) b-t 


"M ш гэл uc 
(0.08206 dm? atm K-! шог!) х (776.4К) 


5.464 dm atm mol? 
х | (0.0305 dm? mol!) — ака ыш х 327.6atm 
(0.08206 dm? atm K-! шог!) x (776.4 K) 
= 1 — 0.2842 ~ [0.72 |. 


= 1 — 0.4084 = 0.5916 ~ 0.59. 





In this case the expansion in p gives a value close to the experimental value; the expansion in V. 


m 
is not as good. However, when terms beyond the second are included the results from the two 
expansions for Z converge. 


a 
1.1 = 2Ь То == == : 
Р1.13 Ус 3 c = арр [Table 1.7] 


1 1 
Hence, with У, and Tz from Table 1.5, = ave = 5 (118.8 cm? шог!) = | 59.4 cm? mol! |. 


а = AbRT, = 2RT,V, 
= (2) x (8.206 x 1072 dm? atn K^! mol!) x (289.75 К) x (118.8 x 107? dm? mol!) 


= | 5.649 аш? atm mol ? |. 
Hence 


RT e «/RTV. — nRT e "a/RTV 


PUN =b т ўв 


_ (1.0 mol) х (8.206 х 107? dm? atm К-! mol!) x (298 К) 
(1.0dm?) — (1.0 mol) х (59.4 x 10-3 dm? mol!) 








А — (1.0 mol) x (5.649 dm® atm mol?) 
(8.206 x 10-2 dm? atm К-! шог!) х (298 К) х (1.0dm® atm тої!) 


= 26.0 atm x e7021 = [21 atm]. 


Р1.15 


Р1.17 


Р1.19 
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Solutions to theoretical problems 


This expansion has already been given in the solutions to Exercise 1.20(a) and Problem 1.14; the 
result is 


- (1+ [o AE p 
din RT] Vin tat): 


: : КТ 
Compare this expansion with р = ( + 2 + = T: [1.19] 
Van Vm 


and hence find B-b- тт and|C = b? |. 


Since С = 1200стё mol?, b = С!/2 = | 34.6 cm? тог! 


а = RT(b — B) = (8.206 x 1072) x (273 dm? atm mol! ) x (34.6 + 21.7) cm? mol! 


= (22.40 dm? atm mol!) x (56.3 x 107? dm? mol!) =| 1.26 dm atm mol? |. 


The critical point corresponds to a point of zero slope that is simultaneously a point of inflection in a 
plot of pressure versus molar volume. A critical point exists if there are values of p, V, and T that result 
in a point that satisfies these conditions. 


Vind 





в 
FX Ve Ve’ 


( ap ) RT 2B 3C 
Vm ү2 vài vi 


9px — 2RT 6B X 12C 
av2 J, vài và và 


at the critical point. 


‚ С АТ.У? +2BV. -3C =0 
That is, E 
aris) RT-V2 — 3BVe+6C =0 
2 
which solve to V. = ав е = Ж | 
В 3RC 


Now use the equation of state to find pc 


28. Roc _ D) B в (=. Ep вү | в 
Pe= ту, v2 vs GRC) ^ (ЗС 3C 3c) TIIE |" 


у B? 1 
It follows that Ze = рее es х 3c х к) *( 28) 
КТ, 27C? B R 


For a real gas we may use the virial expansion in terms of p [1.18] 











nRT RT А 
р= зүг 0 +Вр+ с) = ру Bp) 
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p 


: RT В’ 
which rearranges to г" = + 


Т 
M M 





/ 





Therefore, the limiting slope of a plot of 5 against p is From Fig. 1.3 the limiting slope is 


E 
/ А 4 m2 .—2 

BIRT _ (584—544) xl mis? |i у, үз 
M (10.132 — 1.223) x 10^ Pa 

From Fig. 1.3, к = 5.40 x 10% m? 572; hence 


‚_ 44x 102 kg! m? 
^ 540 х 104 m? s? 


В’ = (0.81 x 10-6 Pa^!) x (1.0133 х 10? Раат!) = | 0.082 аш! |. 


B — RTB' [Problem 1.18] 


= 0.81 x 107° Pa^!, 


= (8.206 x 107? dm? atm K~! тог!) x (298 К) x (0.082 аш!) 


=| 2.0 dm? mol"! |. 


—— у= 5.3963 + 0.046074x К = 0.99549 


IT 


5.9 








_ 58 
Ta 
2 5.7 
= 
= 5.6 
> 

5.5 

5.4 

0 2 4 6 8 10 12 
р/(10* Ра) Еїриге 1.3 
Р1.21 The critical temperature is that temperature above which the gas cannot be liquefied by the application 


of pressure alone. Below the critical temperature two phases, liquid and gas, may coexist at equilibrium, 
and in the two-phase region there is more than one molar volume corresponding to the same conditions 
of temperature and pressure. Therefore, any equation of state that can even approximately describe this 
situation must allow for more than one real root for the molar volume at some values of T and p, but 


as the temperature is increased above Тс, allows only one real root. Thus, appropriate equations of state 
must be equations of odd degree in Vin. 


The equation of state for gas A may be rewritten V2 — (RT/p)Vm — (RTb/p) = 0, which is a quadratic 
and never has just one real root. Thus, this equation can never model critical behavior. It could possibly 
model in a very crude manner a two-phase situation, since there are some conditions under which a 
quadratic has two real positive roots, but not the process of liquefaction. 


Р1.23 


Р1.25 


Р1.27 
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The equation of state of gas В is a first-degree equation in Vm and therefore can never model critical 
behavior, the process of liquefaction, or the existence of a two-phase region. 


A cubic equation is the equation of lowest degree that can show a cross-over from more than one real 
root to just one real root as the temperature increases. The van der Waals equation is a cubic equation 
in Vg. 


The two masses represent the same volume of gas under identical conditions, and therefore, the same 
number of molecules (Avogadro's principle) and moles, n. Thus, the masses can be expressed as 


пМм = 2.2990 g 
for ‘chemical nitrogen’ and 
narMar + nNMwN = n[xarMar + (1 — хаг) Мм] = 2.3102 g 


for ‘atmospheric nitrogen’. Dividing the latter expression by the former yields 





XArMAr = 2.3102 Mar _ ч 2.3102 = 
Мы + 9 = 22090 99 "^a = 22990 
(2.3102/2.2990) — 1 (2.3102/2.2990) — 1 
d = сЕ ЗИНА a АЕ 10.011 | й 
шиг: (Mar/Mn) — 1 (39.95 g mol~!)/(28.013 g тої! — 1) [0011] 


COMMENT. This value for the mole fraction of argon in air is close to the modern value. 


Solutions to applications 


1 = 103 kg. Assume 300 t per day. 


300 x 10° kg 
64 x 10-3 kg шог”! 


6 3 -1 -1 
p ЖЕ, Е йш шы Ви RP abr te FP dul 


р 1.0 atm 


п($О») = = 4.7 x 10° mol. 


The pressure at the base of a column of height H is p = pgH (Example 1.1). But the pressure at any 
altitude Л within the atmospheric column of height H depends only on the air above it; therefore 


р = pg(H — h) and dp = —pg dh. 


Mg dh 
RT 





pMgdh 
R 


M ааа 4 
Since p = ЕТ [Problem 1.2], dp = — , implying that 9 = – 


This relation integrates to p = руе M8h/RT 


For air M = 29 g mol^! and at 298 К 


Mg _ Q9 x 10? ке тої!) x (9.81 ms?) 


x^ iz Gc = 1.15 x 107^m^! [1J = 1 kgm?s ?]. 
E х то 
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(a h=15cm. 
ЭР (—0.15m)x (1.15x 10-4 m7!) _ cog PORN 
=po xe = 0.99998 ру; — = 1 
(b h=11km = 1.1 х 10 m. 
P =Po X g 711x107) x (1.15x 1075m7!) — 0.28 po; P — ро = [072]. 
Po 





Refer to Fig. 1.4. 


Е top 


| 
наут 


| ан 


| 


Foottom 


Ground 
2742742747 427 427 27 47A АР Figure 1.4 


The buoyant force on the cylinder is 


Е buoy = Fbottom — Ё top 
= А(Рьоцот — Prop) 
according to the barometric formula. 


—Mgh/RT 
Ptop = Pbottom® eh 


where M is the molar mass of the environment (air). Since h is small, the exponential can be expanded 


1 
in a Taylor series around h = 0 [e =1—x+—x*+.. ) Keeping the first-order term only yields 


2! 
r3 


Ptop = Pbottom (1 = RT 


The buoyant force becomes 


Mgh M 
Рьюу = АРьоцот (: —1+ r3 — Ah (Pee), 


RT RT 
m Pbottom VM га = Pbottom V 
- (== Jes Їл 


п is the number of moles of the environment (air) displaced by the balloon, and nM = т, the mass of 
the displaced environment. Thus Рьцоу = mg. The net force is the difference between the buoyant force 
and the weight of the balloon. Thus 


Fret = Mg — Mpalloon 8 = (m — тьайооп)8 


This is Archimedes’ principle. 





D2.1 


D2.3 


D2.5 


uc We = 


2 The First Law 





Answers to discussion questions 


Work is a precisely defined mechanical concept. It is produced from the application of a force through a 
distance. The technical definition is based on the realization that both force and displacement are vector 
quantities and it is the component of the force acting in the direction of the displacement that is used in 
the calculation of the amount of work, that is, work is the scalar product of the two vectors. In vector 
notation w = — f -d = —fdcos6, where 0 is the angle between the force and the displacement. The 
negative sign is inserted to conform to the standard thermodynamic convention. 


Heat is associated with a non-adiabatic process and is defined as the difference between the adiabatic 
work and the non-adiabatic work associated with the same change in state of the system. This is the 
formal (and best) definition of heat and is based on the definition of work. A less precise definition of 
heat is the statement that heat is the form of energy that is transferred between bodies in thermal contact 
with each other by virtue of a difference in temperature. 


At the molecular level, work is a transfer of energy that results in orderly motion of the atoms and 
molecules in a system; heat is a transfer of energy that results in disorderly motion. See Molecular 
interpretation 2.1 for a more detailed discussion. 


The difference results from the definition Н = U + PV; hence AH = AU + А(РУ). As А(РУ) 18 
not usually zero, except for isothermal processes in a perfect gas, the difference between AH and AU 
is a non-zero quantity. As shown in Sections 2.4 and 2.5 of the text, АН can be interpreted as the heat 
associated with a process at constant pressure, and AU as the heat at constant volume. 


In the Joule experiment, the change in internal energy of a gas at low pressures (a perfect gas) is zero. 
Hence in the calculation of energy changes for processes in a perfect gas one can ignore any effect due 
to a change in volume. This greatly simplifies the calculations involved because one can drop the first 
term of eqn 2.40 and need work only with dU = Cy dT. In a more sensitive apparatus, Joule would 
have observed a small temperature change upon expansion of the ‘real’ gas. Joule’s result holds exactly 
only in the limit of zero pressure where all gases can be considered perfect. 


The solution to Problem 2.33 shows that the Joule- Thomson coefficient can be expressed in terms of 
the parameters representing the attractive and repulsive interactions in a real gas. If the attractive forces 
predominate, then expanding the gas will reduce its energy and hence its temperature. This reduction 
in temperature could continue until the temperature of the gas falls below its condensation point. This 
is the principle underlying the liquefaction of gases with the Linde refrigerator, which utilizes the 
Joule- Thomson effect. See Section 2.12 for a more complete discussion. 


р2.7 


Е2.1(Ь) 


Е2.2(Ь) 


E2.3(b) 
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The vertical axis of a thermogram represents Cp, and the baselines represent the heat capacity associated 
with simple heating in the absence of structural transformations or similar transitions. In the example 
shown in Fig. 2.16, the sample undergoes a structural change between Тү and То, so there is no reason to 
expect C, after the transition to return to its value before the transition. Just as diamond and graphite have 
different heat capacities because of their different structures, the structural changes that occur during 
the measurement of a thermogram can also give rise to a change in heat capacity. 


Solutions to exercises 


The physical definition of work is dw — —F dz [2.4] 
In a gravitational field the force is the weight of the object, which is F — mg 


If g is constant over the distance the mass moves, dw may be intergrated to give the total work 


ч ef 
w= -| Fdz= -| mg dz = —mg(zp — zi) = —mgh where А = (zf — zi) 
2 2 


а 


w = —(0.120kg) х (9.81 ms?) х (50m) = —59J = | 59 J needed 


This is an expansion against a constant external pressure; hence w = —pex AV [2.8] 


The change in volume is the cross-sectional area times the linear displacement: 





3 
AV = (50.0cm?) x (15cm) х ( ) = 7.5 х 1074 m?, 


100cm 
so w = —(121 x 103 Pa) х (7.5 x 107^ m?) = as 1 Pam? = 17. 


For all cases AU = 0, since the internal energy of a perfect gas depends only on temperature. (See 
Molecular interpretation 2.2 and Section 2.11(b) for a more complete discussion.) From the definition 
of enthalpy, H = U + pV, so AH = AU + A(pV) = AU + A(nRT) (perfect gas). Hence, AH = 0 ав 
well, at constant temperature for all processes in a perfect gas. 


(a) 


и = —nRT Ш ($) [2.11] 


Aj- 31.7 dm? 3 
= —(2.00 mol) x (8.3145J K^! шог!) х (22 + 273) К oor. -1-162х 103] 
3 m 
q = —w = | 1.62 x 10° J 


0) 


и = —pex AV [2.8] 
where pex in this case can be computed from the perfect gas law 


РУ =nRT 
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_ (2.00 mol) x (8.3145 K^! mol!) x (22 + 273) К 
31.7 dm? 


and w = 20155 x 10° Pa) x (31.7 — 22.8) 41? г 
= (10 dm m~!) E 
q = —w =| 1.38 x 102] 


(c) AU = АН —0 
w = 0 | [free expansion] q= AU-w=0-0=(0| 


COMMENT. Ап isothermal free expansion of a perfect gas is also adiabatic. 


sop x (10ат тт!) = 1.55 x 105 Pa 














E2.4(b) The perfect gas law leads to 


У nRT T; _ (111КРа) х (356K 
E erri м npebbda Mc NUM. Па 


PV nRT Tı 277K 


There is no change in volume, so [№=0}] The heat flow is 


q= | « dT = Cy AT = (2.5) х (8.3145J K^ ! шог!) x (2.00 mol) x (356 — 277) К 
-1328х 1071 
AU =q +w = | 3.28 x 1071 


—(7.7 x 10? Ра) х (2.5 dm?) 
= =p Дү = ee ee i| 1067] 
Ww Рех и (10 dm m-!)3 [-197] 
w = —nRT In (2) 12.11| 





E2.5(b) (а) 
(b) 


(2.5 + 18.5) dm? 


6.56 
15 = (sa) x (8.3145 K~'mol~') x (305K) x In ; 
18.5 dm 


39.95 g mol! 


-1-5281 
E2.6(b) AH = AconaH = —AvapH = —(2.00 mol) x (35.3 kJ mol!) = | —70.6 kJ 


Since the condensation is done isothermally and reversibly, the external pressure is constant at 1.00 atm. 
Hence, 


q = qp = AH =|—70.6 KJ 
w = —PexAV [2.8] where ДУ = Уш — Ур & —Vyap because Уна Уур 


On the assumption that methanol vapor is а perfect gas, Vvap = nRT/p and р = Pex, since the 
condensation is done reversibly. Hence, 


w ^ nRT = (2.00 mol) x (8.3145 J K^! mol!) x (64 + 273) К = | 5.60 х 10° J 
and AU = q + w = (—70.6 + 5.60) kJ = | —65.0kJ 
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E2.7(b) The reaction is 
Zn + 2H+ > 712+ + Hp 


so it liberates 1 mol of H2(g) for every 1 mol Zn used. Work at constant pressure is 


w = —pex AV = —pV gas = —nRT 


5.08 ) 21344 
-ш-|---42-)|х(831451К” mol x (23 + 273 к = [1882] 
(aren ( ) i 


E2.8(b) (а) At constant pressure, д = АН. 


100+273 K 

q = | сат =} [20.17 + (0.4001)T/K] dT J K7! 
0+273 К 

373K 


= | (20.17 T + 104001) (= JK"! 
= | (20.17) z © х (к 





273К 


1 2 2 3 
= С х (373 — 273) + z 0:4001) x (373° — 273 | -ш|149х10:1|-АН 


w = -РАУ = —nRAT = — (1.00 mol) х (8.3145JK~! шог”) х (100K) =[=8313 
AU =q +w = (14.9 — 0.831) kJ =| 14.1 kJ 


(b) The energy and enthalpy of a perfect gas depend on temperature alone. Thus, AH = and 


AU = as above. At constant volume, w = [o] and AU = q, $0 q = [+141 kJ], 


E2.9(b) For reversible adiabatic expansion 
V; 1/с 
Tr = Ti (8) [2.28а] 
У 


where 
Cvm  Com-R _ (37.11 — 8.3145) JK! mor! 
R è x ~ 8.3145 J K-! mol! 





= 3.463, 


so the final temperature is 
500 x 10-3 dm? ^9 
оба? | TK 


Тұ = (298.15 K) х ( 
E2.10(b) Reversible adiabatic work is 
w = Cv AT [2.27] = n(Cp,m — R) x (Ts — Ti) 


where the temperatures are related by [solution to Exercise 2.15(b)] 


y, Ae C С-В 
T; = n( 7) [238a] where c= 0 9. = 2593 
f 





R R 
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400 x 10-3dm? V 7° 
So T; = [(23.0 + 273.15) К] x | ——— ——Á— = 156K 


2.00 dm? 


3.12g ) 
and w = | ———=—_} x (29.125 — 8.3145) 1 K^! mol! x (156 — 296) К = [-325 J] J 
(55 ёшоГ! 4 ' ЭЭ 


E2.11(b) For reversible adiabatic expansion 





3.0 dm? 


1.3 
мү 500 x 10-3 dm? 
рҮ = рУ? [2.29] so рг = р (s) = (873 Torr) х | 5 "| =[85 Tor 
f 
E2.12(b) qp = пСршАТ [2.24] 
1781 
Срт = с. зш i гн 53 1К-! шог! 
пАТ 1.9 mol х 1.78 K 
Сут = Cpm — R = (53 — 8.3) J K7! mol! =| 45 J K7! mol! 


E2.13(b) АН = qp = СУАТ [2.23b, 2.24] = nCpm AT 


AH = др = (2.0 mol) x (37.11 J K~! mol!) x (277 — 250) К = | 2.0 x10? J шог”! 


AH = AU + A(pV) = AU+nRAT so AU = AH — nRAT 





AU = 2.0 x 103 J mol^! — (2.0 mol) х (8.3145J K^! mol7!) х (277 — 250) К 
—|1.6 x10? J mol"! 


E2.14(b) In an adiabatic process, q = [o] Work against a constant external pressure is 


—(78.5 x 10? Pa) х (4 x 15 — 15) dm? 
Еэ єш-2тэт л ees | 9550 
" Per (10 dm m-1)? = 


AU =q+w=|-3.5 x 10° J 
One can also relate adiabatic work to AT (eqn 2.27): 


w 
n(Cp,m —R)’ 


—3.5 х 1071 
T= =| —24 K|. 
(5.0 mol) x (37.11 — 8.3145) JK-! шог”! 


AH = AU + A(pV) = AU + nRAT, 


и = Cv AT =n(Cpm—R)AT зо AT = 





= —3.5 x 10? J + (5.0 mol) x (8.3145J K^! mol!) x (C24 K) =| —4.5 x 107) 
E2.15(b) In an adiabatic process, the initial and final pressures are related by (eqn 2.29) 


C, C, 20.81 K^! шог”! 
ү? = yy where = pm = NEC C A => —_ AN  _ = 1.67 
не CS Y = Cym Com-R (208-831)1К- mol! 


Е2.16(Ь) 


E2.17(b) 


E2.18(b) 
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Find Vj from the perfect gas law: 


y "Rh _ 015 mol)(8.31 J K^! mol !)(315 К) 


рі 230 х 103 Ра 


ХМ p 230 КР. 1/1.67 - 
88 = (8) = өлгөөд (токе, =| 0.0205 m? | 
рг 


Find the final temperature from the perfect gas law: 


V 170 x 10° P 0.0205 m? E 
ууна A ООН I LI, 2 _. 279 К 


nR (1.5 mol)(8.31 J K7! mol!) 


= 0.0171 m? 


i= 





Adiabatic work is (eqn 2.27) 


и = CyAT = (20.8 — 8.31) JK^! mol! x 1.5mol x (279 — 315) К =| —6.7 x 102] 


At constant pressure 


q = AH = nAvapH® = (0.75 mol) х (32.0 kJ mol!) = | 24.0kI 


and w = —pAV = —pVvapor = —nRT = —(0.75 mol) x (8.3145 K~! шог!) x (260K) 
и = —1.6 x 10°J = 
AU = w +q = 24.0 — 1.60 = | 22.4kJ 


COMMENT. Because the vapor is here treated as a perfect gas, the specific value of the external pressure 
provided in the statement of the exercise does not affect the numerical value of the answer. 


The reaction is 
Ce6HsOH(1) + 705(g) > 6CO»(g) + 3H20(1) 
AcH? = 6ArH? (CO2) + 3ArH? (H20) — ДЕН® (С6Н5ОН) — 7A£H? (02) 
= [6(—393.15) + 3(—285.83) — (—165.0) — 7(0)] kJ mol! = 
We need A£H? for the reaction 
(4) 2B(s) + 3H2(g) > B2Hg(g) 


reaction(4) = reaction(2) + 3 x reaction(3) — reaction(1) 


Thus,  ArH? = A,H*{reaction(2)} + 3 x A,H®{reaction(3)} — АН? {reaction(1)} 


= [—2368 + 3 х (—241.8) — (—1941)] kJ mol~! =| —1152 kJ тог! 
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E2.19(b) For anthracene the reaction is 
Ci4Hjo(s) + 305(g) > 14CO»(g) 4-5Н:О0) 
Лей? = А.Н — AngRT [221], Ang = —3 mol 
AcU® = —7061 kJ тог! — (—$ x 83 x 107° KK! mol! x 298K) 
= —7055 kJ mol! 


225 х 10-3 g 


| = | = pacu? = (EREE 
Цан хий 172.23 g mol ^! 


) х (7055 kJ mol-!) = 0.0922 kJ 


0.0922 kJ 
C= s Sis m 0.0683 kJ K7! 2|683JK-! 


When phenol is used the reaction is 


С6Н5ОН($) + 20 (в) > 6CO»(g) + 3H20(D 
ACH? = —3054 kJ mol"! [Table 2.5] 


AcU = AcH — AngRT, Ang = —3 
= (3054 KJ mol!) + (3) x (8314 x 107° ІКТ! mol!) x (298 K) 
= —3050 kJ mol! 


135 x 1079р 
| 


) х (3050 шог!) = 4.375] 
94.12 g то!” 


|9 4.375 kJ 
AT = =|[+64.1 К] K 
C 0.0683 kJ K~! 


COMMENT. In this case A;U? and АсН? differed by about 0.1 percent. Thus, to within 3 significant figures, 
it would not have mattered if we had used АН instead of дО, but for very precise work it would. 


E2.20(b) Тһе reaction is AgBr(s) — Ag" (aq) + Вг- (аа) 


Asa H? = А{Н° (Ag, ад) + ApH? (Вг, ад) — AH? (AgBr, s) 


= [105.58 + (—121.55) — (—100.37)] kJ mol! = | +84.40 kJ тог”! 


E2.21(b) The combustion products of graphite and diamond are the same, so the transition C(gr) — C(d) is 
equivalent to the combustion of graphite plus the reverse of the combustion of diamond, and 


Awans H? = [—393.51 — (395.41)] kJ mol! =| +1.90 kJ шог”! 
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E2.22(b) (а) reaction(3) = (—2) x reaction(1) + reaction(2) and Ang = —1 
The enthalpies of reactions are combined in the same manner as the equations (Hess's law). 


А.Н (3) = (22) x ArH? (1) + AH? (2) 
= [(—2) х (52.96) + (—483.64)] kJ mol! 


= | —589.56 kJ mol! 


ArU? = A,H? — AngRT 
= —589.56kJ mol! — (—3) x (8.314) K~!mol7!) х (298 К) 


= —589.56 kJ mol! + 7.43 kJ mol! = 
(b) АН? refers to the formation of one mole of the compound, so 
A(H* (HI) = $ (52.96 тог!) = 
АгН(Н20) = $ (483.641 тог) = 


E2.23(b) ArH? = A,U? + RT Ang [2.21] 
= —772.1 kJ mol! + (5) x (8.3145 x 107? kJ К-! mol!) х (298 К) 


= | —760.3 kJ mol! 


E2.24(b) Combine the reactions in such a way that the combination is the desired formation reaction. The enthalpies 
of the reactions are then combined in the same way as the equations to yield the enthalpy of formation. 





AH? / (КУ mol!) 


5N2(g) + jO»(g) > NO(g) + 90.25 
NO(g) + 4Cb(g) ^ NOCI(g) — (75.5) 
5No(g) + 502(g) + 5Clo(g) > NOCI(g) +325 


Hence, АгН2 (МОС! g) = | +52.5 kJ mol! 


E2.25(b) According to Kirchhoff’s law [2.36] 
100°C 
AH? (100°C) = A,H? (25°C) + | A,C, dT 
25°C 
where A, as usual signifies a sum over product and reactant species weighted by stoichiometric 
coefficients. Because Cp can frequently be parametrized as 


Cpm =а+ЬТ +с/Т? 


Е2.26(Ь) 
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the indefinite integral of C, m has the form 
| ат = aT + 1ЬТ? — с/Т 


Combining this expression with our original integral, we have 


373K 
А.Н? (100°C) = AH? (25°C) + (T Aca + 3T? Arb — A,c/T) pla 


Now for the pieces 


А.Н (25°C) = 2(—285.83 kJ mol!) — 2(0) — 0 = —571.66kJ mol! 

Ara = [2(75.29) — 2(27.28) — (29.96)] J K7! mol~! = 0.06606 kJ K~! шог”! 

Arb = [2(0) — 2(3.29) — (4.18)] x 107? J K7? mol! = —10.76 x 1076 kJ K~? шог”! 
Arc = [2(0) — 2(0.50) — (—1.67)] x 10° ЈК шог”! = 67kJ K mor! 


1 
A-H? (100 °С) = [571% + (373 — 298) х (0.06606) + 5 8737 - 2982) 


x(—10.76 х 10-6) — (67) х ( : x) kJ mor! 


373 298 
= | —566.93 kJ шог”! 


The hydrogenation reaction is 
() СН) + H2(g) > CoHa(g) AH? (T) =? 


The reactions and accompanying data which are to be combined in order to yield reaction (1) and 
A,H®(T) are 


(2) — Ho(g) + 10›(8) > Н›О@) AcH®(2) = —285.83 kJ mol! 
(3 __ CoH4(g) + 302(g) > 2Н5О(1) + 2СОз(в) AcH? (3) = —1411 kJ mol! 


(4)  CoHo(g) + 3O»(g) > Н›О@)+2СО›(в) AcH®(4) = —1300KJ шог! 


reaction (1) = reaction (2) — reaction (3) + reaction (4) 


(a) Hence, at 298 K: 
ArH? = А.Н (2) — ACH? (3) + AH? (4) 
= [(—285.83) — (—1411) + (-1300)] kJ mol! = 


А:О® = А,Н® — AngRT [2.21]; Ang = –1 


= —175kJ mol! — (—1) х (2.48 kJ mol!) =| —173 kJ шог! 
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(b) At 348 K: 
А.Н (348 К) = Л.Н? (298 К) + A,C; (348K — 298 К) [Example 2.6] 


АС, = Y Coq (I) [2.37] = Ce. (C2H4, в) — Су (C2H2, в) — Cm (Ho. в) 
J 


= (43.56 — 43.93 — 28.82) х 10-3 kJ K7! mol^! = —29.19 x 10-3 kJ K7! шог! 


AH? (348 К) = (—175 kJ mol!) — (29.19 x 10-3 kJ K~! mol!) x (50K) 


=| —176 kJ mol`! 


E2.27(b) NaCl, AgNO3, and NaNO; are strong electrolytes; therefore the net ionic equation is 


Ag" (ад) + СГ (aq) —> AgCl(s) 
A,H® = AcH? (AgCI) — AcH? (Ag+) — АС 2 (C17) 


= [(—127.07) — (105.58) — (—167.16)] kJ mol~! = | —65.49 kJ шог! 


Е2.28(0) The cycle is shown in Figure 2.1. 


Са? (g) + 2e7 + 2Br(g) 


Ionization Ca(g) + 2Br (g) 


Dissociation | Ca(g) 4-Вгэ(6) 


Electron 
gain Br 
Vaporization Ca? (2) + 2Br" (g) 
г 
Sublimation 
Ca А Ca(s) + Вг(1) Hydration Вг 


Ca?* (g) + 2Вг` (aq) 


—Formation 


Hydration Cat 
-Solution 





Figure 2.1 
— AnyaH? (Ca? +) = — Ason H? (CaBr2) — Af H° (CaBr2, s) + Asub H? (Ca) 
+ AvpH* (Br2) + AaissH? (Вг2) + Aion H? (Ca) 
+ Aion H? (Cat) + 2AcgH® (Br) + 2AnyaH? (Br) 
= [—(—103.1) — (—682.8) + 178.2 + 30.91 + 192.9 
+ 589.7 + 1145 + 2(—331.0) + 2(—337)] kJ mol! 


= | 1587 kJ шог! 
so AnyaH? (Ca?*) = | —1587 kJ mol! 
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E2.29(b) Тһе Joule-Thomson coefficient и is the ratio of temperature change to pressure change under conditions 
of isenthalpic expansion. So 


oT AT -10К = 
~ — m. = [0.48 Кат 


ais (55 ~ Ap (.00- 22) авт 


E2.30(b) The internal energy is a function of temperature and volume, Um = Um(T, Vm), so 


От 97, dUm 
d = {| — dT —— | dV = | — 
i: ( oT 1: ? (56), т Ё ( у ). 


For an isothermal expansion dT = 0; hence 


dUm = (sve) dVm = zr dVm = — dV 
Уһ /т v2 
Унд Vm2 а 22.1 ат? mol! ү, а (22.1 dm? тог”! 
айв |, аи» = |, gp mme за: và “Үл 3 тог”! 
m.l т,1 т . т 1.00 ат” mol 
= = 2 = 0.95475a dm ^? mol 


— qe 4 ———————— м 
22.1 dm? mol! 1.00 dm? mol! 22.1 dm? то]! 
From Table 1.6, a = 1.337 dm® atm шог”! 


AUm = (0.95475 mol dm?) x (1.337 atm dm mol?) 





22 1т? 
= (1.2765 um дт? mol!) х (1.01325 х 108 Раат?) x ( m ) 


103 ат? 
= 129 Pa m? mol! = | 129 J mol! 








RT 
w= -fp dVm where p= ту - я Гог а van der Waals gas. 
Hence, 
RT a 
у = - Тэрэн dVm + yp dac Алиг, 
Thus 


22.1 dm? mol! 





22.1 dm? тог”! 
RT 
= = RT In(Vm — b | 
/ ( ava al = ) 1.00 dm? mol! 


.00 dm? тог”! Vm — b 


22.1 — 3.20 x 10-2 = 
= (8.314J K^! mol!) x (298K) x In (oe ci) = | +7.7465 kJ mol! 


1.00 — 3.20 х 10-2 





and w = —q + AUm = —(7747 J mol!) + (129 J mol!) = | —7618) mol`! e [7.62 mot" | 
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E2.31(b) The expansion coefficient is 


1 (57) V'.7 x 1074K! +2 х 1.52 x 107° T K7?) 
а = — = See 


v aT), V 
_  УфЛх10:5--2х 1.52 х 10-6 (T/K)] K^! 
~ V'[0.77 + 3.7 х 10-4(Т/К) + 1.52 х 10-6(Т/К)?] 


7 х 1074 1.52 х 1075(310)] K7! 
„РУХ he e182 x CIS Гы ул 
0.77 + 3.7 х 10-4(310) + 1.52 х 10-6(310)2 

E2.32(b) Isothermal compressibility is 


І A AV х AV 
kr =—-—(—]) ~-— so = ——— 
T= у (Әр); УАр nim 7^ 


A density increase of 0.08 percent means AV/V — —0.0008. So the additional pressure that must be 
applied is 


0.0008 = 
p = —————— = 3.6 х 10? atm 
2.21 x 10-6 atm-! 


E2.33(b) The isothermal Joule-Thomson coefficient is 


aH -1 =] -1 -1 -1 
FA = —иС„ = —(1.11 Katm™) x 37.1JK то ) 2|—41.2Jatm"' mol 
Рут 


If this coefficient is constant in an isothermal Joule-Thomson experiment, then the heat which must be 
supplied to maintain constant temperature is AH in the following relationship 





АН/п 





= —41.2Jatm ! mol! so AH = —(412Jatm^! mol~')nAp 


ДН = —(41.2Jatm™! mol!) x (12.0 mol) х (—55 atm) = | 27.2х 1071 
Solutions to problems 
Assume all gases are perfect unless stated otherwise. Unless otherwise stated, thermochemical data are 


for 298 K. 


Solutions to numerical problems 


4 
P2.1 The temperatures are readily obtained from the perfect gas equation, T = = 
n 
1.00 atm) х (22.4 dm? 
oS хэхэх ДЭВ Дал Таййип]. 


E (1.00 mol) х (0.0821 dm? atm mol! К-!) 


Similarly, Тә = [546 К] 
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In the solutions that follow all steps in the cycle are considered to be reversible. 
Step 1— 2 


w = —pe AV = —pAV = —nRAT [A(pV) = A(nRT)], 
w = —(1.00 mol) х (8.314J K^! mol!) x (546 — 273) К =| 2227 x 103 J | 


3 
AU = nCymAT - (1.00 mol) x “he (8.314) K-! mol!) х (273K) = +3.40 x 103 J. | 


q = AU —w = 4340 х 10°J — (—2.27 x 10° J) =| +5.67 x 103 J | 
AH = qp = | +5.67 x 1031. 


If this step is not reversible, then w, q, and AH would be indeterminate. 











Step 2 > 3 


[constant volume]. 

ду = AU = nCy mAT = (1.00 mol) х È x (8.3141К7! тої!) x (—273 K) 
From H = U + pV 

AH = AU + A(pV) = AU + A(nRT) = AU +nRAT 


= (—3.40 x 10? J) + (1.00 mol) x (8.314) K^! шо!) x (—273 К) =| —5.67 x 10° J |. 


Step3 > 1 


AU and AH are for an isothermal process in a perfect gas; hence for the reversible compression 


V 22.4 dm? 
-q = w = -nRT In = = (1.00 mol) x (8314J K^! mol!) х (273K) x In | 22:25. 
V3 44.8 ат 


=|+1.57 x 1037, q =| —1.57 x 103 J |, 


If this step is not reversible, then 4 and w would have different values which would be determined by 
the details of the process. 





Total cycle 
State — p/atm V/dm? T/K 


1 1.00 22.44 273 
2 1.00 44.8 546 
3 0.50 44.8 273 
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Thermodynamic quantities calculated for reversible steps 


Step Process 4/КЈ w/kJ AU /kJ AH/kJ 
1--2 p constant = pa +5.67 —2.27 +3.40 +5.67 
2—3 V constant —3.40 0 —3.40 -5.67 
3-1 Isothermal, reversible —1.57 +1.57 0 0 
Cycle +0.70 —0.70 0 0 


COMMENT. All values can be determined unambiguously for the reversible cycle. The net result of the overall 
process is that 700 J of heat has been converted to work. 


P2.3 Since the volume is fixed, [w = 0] 
Since AU = а at constant volume, | AU = +2.35 kJ |. 


AH = AU + A(pV) = AU + VAp [AV = 0]. 


From the van der Waals equation [Table 1.6] 


RT a RAT 
— == so Ар = 
Vm —b VÀ Vm — b 





р- [AVm = 0 at constant volume]. 


RVAT 
Vin = b 





Therefore, АН = AU + 


From the data, 


_ 150dm? 


Vm = ———— = 7.5 ат? mol*!, АТ = (341 — 300) К = 41 К. 
2.0 mol 


m — b = (7.5 — 4.3 x 1072) dm? mol! = 7.46 dm? шог. 


КУАТ _ (8314J K^! mol!) х (150402) x (41 К) 


= 2 = 0.68 kJ. 
Vin — b 7.46 dm? шог”! 
Therefore, AH = (2.35 kJ) + (0.68 kJ) = | +3.03 kJ |. 
P2.5 This cycle is represented in Figure 2.2. Assume that the initial temperature is 298 K . 


(a) First, note that (constant volume). Then calculate AU since AT is known (AT = 298 К) 
and then calculate д from the First Law. 


7 
AU =nCy mAT [2.16]; Cvm = Cpm —R = ;R-R— 38, 


5 =з] 21 3 
AU = (1.00 mol) х (3) x(8314JK mol )x (298 K) = 619 x 10° J =| +6.19 kJ |. 
q=qv = AU—w=6.19kJ — 0 = | +6.19 kJ |. 
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p/atm 





Figure 2.2 


АН = AU + A(pV) = AU + A(nRT) = AU + nRAT 


= (6.19 kJ) + (1.00 mol) x (8.31 x 1077 kJ mol!) х (298 K) = | +8.67 KJ |. 
(b) (adiabatic). 


Because the energy and enthalpy of a perfect gas depend on temperature alone, 
AU(b) = —AU(a) =| —6.19 kJ |, since АТ) = — AT (a). 


Likewise АН (Б) = — AH (a) = | —8.67 kJ |. 
w = AU =| —6.19 kJ | [First Law with а = 0]. 


(с) AU = AH = 0 [isothermal process in perfect gas]. 





V 
а = —w [First Law with AU = 0]; w = -nRT In =, [2.11]. 
3 


3 exi -1 
nRT| Е (1.00 mol) x (0.08206 dm" atm K~ mol ) х (298 K) = 24.45 dm’. 


ү =" = 
z | 1.00 atm 


pi 


Т» ү? C 
ҮТ = УзТ< [228b]; hence V3=V2(—) where с=- => 
Т» R 2 


(2) x 298 К) 


5/2 
S ЗАА 
298 К ) = 138.3 ат”. 


so Уз = (24.45 dm?) х ( 


22.45 5) 


= (—1.00 mol) х (8.314J K^! mol!) х (298K) x In | ———~ 
de ва PER (Zee 


= 4.29 x 103] =[+4.29 ks}. 
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P2.7 The formation reaction is 
2C(s) + ЗН (е)  2C6He6(g), AsH® (298 К) = —84.68 kJ шог". 


In order to determine ЛН? (350 K) we employ Kirchhoff's law [2.36] with T2 = 350 К,Т = 298 K, 


T) 
ArH? (T2) = мнт) | A,Cp dT 
T 


where ArCp = x vyCp,m(J) = Cp,m (C6H6) — 2Cp,m (C) — 3Cp,m (H2). 
J 
From Table 2.2 


0.1272 
Cp m (CeHa)/(I K^! mol!) = 14.73 + (52) Т, 


4.77 х 10-3 : 2 
Com(C, в)/0 K^! тої!) = 16.86 + (255) po (285225) 


26 х 10-3 ! 2 
Cp (Ho, 8)/(1 к! mol`!) =2728+ (2) Т Бин : 


Т? 





| à 6 K? 
А‹СУ/(1 K^! mol!) = —100.83 + (* К) - (255285) j 


ЇГ ArCp dT 
Т 


1 
—— P — = —100.83 x (2 -T -1(0. nad |e ee 
Ко. х (Т + (5) (0.1079 ) 3 Т?) 


1 
— (1.56 х 10° К?) (= = т) 
Т Г 


= —100.83 x (52K) + (3) (0.1079) (350? — 2982) K 


1 1 
— (1.56 x 106) | — — — 
ere (as зв) к 
= —2.65 x 103 К. 


Multiplying by the units J K~'mol~', we obtain 


T) 
| ArCpdT = —(2.65 х 10? К) х (К то!) = —2.65 x 10? J шог! 
Т 


1 


= —2.65 kJ mol™!. 
Hence АН? (350 К) = АгН° (298 К) — 2.65 kJ mol! 


= —84.68 kJ mol`! — 2.65 kJ mol! =| —87.33 kJ mol”! | 


P2.9 Сг(С6Нб)2 (5) > Cr(s) + 2C6H6(g), Ang = +2 mol. 


A,H® = A,U® + 2RT, from [2.21] 


= (8.0 kJ mol!) + (2) x (8.314 J K^! шог!) x (583 К) = | +17.7 kJ mol”! | 
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In terms of enthalpies of formation 
А.Н? = (2) x ArH? (benzene, 583 К) — AsH® (metallocene, 583 К) 


or ArH? (metallocene, 583 К) = 2At£H? (benzene, 583 К) — 17.7 kJ шог”. 


The enthalpy of formation of benzene gas at 583 K is related to its value at 298 K by 


АғН? (benzene, 583 К) = ApH? (benzene, 298 К) 

+ (Ty — 298 К)С, (1) + AvapH? + (583 К — Tp) Com (g) 

— 6 x (583 К — 298 K)Cp.m(gr) — 3 x (583 К — 298 К)С (Нә, р) 
where Ть is the boiling temperature of benzene (353 К). We shall assume that the heat capacities of graph- 
ite and hydrogen are approximately constant in the range of interest and use their values from Table 2.7. 

ДЕН? (benzene, 583 К) = (49.0 kJ mol!) + (353 — 298) К x (136.1 J K^! mol!) 

+ (30.8 kJ mol!) + (583 — 353) К x (81.67 J K^! mol!) 

— (6) x (583 — 298) К х (8.53 J КГ! mol!) 

— (3) x (583 — 298) К х (28.82 J KT! mol!) 

= ((49.0) + (7.49) + (18.78) + (30.8) — (14.59) — (24.64)} kJ шог”! 
= +66.8 kJ шог. 





Therefore A;H? (metallocene, 583 К) = (2 x 66.8 — 17.7) kJ тої! = | + 116.0 kJ шог! |, 


(a) and (b). The table displays computed enthalpies of formation (semi-empirical, PM3 level, PC Spartan 
Pro™), enthalpies of combustion based on them (and on experimental enthalpies of formation of H2O(1) 
and CO2(g), —285.83 and —393.51 kJ mol`! respectively), experimental enthalpies of combustion 
(Table 2.5), and the relative error in enthalpy of combustion. 





Compound ЛгН® /КЈ mol! А.Н? /К mol~!(cale.) Ac;H?/kJ mol^!(expt) % error 
СН4(5) —54.45 —910.72 -890 2.33 
C2H6(g) —75.88 —1568.63 —1560 0.55 
СзНз(2) —98.84 —2225.01 —2220 0.23 
С4Но(®) —121.60 —2881.59 —2878 0.12 
CsHi(g — —142.11 —3540.42 —3537 0.10 


The combustion reactions сап be expressed as: 


3n+1 
2 


The enthalpy of combustion, in terms of enthalpies of reaction, is 





C,Hon+2(g) + ( ) O2(g) — п CO2(g) + (п + 1) Н2О(1). 


AcH? = nAsH® (CO2) + (n + D AgH?(H20) — А{Н°(С„Нәл+2), 
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where we have left out АН” (O2) = 0. The % error is defined as: 


АН“ (calc.) — А.Н (expt.) 2 
А.Н“ (expt.) 


100%. 





%error = 
The agreement is quite good. 
(c) If the enthalpy of combustion is related to the molar mass by 
ACH? = КІМ /(6 шог 1)]" 
then one can take the natural log of both sides to obtain: 
In |AcH?| = In|k| + п1п M/(g mol). 


Thus, if one plots In | АсН? | vs. In [M/(g mol~')], one ought to obtain a straight line with slope n and 
y-intercept In |k|. Draw up the following table. 





Compound М/(гто17!) А.Н/КЈ тої! 1а M/(gmol^') In |A.H?/ kJ mol! 








CH4(g) 16.04 -910.72 2.775 6.814 
C2H6(g) 30.07 -1568.63 3.404 7.358 
C3Hs(g) 44.10 -2225.01 3.786 7.708 
C4Hj;o(g) 58.12 -2881.59 4.063 7.966 
Cs5Hi2(g) 72.15 -3540.42 4.279 8.172 





The plot is shown in Fig 2.3. 














In|A.H°/ kJ шог! 








In M/(g тог!) Figure 2.3 


The linear least-squares fit equation is: 
In |AcH? /kJ шог || = 4.30 + 0.903 In M/(g то!) R? = 1.00 
These compounds support the proposed relationships, with 


п = |0.903 | and k =—e**9 kJ mor! =| —73.7 kJ mol! | 


The agreement of these theoretical values of k and n with the experimental values obtained in P2.10 is 
rather good. 
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The reaction is 
Ceo(s) + 6002(g) — 60CO»(g). 


Because the reaction does not change the number of moles of gas, А.Н = AU [2.21]. Therefore 


AcH? = (—36.0334 kJ g^! ) x (60 x 12.011 g mol!) =| 25968 kJ шог! | 


Now relate the enthalpy of combustion to enthalpies of formation and solve for that of Ceo, 


А.Н? = 60AsH® (CO2) — 60AtcH? (Or) — ДН (Coo), 


АгН (Coo) = 60A£H? (СО) — 60A:H? (Оз) — ACH? 
= [60(—393.51) — 60(0) — (—25968)] kJ mol"! = [2357 kJ шог”! | 


(a) ArH? = АгН® (SiH2) + AcrH? (H2) — AcH? (SIH4) 


= (274 + 0 — 34.3) kJ mol! =| 240 kJ mol! | 


(b) ArH? = АгН® (SiH) + ArH? (SiH4) — ArH? (SioHe) 
‚ = (274 + 34.3 — 80.3) kJ шог! = [228 ку тог”! | 


The temperatures and volumes in reversible adiabatic expansion are related by eqn 2.28а: 


2 Сут 
Тс-1:|-- h = ——. 
f (5) where с R 


1 


From eqn 2.29, we can relate the pressures and volumes: 


Ve \” С, 
рғ = ”(8) where y= a 


i V.m 


We are looking for Cp,m, which can be related to c and у. 


Сут Сул ) Срт 
су-|---)х = ———. 
К Сут К 


Solving both relationships for the ratio of volumes, we have 


0)7-1-07 «1-07 
р Vi Ti Pi Ti 


Therefore 








i (2) ЧЕ 
п { — ———— aec d. 
Pil — (8314J K^! mol!) x 81.840КРа/ |. [41.401 K-! mor"! | 


x (Tr „(29815К 
"m 248.44 К 
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P2.19 Hm = Нъ(Т,р). 

ӘН, ӘН, 

dHm = (5) dT + (2) dp. 
Т} др /т 

Since dT = 0, 
ЭНт dHm 2a 
-1--14 h --5| зт-иС,ш(253|--1---51. 
ныг (m) an PT Ux], Meran RSN (r ) 


рғ рг / 2a 2a 
АНы [ ань [ (= ) ap (= ) (pr — pi) 


Е (2) x (1.352 dm® atm mol?) 
~ (0.08206 dm? atm K-! тог!) x (300 К) 
х (1.00 atm — 500 atm) 


Im Ņ\? (1.013 х 105 Pa 4 
= (35.5 atm) х (s) x (em = 3.60 x 10° J =| 43.60 kJ | 





— (0.0387 dm? mol!) 


] atm 


COMMENT. Note that it is not necessary to know the value of Ср т. 


Solutions to theoretical problems 


д2 д: 
Р2.21 (а) dz = (=) dx + (=) dy [definition of total differential]. 
дх/, dy), 


(=) = (2x -2y4 2, (=) = (4y - 2x - 4), 
дх/, dy), 


dz =| (2х — 2y + 2) dx+(4y—2x—4)dy | 


9 (9: д 9 (9: 9 
—{—)=-—(x-2y4+2)=-2, — | — | = — (4y — 2x — 4) = –2. 
(b) 2 (=) (2x = 2y +2) 2 (=) w ) 


д 1 д 
© Oe) Gen 


+2) dx + (x- 1) dy 
X 





dz = 











A differential is exact if it satisfies the condition 
д (9д:ү _ д (az 
ax Хду/ ду\дх/ 


9 Эрин п бү Ж ы. 
буу х) ду\ ху ^^ Aud] de о 


COMMENT. The total differential of a function is necessarily exact. 
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42 
aU aU aU 
P2.23 (a) U=U(T,V) so ЯС = (57) ат + (5) dV = Суат + (57) dV. 
aT Jy дУ /т ƏV Jr 
For U = constant, dU = 0, and 
aU QU dV dU ду 
сат (5) e 09), (),=-(3), 09, 
IV) т OV) т \dT Jy дУ /т NOT / 
This relationship is essentially Euler’s chain relation [Further information 2.2]. 
aH ЭН _ Ган 
(b H=H(T,p) so 4Н-1--141-41--) 4-0,41-1--1 dp. 
01 /, др /т др /т 
According to Euler’s chain relation 
(> (2 (=) | 
др /т\9Т/н NdH/, — 
so, using the reciprocal identity [Further information 2.2], 
(5) (5) (2) C 
= Е = ИС» |. 
др Т др Н dT р : 
Р225 (a) H=U+pV (22) 64 (сг) jyt 
: a = so = = | 
х aU), Рэй}, (90/9У), 
(== S 
(b) (20) _ (9Н/дУу, _ у р _ (9U/9V)y +p 
aU}, (90/8У), (90/9У), (8U/90V), 
oH p aV 
so | =] = 1+6 = 1+р( = |] | 
90/, (9U/8V)p д0/, 
У 
Р2.27 „=-| pdV. 
Vi 


_ Vv : з : ` 
Inserting — = Vm into the virial equation for p we obtain 
n 


— nRT 1 mB тС 
р=п vty уЗ ан 


үт пв тпс 
Therefore, w = —nRT а v + үз Күз +..|аУ, 


ү 2 1 1 1 4 1 1 
vee ng Ps кта ( 7. - 7.) en RTC vi v2 + 


For n = 1 mol: nRT = (1.0 mol) x (8.314 J K-! то!) x (273 К) = 227 kJ 


Р2.29 


Р2.31 
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From Table 1.4, В = 21.7 cm? mol! and С = 1200 спб mol, so 


n?BRT = (1.0 mol) х (—21.7 cm? шог!) x (2.27 kJ) = —493 kJ cm?, 


1 Е 
СЕТ = 5010 mol)? x (1200 cmÓ mol?) х (2.27 kJ) = +1362 kJ стб. 


Therefore, 


= = 1 1 2 1 1 


= (—1.57) + (0.049) — (4.1 x 10-3) kJ = —1.52 kJ =| —1.5 KJ |. 


(b) A perfect gas corresponds to the first term of the expansion of p, so 


w = —1.57 kJ = | -1.6 К | 


дТ 1 (ӘН 
H др T 


p 
1 ду : 
и = T| — | — Ү { [See problem 2.34 for this result]. 
р 


nRT aV nR 
But = —— +пр or | — | =—. 
р oT Р 


Therefore, 


ies Sree Cy po сша, р 


_ 1 (nRT v} = 2 nRT nRT |-2 
Cl р Gl р р | 


Р 


oT 
Since b > 0 and С, > 0, we conclude that for this gas и < О or (Z) < 0. This says that when the 
H 








р 
pressure drops during а Joule-Thomson expansion the temperature must [increase | 
nRT na 
= — — [Table 1.7]. 
peg үе UL 
A id Е Е. - 
Hence | T = (5) (V — nb) + (zz) x (V — nb) |, 
(Z) И пр] т-Ь _ 1 
др /у nR | R ( др ) | 
ӘТ Jy 
дТ д у 
For Euler’s chain relation, we need to show that (Z) (sz) (=) =-1. 
др Ју ХЭУ /т NOT Р 
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: ks oT д у 
Hence, in addition to (55) we need (2) and (=) = l : 
др / y дУ /т 91 /, ( aT ) 


av 
о) _ -nRT „?та 
av), (V-nb v? 


р 
which сап be found from 


(32) = (2) (у) - (2%) «m. 


oT T 2na 
эу), = (=a) г (88) жан 


Therefore, 








oT др 
әТ\ (дрү (ЗУү _ £31 (22), 
(59,669) (59), (т) 
aV /, 
(=) «( —nRT +) 
nR (V — nb)? y? 
T 2na 
(=) - (25) x V-m 
-T 2na 
(7-5) + (Far) x nb) 
T 2na 
(5) - (==) x (V — nb) 























у Т 
Р2.33 uCp =T (5) -V= TOTN C V [reciprocal identity, Further information 2.2] 
av), 
= Тр aby [roble 2:31) 
=] = -—(V-n roblem 2. 
Ур V-nb RV3 


Introduction of this expression followed by rearrangement leads to 


Е (2na) х (V — nb) — nbRTV? 








= у. 
к КТУ? — 2na(V -mb) ^ 
RTV? ^ 
Then, introducing ¢ = ———————— to simplify the appearance of the expression 
2na(V — nb)? 
b 
1— E l= = 
С, = V |--1---42 
oe ¢-1 ¢-1 
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For xenon, Vm = 24.6 dm? mol^!, T = 298 К,а = 4.137 dm® atm mol ?, b = 5.16 x 10? dm? шог”, 


—1 3 -1 
пЬ 228 м 5.16 x 10 i = — 2.09 x 1073, 
ү Vin 24.6 ат” шо 
(8.206 х 10-2 dm? atm K~! шог!) х (298 К) х (24.6 dm? mol! ? 3 





= @ x (4.137 dm atmmol 2) x (24.6 dm? mol~! — 5.16 x 1072 dm? mol)? — 


1 — (73.0) x (2.09 x 1073) 


Therefore, иС, = = х (24.6 dm? mol~!) = 0.290 dm? mol™!. 


Cp = 20.79 J K^! шог”! [Table 2.7], so 


_ 0.290 ат? тої! _ 0.290 х 10-3 т? шог! 
"> 3039]K-! mol! ^ 20.79JK-! шог! 
= 1.393 x 1075 K m? J7! = 1.393 x 1077 КРа”! 


= (1.393 x 10-5) x (1.013 x 107 Кат!) = | 1.41 K atm! |. 


b 
The value of и changes at T = Тү and when the sign of the numerator 1 — x changes sign (¢ — 11$ 


positive). Hence 








be RTbV? | | 2a(Vm — b)? 
ает Т e 1 that Тү = —— ———, 
E 1 95 огу —nbY Va ааг RbVÀ 
2 bN |27 b ү? 
tatis 1 = (2 eli) t leri 
Rb Vn 4 Va 


2 2) х (4.137 аш atm mol? 
For xenon, ^ s 5 Г 14 zi ЕВ 5 B 1954 К 
Rb (8.206 x 10? dm? atn К-! mol!) х (5.16 х 10-2 ат? mol” !) 


5.16 x 10724? 
d so Ty = (1954K) x (1 —- 2————— | -11946К| 
and so Tj = ( »( 546 ) 


Question. An approximate relationship for jz of a van der Waals gas was obtained in Problem 2.30. Use 
it to obtain an expression for the inversion temperature, calculate it for xenon, and compare to the result 











above. 
2TV TV (9 
Р2.35 баман Rae a (2) [2.57]. 
пкт п oT jy 
9 R 
(2 = ^^ _ [Problem 2.31]. 
ӘТ Jy V—nb 





efr d 
ау = ЭТ За m . 
ƏV), 
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Substituting, 
9 
(т) 
С С А, 
р V.m ( т) 
п -“- 
дУ » 
Al 2 Т аў, V — nb) [Problem 2.31 
5 эрч 
° зу], V—nb ae ЕРИ 
Substituting, 
RT 
(У — nb) 
Com — Сут = T Энд ат : = АК 
vm md 7 79 
1 1 2a(Vm — b)? 
|1———— x (V — nb} m 
(ЕТУЗ) ~*~”) 
8 

Now introduce the reduced variables and use Т. = sump V: = 3b. 
After rearrangement, 





Т. D? 
А 4nV? | 


For xenon, V, = 118.1 cm? mol~!, T, = 289.8 К. The perfect gas value for Vm may be used as any error 
1 








introduced by this approximation occurs only in the correction term for P 


Hence, Vm ^ 2.45 dm’, У, 2118.8 cm? mol` !,Т, = 289.8 K, and V, = 20.6 and T; =1.03; therefore 


L- (61.8 — 1)? 
T (4) x (1.03) x (20.6)? 





= 0.90, giving A © 1.1 


and 


Сот — Сут © 1.1 R =|9.2J K7! moE! | 


1 8V, 
(a) и = (52) — Vm 1 [2.53 and Problem 2.34]. 
Ex ), 
T s V, 
Vm = Er p" ЦЭ — + 2аТ. 
р 


КТ КТ Т? 
: — +207? — ar?) = E | 
p Cp 
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à ауһ\ (9 
(b) 2C ат» ( 9 -с -1(72) (52) | 
clic а “(эт б әт ),Х9т), 


КТ 
Vm —аТ?` 


(2) К RT(—2aT) 
ӘТ Ју Vm—aT2 (Va —aT?? 
2-8 4 24812 _ 
С (ВТ/р)  (RT/p? — 


But, p = 


2ap? 
RU 





р 
Т яр 
Тһегеїоге 


R 2ар? 
су 6 -T(E зат) x (2+2) 


io RT 2apT 2apT p 
=G- (1+ T ух (+ Б )« 0. 


2apT 2; 
р ! 











Cy = -в(1+ 





Solutions to applications 


P2.39 Taking the specific enthalpy of digestible carbohydrates to be 17kJ g^ (Impact 12.2), the serving of 
pasta yields 


q = (40g) x (17kJg^!) = 680kJ. 


Converting to Calories (kcal) gives: 


1 Cal 


— 162 Cal. 
fig ^ 


q — (680kJ) x 





As a percentage of a 2200-Calorie diet, this serving is 


162 Cal 
тт х 100% = [7.4% | 
1. 
P2.41 — (a)q—nAH? = 38 х(-56451шо(7)-1725к) 


342.3 g mol! 





(b) Effective work available is ~ 25 kJ х 0.25 = 6.2 kJ. 
Because w = mgh, and m ^ 65 kg 


h 6.2 x 103] 
Re eS —49./mj 
65kg x 9.81 m s 
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(c) The energy released as heat is 


: 25g 
q— —AH = —n AH? = ( = )х‹ 2808 kJ тої!) = [39 kJ | 


180 g mol! 





(4) If one-quarter of this energy were available as work a 65 kg person could climb to a height h 
given by 


1 4 39 х 103] 
ДОТИ 88 50 В ив. 4(65К1) х (9.8ш 5-2) 


First, with the pure sample, record a thermogram over a temperature range within which P undergoes a 
structural change, as can be inferred from a peak in the thermogram. The area under the thermogram is the 
enthalpy change associated with the structural change for the given quantity of P. Then, with an identical 
mass of the suspected sample, record a thermogram over the same temperature range. Assuming that 
the impurities in P undergo no structural change over the temperature range—a reasonable assumption 
if the impurities are monomers or oligomers and if the temperature range is sufficiently narrow—then 
the peak in the test sample thermogram is attributable only to P. The ratio of areas under the curve in the 
test sample to the pure sample is a measure of the purity of the test sample. 





The coefficient of thermal expansion is 


1/9У АУ 
a= А so ЛУ XaVAT. 
V\ oT Р VAT 





This change in volume is equal to the change in height (sea level rise, Ah) times the area of the ocean 
(assuming that area remains constant). We will use œ of pure water, although the oceans are complex 
solutions. For a 2°C rise in temperature 


AV = (2.1 x 1074 K7!) x (1.37 x 10? кт?) x (2.0K) = 5.8 x 107 кт? 





AV 
so Ah = зе 1.6 x 10-3 km = | 1.6т | 


Since the rise in sea level is directly proportional to the rise in temperature, AT = 1°C would lead to 
Ah = [0.80 m | and AT = 3.5°C would lead to Ah = [2.8 m | 





COMMENT. More detailed models of climate change predict somewhat smaller rises, but the same order 
of magnitude. 


We compute ш from 


1 (2) 
w= ——| — 
Cp др Т 


oH : 
and we estimate (2) from the enthalpy and pressure data. We are given both enthalpy and heat 


T . B 
capacity data on a mass basis rather than a molar basis; however, the masses will cancel, so we need not 


convert to a molar basis. 
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(a) At 300 K. 

| Е heaped Oe 
The regression analysis gives the slope as -18.0)g MPa = | —]} , 
T 


др 
—18.0kJ ке! MPa^! 
ogn- et es ett | 


0.7649 kJ кв”! К-! 
(b) At 350 К. 





oH 
The regression analysis gives the slope as — 14.57 g^! MPa^! = (2) $ 
T 


др 
—14.5 kJ kg^! МРа-! 
40: сэхээ 227228 =| eer | 


1.0392 kJ ке! К-! 
(а) 426.6 
426.4 
426.2 
Н K(KJkg-!) 


426.0 


425.8 





425.6 : : 2 $ H : : E E Б h 
0.07 008 0.09 0.10 011 0.12 0.13 
(b) 462 
461 
460 | 
Н (К kg’) 459 
458 


457 | 





456 А : : : : 
0.8 0.9 1.0 1.1 12 13 


р /МРа Ейриге 2.4 





D3.1 


D3.3 


? 3 . The Second Law 





Answers to discussion questions 


We must remember that the Second Law of Thermodynamics states only that the total entropy of both the 
system (here, the molecules organizing themselves into cells) and the surroundings (here, the medium) 
must increase in a naturally occurring process. It does not state that entropy must increase in a portion 
of the universe that interacts with its surroundings. In this case, the cells grow by using chemical energy 
from their surroundings (the medium) and in the process the increase in the entropy of the medium 
outweighs the decrease in entropy of the system. Hence, the Second Law is not violated. 


АП of these expressions are obtained from a combination of the First Law of Thermodynamics with 
the Clausius inequality in the form TdS > dq, as was done at the start of Justification 3.2. It may be 
written as 


—dU — pexdV + dwaaa + TdS > 0 


where we have divided the work into pressure-volume work and additional work. Under conditions of 
constant energy and volume and no additional work, that is, an isolated system, this relation reduces to 


dS > 0 


which is equivalent to AStot = A Suniverse > 0. (The universe is an isolated system.) 


Under conditions of constant entropy and volume and no additional work, the fundamental relation 
reduces to 


dU <0. 
Under conditions of constant temperature and volume, with no additional work, the relation reduces to 
dA «0, 


where A is defined as U — TS. 


Under conditions of constant temperature and pressure, with no additional work, the relation reduces to 
dG <0, 


where G is defined as U + pV — TS = H —TS. 
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E3.2(b) 
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In all of the these relations, choosing the inequality provides the criteria for spontaneous change. 
Choosing the equal sign gives us the criteria for equilibrium under the conditions specified. 


The Maxwell relations are relations between partial derivatives all of which are expressed in terms of 
functions of state (properties of the system). Partial derivatives can be thought of as a kind of shorthand 
for an experiment. Therefore, the partial derivative (05/8V)7 tells us how the entropy of the system 
changes when we change its volume under constant-temperature conditions. But, as entropy is not a 
property that can be measured directly (there are no entropy meters), it is important that the derivative 
(and hence the experiment) be transformed into a form that involves directly measurable properties. That 
is what the following Maxwell relation does for us. 


95 ) _ (др 

89V]; КӘТ Ју 
Pressure, temperature, and volume are easily measured properties. 
The relation (9С/др)т = V shows that the Gibbs function of a system increases with p at constant T in 
proportion to the magnitude of its volume. This makes good sense when one considers the definition of 


С, which is G = U + pV — TS. Hence, С is expected to increase with p in proportion to V when T is 
constant. 


Solutions to exercises 


Assume that all gases are perfect and that data refer to 298.15 K unless otherwise stated. 


AS = / Че. Ч 
Т Т 


8) д5 201071. Гахай 
= = ох i 
273K 
50 x 1071 
b AS = ———— —|15x10?JK^! 
e (10 + 273) K 2 
At 250 К, the entropy is equal to its entropy at 298 К plus AS where 


d Суп dT Т 
А$ =} drev =f V,m = Cymin ff 
T T T; 














250K 
so 5 = 154.84 JK! mol^! + [(20.786 — 8.3145) JK-! mol !] x In —— 


298 К 
S =| 152.65 J K7! mor! 


However the change occurred AS has the same value as if the change happened by reversible heating at 
constant pressure (step 1) followed by reversible isothermal compression (step 2) 





AS = AS; + AS» 


E3.4(b) 


E3.5(b) 
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For the first step 


Ч4теу Cpm dT Те 
AS| = = ш - = — 
1 J T f T p.m ln T, 











7 E т (135 + 273) К 
AS; = (2.00 mol) x | = | х (8.31457 K7! mol^') x In2—— —— —— = 18.3 J K7! 
i | (5) ) x n 025 + 273)K 
and for the second 
Абу = | адгеу = rev 
T T 
Vr Di 
where grey = —№ = f pdV = nRT In — = nRT In — 
Vi pr 
Di E = 1.50 апп E 
so AS, = nR ш — = (2.00 mol) x (8.3145JK^' mol ) x In = —25.6JK 


Pt 7.00 atm 


AS = (18.3 — 25.6) JK~! =| —7.3 J K7! 


The heat lost in step 2 was more than the heat gained in step 1, resulting in a net loss of entropy. Or the 
ordering represented by confining the sample to a smaller volume in step 2 overcame the disordering 
represented by the temperature rise in step 1. A negative entropy change is allowed for a system as long 
as an increase in entropy elsewhere results іп AStotai > 0. 


4 = rev = 0 [adiabatic reversible process] 


f 
dqrev 
A = — = 
5 n 7 10] 
AU =nCy mAT = (2.00 mol) x (27.5J K^! mol!) x (300 — 250) К 


w= AU -q = 2.75 — 0 = [2.75] 


АН =nCp mAT 
Cpm = Cvm +R = (27.5 J K^! mol! + 8.314J K7! mol!) = 35.8147 K^! тог”! 


So АН = (2.00 mol) х (35.8147 K^! mol!) x (+50 K) = 3581.41 = | 3.58 kJ 


Since the masses are equal and the heat capacity is assumed constant, the final temperature will be the 
average of the two initial temperatures, 


T; = 5(200°C + 25°С) = 112.5°С 


The heat capacity of each block is 
С = тС; where С; is the specific heat capacity 


so AH (individual) = mC,AT = 1.00 х 10° g x 0.449J K-! g^! x (+87.5К) =+39kJ 
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These two enthalpy changes add up to zero: 


AS = тС; In (F) 200°C = 473.2 К; 25°C = 298.2 К; 112.5°С = 3857 К 


1 








5.7 = 
AS, = (1.00 x 10? g) x (04491К71 g7!) х „(ж = 115.51К^! 
298.2 
385.7 Е 
AS> = (1.00 х 10? р) x (0.4493 K7! g^!) x In (23 2) = —91.8021К^! 


AStota] = AS; + А52 = |24] K^! 


E3.6(b) (a) 4 = 0 [adiabatic] 
1.01 х 105 Pa 


(b) и = —pex AV = —(1.5 atm) x ( 
atm 


1m? 
2 
) х (100.0 ст )x (15 cm) х (пез) 


=-227.2 J =[-2301] 
© | AU-q«*w-0-2301 2[-2301] 


(d) AU = nCy mAT 


_ AU _ —22721 
~ пСуљ (1.5mol) x (2881К-1 шог) 


-[ssx] 


(e) Entropy is a state function, so we can compute it by any convenient path. Although the spe- 
cified transformation is adiabatic, a more convenient path is constant-volume cooling followed 
by isothermal expansion. The entropy change is the sum of the entropy changes of these two 
steps: 





AT 


у V 
AS = AS + ASS == пСү as lh (т) +nRIn (s) [3.19 and 3.13] 


1 


T; = 288.15 К — 5.26 K = 282.9K 


nRT _ (1.5 то!) x (8.206 x 1072 dm? atm K^! то!) х (288.2 К) 
Pi 9.0 atm 


= 3.942 dm? 


Vi = 


2 1 dm? 
үү = 3.942 dm? + (100 cm? 15 — 
f m + ( cm^) x ( 5117: 


= 3.942 dm? + 1.5 dm? = 5.44 dm? 
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288.2 


+(8.314J K7! то") x n( za 


AS = (1.5 mol) x | Q8.8J K^! то!) x In (=) 





3.942 


= 1.5 mol(—0.5346 ЈК! то! + 2.678 JK~! mol!) =| 3.2 J K7! 


AvapH | 35.27 x 10° J mol! 


LIU -.10458JK^!-|1046JK-! 


(b) If vaporization occurs reversibly, as is generally assumed 


ASsys АЯыг = 0 80 ASsur = | –104.6 J K7! 


E3.8(b) (а) А.5® = SẸ (Zn^* ад) + SẸ (Cu, s) — SẸ (Zn, s) — Se (Cu?*, aq) 


E3.7(b) (а) 








AvapS = 











= [—112.1 + 33.15 — 41.63 + 99.6] J K7! mol~! =| —21.0)K~!mol7! 





(b) — ALS? = 1252 (CO». g) + 1152 (H20,1) — S2(C12H22011,8) — 1252 (05, 2) 
= [(12 x 213.74) + (11 x 69.91) — 360.2 — (12 х 205.14)] J K^! шог”! 





=| +512.0J K7! mol! 








E3.9(b) (a) A,H? = AcH? (Zn**,aq) — AcH? (Cu?t, aq) 
= —153.89 — 64.77 kJ mol! = —218.66 kJ mol”! 


A,G?^ = —218.66 kJ mol^! — (298.15 К) x (—21.0J K^! mol!) =| —212.40 kJ шог”! 


(b) AH? = AH? = —5645 kJ mol! 
A,G* = —5645 kJ mol! — (298.15 К) x (512.01 K^! mol~!) = | —5798 kJ mol! 


E3.10(b) (a) А,С? = ArG? (Zn^*,aq) — ApG® (Cu?*, aq) 





= —147.06 — 65.49 kJ mol~! = | —212.55 kJ mol! | 





(b) АОС” = I2A£G? (CO2, в) ПАО — Абе (C12H2011,8) — Об (02, g 


= [12 х (—394.36) + 11 x (—237.13) — (—1543) — 12 x 0] kJ mol! 


= | —5798 kJ mol`! 


COMMENT. In each case these values of А.С? agree closely with the calculated values in Exercise 3.9(b). 
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E3.11(b) CO(g) + СН:ОН() > CH3COOH(1) 


AQH? = > vALH? — X АН? [2.32] 


Products Reactants 


—484.5 kJ mol! — (—238.66 kJ mol!) — (—110.53 kJ mol!) 


—135.31 kJ mol! 


А.5° = У, 95 - У’ 059 [3221] 


Products Reactants 


= 159.8 J K^! mol! — 126.8 J K^! mol! — 197.67 J K^! mol! 
= —164.67J K^! mol! 


E 

© 
® 

I 


AH? — TAS? 
—135.31 kJ mol! — (298 К) x (—164.67J K7! mol!) 


= —135.31 kJ mol! + 49.072 kJ mol! =| —86.2 kJ шог! 


E3.12(b) The formation reaction of urea is 


C(gr) + 3O»(g) + Ма(8) + 2H2(g) > CO(NH2)2(s) 


The combustion reaction is 


СО(МН») (5) + 302(g) > CO»(g) + 2Н0(1) + № (в) 
А.Н = ArH? (CO», g) + 2AcH? (H20, 1) — ApH? (CO(NH2)2, 8) 


ArH? (CO(NH2)2, 5) = ArH? (СО), в) + 2AfH° (H20, 1) — АсН(СООМНЫ)»,8) 
= —393.51 kJ mol! + (2) х (285.83 kJ mol!) — (—632 kJ mol!) 
= —333.17 kJ mol! 


AtS? = SR (CO(NH2)». s) — SR (C. gr) — 155, (02. в) — Sa (N2, g) — 255 (Ho. g) 
= 104.60J K^! шог” — 5.740 J K^! mol! — $(205.138J K~! mol!) 
— 191.61J K^! mol^! — 2(130.684J K^! mol!) 
= —456.687 J K^! шог! 


А{С° = AH? — TAGS? 
= —333.17 kJ mol! — (298 К) x (—456.687 J K~! mol!) 
= —333.17 kJ mol~! + 136.093 kJ mol! 


=| —197 kJ mol! 





E3.13(b) 


E3.14(b) 


E3.15(b) 


E3.16(b) 


E3.17(b) 


56 STUDENT'S SOLUTIONS MANUAL 


V 
(a) | AS(gas) = nRIn (5) [3.13] = Ко 
Vi 39.95 g mol! 


= 3.029J K7! = 3.07К-! 
AS(surroundings) = —AS(gas) = | —3.0 J K7! | [reversible] 
AS(total) = [0] 
(b) AS(gas) =| +3.0J K^! | [$ is a state function] 


AS(surroundings) = [0] [по change in surroundings] 


AS(total) = | 4-3.0J K^! 
(c) геу = © so AS(gas) = [o] 


AS (surroundings) = [0] [No heat is transfered to the surroundings] 


AS(total) = [0] 


) х (8.314J K^! mol!) In2 


C3Hg(g) + 502(g) > 3CO»(g) --4Н:00) 

AG? = 3A£G? (CO2, в) + 4A¢G* (H20,1) — AcG? (C3Hg, g) — 0 
= 3(—394.36 kJ mol!) + 4(—237.13 kJ mol!) — 1(—23.49 kJ тог!) 
= —2108.11 kJ шог! 


The maximum non-expansion work is | 2108.11 kJ mol! | since |waga] = |AG]. 


Т, 500 K 
(а) e=1- у [3.10] =1- = [0.500 | 
h 


1000 K 
(b) Maximum work = &|qn| = (0.500) x (1.0 kJ) =| 0.50 kJ 
(c) Emax = rey and | Ушах| = |qnl — |dc,minl 
Їсаш| = |фҺ| — [Wmax] 
= 1.0kJ — 0.50kJ 
= 
р ү ; 
AG = nRT In | — | [3.56] 2 nRT In у. [Boyle’s law] 
Pi f 


AG = (2.5 х 1072 mol) x (8.3143 K^! mol) x (298K) x In (15) = 


aG aG 86: 
(т) = —§ [3.50]; hence m) = —$r, and (=) == 
ar], aT ), aT J, 
9С 0G; a (Gf — Gi) 
AS = S¢ — Sj = ( ) +( ) --(2582) 
әт), ат), ат ), 
[i 8 ~13.11 +4281 x c) 
oT ), ӘТ K 


„Газ 





E3.18(b) 


E3.19(b) 


E3.20(b) 
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dG = —S dT + V dp [3.49]; at constant T, dG = V dp; therefore 


Pt 
ac= | V dp 
р 


i 


The change in volume of a condensed phase under isothermal compression is given by the isothermal 
compressibility (eqn 2.44). 


1 (ду 
кт==— (2) = 1.26 х 107? pa^! 
У \др/т 


This small isothermal compressibility (typical of condensed phases) tells us that we can expect a small 
change in volume from even a large increase in pressure. So we can make the following approximations 
to obtain a simple expression for the volume as a function of the pressure 


1 /V—V; ГАЛА 
kra — > so У-У(1-ктр) 
У \р-р Vi p 





where Vj is the volume at 1 atm, namely the sample mass over the density, т/р. 


100 MPa у 
ac= | —(1 — krp) dp 
100кРа Р 


Үй 100 МРа 100 МРа 
=— | dp — kr | pdp 
p 100 kPa 100 kPa 


" 100 MPa 
es ap 
p 100 kPa 


25 І 
228  [999x10 Pa — — (1.26 х 10-9 Pa!) x (1.00 x 1016 Pa?) 
0.791 ёст? 2 


100 МРа 


2 
— 3 TP 
100 kPa 











3 
= 31.6cm? x ( ) х 9.36 x 10’ Pa 


100 cm 
= 2.96 x 1037 =| 3.0kJ 


Або — sr = би = AT (=) [3.56] 


р 


252. 
= (8314J K^! mol!) x (323K) x In (55) -1271к1 тог | 





š Y P 3 
For an ideal gas, GO = С° + RT In (£) [3.56 with Gm = G9] 


= 


But for a real gas, Съ = С + RT In (5) 13.58| 


= 


So Gm — GO = RT int [3.58 minus 3.56]; an ф 
р р 


= RT In ó = (8.314 J K~! mol^!) x (290K) х (In 0.68) =| —0.93 kJ тог”! 
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E3.21(b) AG = nVmAp [3.55] = V Ap 
Z 3 Іт? 3 3 
AG = (1.0dm?) х (2852 х (200 х 10? Pa) = 200Раш” =[200 J] 
E3.22(b) AGm = RT In (8) = (8.314 J K^! тог!) x (500K) х In (Gon) = | +2.88 kJ mol! 
i . а 


Рі 


Solutions to problems 


Solutions to numerical problems 


РЗЛ (a) Because entropy is a state function ArsS(1 —> 5, —5?C) may be determined indirectly from the 
following cycle 


HjO(1,0*C) 25502509, н,0(, 0°С) 


asif [ав 


moa, 580) S053 9. 06, —5°С). 


Thus AysS(1 > $, —5?C) = AS; + Aus S(1 > s, 0°C) + AS,, 
Ti 
where AS| = Cp (1) In F [3.19; 6; = 0°C, 0 = —5°С] 
T 
and AS, = Ср (5) In —. 
Ty 


T 
АЯ + AS, = —AC,In7- with AC, = Co (D — Co (5) = +3731 К !mol!. 
f 





— Am, H 
AusS(1 > s, Tp) = n [3.16]. 
—AfusH T 
Thus, Ац,5(1-» s, T) = = — AC, In —. 
Т, Т, 
—6.01 х 10°J шог! LASS eL 268 
AtsS(1 5, 5°C) = ишек. ааа (37.3) K7!mol~!) x In Emi 


-1-2131К-! mol”! | 


AfusH(T) 

Oe ч 

AfusH (T) = —AH + AfusH (Te) — АН.. 

ДН, + АН; = Cpm(I)(T¢ — Т) + Cpm(8)(T — Т) = ACp(T; — Т). 


АһН(Т) = AfusH (Te) — AC, (Те — T). 


ASsur = 
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AmsH(T) — AfusH (T+) (T — Тү) 
Thus, ASsur = M T = =" Т + АС T E 
6.01 kJ mol! 268 — 273 
= +(37.31К пог! cu 
AS war 4 mol!) x ( = ) 


= | +21.7 J K7! mol! | 
Аба = ASsur + AS = (21.7 — 21.3) JK~!mol7! =| +0.4 J K^! шог | 


Since AStotai > 0, the transition | — $ is spontaneous at —5?C. 


(b) A similar cycle and analysis can be set up for the transition liquid — vapor at 95°C. However, 
since the transformation here is to the high temperature state (vapor) from the low temperature state 
(liquid), which is the opposite of part (a), we can expect that the analogous equations will occur 
with a change of sign. 


T 
AusS(1 > g, T) = Аиз5 (1 > g, Ty) + АС» In T. 
b 


_ AvapH -1 -1 
+ АС, шт. АС, = —41.9J K^! mol. 
Tp Ty 
T е 40.7 kJ то]! — 4193 K-! шаг ух 368 
== OOO 
"s 5 373 К “то 51373 
= | +109.77К-! mol! | 
—AvapH (T) AvapH (Tp) AC, (T — Tp) 
Ханс EE ш „иа ыо ру ме 
Т Т Т 
—40.7 kJ mol! 368 — 373 
= [ICE ).-1-40101Е ard (22525 
368 K 368 


—|—111.2J K^! mol! | 
Аба = (109.7 — 111.2) JK~! mol! =| —1.5J K^! mol”! |. 


Since А$иа! < 0, the reverse transition, g — 1, is spontaneous at 95°С. 





P3.3 (a)  q(total) = q(H20) + (Си) = 0; hence — q(H20) = q(Cu). 
4(Н:0) = n(— AvapH) + nCp.m(H20,1) x (0 — 100°C) 


where Ө is the final temperature of the water and copper. 
q(Cu) = mC,(0 — 0) = тС,0, C, —0.385JK !g '. 
Setting —q(H20) = q(Cu) allows из to solve for Ө. 


n(AvapH) — nCpm(H20, 1) x (0 — 100°C) = mC,0 
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Solving for Ө yields: 


n( AvapH T Ст (H20, 1) х 100°С} 
тС, + пС т (Н2О, 1) 





9 = 


(1.00 mol) x (40.656 х 10? 1 тої! + 75.3J°C~!mol~! x 100°C) 
2.00 х 10? g x 0.385J*C-!g-! + 1.00 mol х 75.319С-1шоГ”! 


= 57.0°C = 3302 K. 


q(Cu) = (2.00 х 10° в) х (0.385J K7! g7!) х (57.0K) = 4.39 x 10%] = [43.9 kJ | 


AS(total) = AS(H20) + AS(Cu). 


—nAvapH 
Ast) = — лав 
b 


Ti 
[3.16] + пС, а In (2) [3.19] 
i 
(1.00 mol) x (40.656 x 10? J mol!) 
Е 373.2 К 
Asks 330.2 К 
+ (1.00 mol) х (75.3J]K ^ mol ) x In 


373.2 K 











= —108.9J K7! —922J)K^! =| —118.1 J K^! | 








AS(Cu) С, In Tr (2.00 x 10° ) (0.385J к! == ) ln (355 x) 
яа цэг айн "8g x (U. х 
НЬ : 273.2K 











= | 145.9 J K^! | 


AS(total) = —118.1JK^! + 1459JK^! = |28] K7! | 


This process is spontaneous since AS(surroundings) is zero and, hence, 








AS(universe) = AS(total) > 0. 


(b) The volume of the container may be calculated from the perfect gas law. 


y "ЁТ _ (1.00 mol) x (0.08206 dm? atm К^! mol!) х G732K) _ o 6am’ 
р 1.00 atm 


At 57°C the vapor pressure of water is 130 Torr (Handbook of Chemistry and Physics). The amount 
of water vapor present at equilibrium is then 


(130 Torr) х (аст) х (30.6 dm?) 
RM LINE БЕ = 0.193 mol. 


RT — (0.08206 dm? atm К-! mol~!) x (330.2 К) 





This is a substantial fraction of the original amount of water and cannot be ignored. Consequently the 
calculation needs to be redone taking into account the fact that only a part, n, of the vapor condenses 


РЗ.5 
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into a liquid while the remainder (1.00 mol — nı) remains gaseous. The heat flow involving water, 
then, becomes 


4(Н,О) = — nı AvapH + тС (НО, 1) AT (H20) 
+ (1.00 mol — n1)Cp,m (H20, в) AT (H20). 


Because n; depends on the equilibrium temperature through n; = 1.00 mol — e where p is the 
vapor pressure of water, we will have two unknowns (p and T) in the equation —q(H20) = q(Cu). 
There are two ways out of this dilemma: (1) p may be expressed as a function of T by use of the 
Clapeyron equation (Chapter 4), or (2) by use of successive approximations. Redoing the calculation 
yields: 
nj AvapH + ri Cp, (H20,1) x 100°C + (1.00 — nj) Cp, (H20, g) x 100°C 

mC, + пСрш(Н2О, 1) + (1.00 — n1) Cp, (H20, g) ` 


0 = 
With 
n; = (1.00 mol) — (0.193 mol) = 0.807 mol 


(noting that Съ (Н20, g) = 33.6 J mol! K-! [Table 2.7]), 0 — 47.2?C. At this temperature, the 
vapor pressure of water is 80.41 Torr, corresponding to 


n = (1.00 mol) — (0.123 mol) = 0.877 mol. 


This leads to Ө = 50.8?C. The successive approximations eventually converge to yield a value of 
Ө = | 49.9°С = 323.1 К | for the final temperature. (At this temperature, the vapor pressure is 0.123 
bar.) Using this value of the final temperature, the heat transferred and the various entropies are 
calculated as in part (a). 


q(Cu) = (2.00 x 10? р) x (0.385 J K^! g^!) x (49.9 K) = 38.4 KJ | = —q(H20). 


—пАуарН Tg per 
AS(H20) = —— +. nC In ( £ ) =| -1198J K! | 
Tb Ti 
Ti = 
AS(Cu) = mC, In т =| 1292 7к-! | 
1 
AS(total) = —1198J K-! + 1292JK^! =[9 3 K-! | 





Step 1 Step 2 Step 3 Step 4 Cycle 
+11.5kJ 0 —5.74 kJ 0 —5.8 К] 
—11.5 kJ —3.74К] +5740  4+3.14К] —5.8 kJ 
AU 0 —3.74 kJ 0 +3.74к 0 
АН 0 —6.23 kJ 0 +6.23к 0 
AS 419.41JK^! 0 -1911К:! 0 0 
AStot 0 0 0 0 0 
AG —1L5kJ ? +11.5ЮЈ ? 0 
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Step 1 
AU = AH = [0] [isothermal]. 


Vr pt : 
и = —nRT Ш x nRT In | — | [2.11, and Boyle's law] 
i Pi 


1.00 atm 
= (1.00 mol) x (8.3143 K7! шог”! 600K) х1 -1-115К1)| 
( mol) х ( mol )x( )x Іп jüfiam 11.5 kJ 





Vr Pt з 
AS = nRIn [^ [3.15] = —nR In | — | [Boyle's law] 
р 


1 1 


1.00 а 
= —(1.00 mol) х (8.314J K~! шог!) x In (10052) -141911К7!| 


AS(sur) = —AS(system) [reversible process] = —19.1J к. 





Дб = AS(system) + AS(sur) = [o] 


AG = AH — TAS = 0 — (600K) x (19.1 JKT!) =| 11.5 


Step 2 
а =[0 | [adiabatic] . 


AU = nCy,m AT [2.16b] 


3 = ee 
= (1.00 mol) x (5) х (8.314ЈК mol ) x (300K — 600 K) = | —3.74 KJ |. 
w = AU = | —3.74kJ |. 


AH = AU + A(pV) = AU + nRAT 


= (—3.74kJ) + (1.00 mol) x (8.314J K^! шог!) x (—300 K) 


AS = AS(sur) = [0 [reversible adiabatic process]. 
AStot = [o] 
AG = А(Н — TS) = АН — SAT [no change in entropy]. 


Although the change in entropy is known to be zero, the entropy itself is not known, so AG is 
indeterminate | 
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Step 3 
These quantities may be calculated in the same manner as for Step 1 or more easily as follows. 
AU = АН =[0 | [isothermal]. 
300K 


вш = 1 — 7: 18401 = 1 - дур = 0500 =1+4 39) 


ас = —0.500 qn = —(0.500) х (11.5) = —5.74 У. 
qc =| —5.74 kJ и = —4 =|5.74kJ |. 

5.74 х 1071 
AS = © [isothermal] = — к —^ —|-191JK7!| 


AS(sur) = —AS(system) = +19.1J к '. 
AStot = [0] 
AG = AH — TAS = 0 – (300K) х (—19.1JK^!) =| +11.5kJ |, 


Step 4 


AU and AH are the negative of their values in Step 2. (Initial and final temperatures reversed.) 


AU = [+3745] AH =[+6.23kI]| | q =[0]fadiabatic]. 


AS = AS(sur) = [o] [reversible adiabatic process]. 


AStot = [0] 
Again АС = А(Н — TS) = AH — SAT [no change т entropy] 


but S is not known, so AG is | indeterminate |, 


Cycle 
AU = AH = AS = AG= [0] [A(state function) = 0 for any cycle]. 
AS (sur) = 0 [all reversible processes]. 
Аѕы = [0] 
q(cycle) = (11.5 — 5.74) kJ = w(cycle) = —q(cycle) = [-5.8 KJ | 


РЗ.7 SẸ (T) = SẸ (298 К) + AS. 


Т› dT T a » 1 1 
А$ = Ст = b dT = Цэ БТь--Т)--С|-5--31. 
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(a) - 
Sm(373 К) = (192.45 J K ! mol^!) + (29.75 J K^! то!) x In (5x) 


+ (25.10 x 107? J K7? mol!) х (75.0K) 


1 | | 
41-1х(155х 1071К”!шогГ! (asm mass 
(5) mo ) х | (37315 7 09815 


=| 200.7 J K7! mol”! |, 


(b) 52 (773 К) = (192.45 J K то!) + (29.75J K^! mol) x In (>=) 


+ (25.10 х 107? J K7? mol!) x (475K) 


1 1 1 
= 1.55 x 1071 K^! mol! €—À 
® (5) кз t nr E 7732 298 








= 2320] K-! тог! | 


Y Т І 
РЗ.9 AS =|nCpm In n + nC, In E [3.19] [п is the final temperature, T; = > (Th + гә]. 
h с 


1 
In the present case, Тұ = и К + 250K) = 375K. 

















12 (Th + Te)? 5002 
AS = nC, m In —— =пС»т1 Za 4JK^! mor! 
nCpm ‘тт nCp,m In АТ Т, (senes) х овак mol ) 
375? 
In | $———— | =| +22.6J K7! | 
«ї(50::5) 
T Сат 
РЗ.11 Sm(T) = 50 + | : [3.18]. 
0 


From the data, draw up the following table. 


T/K 10 15 20 25 30 50 


Ст = 28 | 
-r (GK mol ) 028 0.47 0.540 0.564 0.550 0.428 


T/K 70 100 150 200 250 298 


C 
= /0 K? mol") 0.333 0.245 0.169 0.129 0.105 0.089 


Plot Cp,m/T against T (Fig. 3.1). This has been done on two scales. The region 0 to 10 К has been 
constructed using Сул = aT?, fitted to the point at T = 10K, at which Cpm = 2.8JK ! mol !, 
so a = 2.8 x 107? JK-^ mol^!. The area can be determined (primitively) by counting squares. 
Area А = 38.28 J K^! mol !. 


РЗ.13 


> 
a 


> 
in 


= 


0.3 


(С,ш/Т)/(1К”2 шог!) 


= 
= 





02 ; 





THE SECOND LAW 


Area B up to 0°C = 25.60J K~'!mol™!; area B up to 25°C = 27.80J K^! шог”! Hence 


(а) $5 (273 К) = Sm(0) +| 63.88 J K^! mol”! |, 
(b) Sm(298 К) = Sm(0) + | 66.08 J K7! mol! | 


тС шаг 
Sm(T) = Sm(0) + | a 13.18). 
0 
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Perform a graphical integration by plotting Съ /T against Т and determining the area under the curve. 
Draw up the following table. (The last two columns come from determining areas under the curves 
described below.) 


T/K 


0.00 
10.00 
20.00 
30.00 
40.00 
50.00 
60.00 
70.00 
80.00 
90.00 

100.00 
110.00 
150.00 
160.00 
170.00 
180.00 
190.00 
200.00 











Com Com/T _ 5—50 Hg — НӘ(0) 
ЈК! мог! JK^?mobr! УК шо! kJ тог”! 
0.00 0.00 0.00 0.00 
2.09 0.21 0.80 0.01 
14.43 0.72 5.61 0.09 
36.44 1.21 15.60 0.34 
62.55 1.56 29.83 0.85 
87.03 1.74 46.56 1.61 
111.00 1.85 64.62 2.62 
131.40 1.88 83.29 3.84 
149.40 1.87 102.07 5.26 
165.30 1.84 120.60 6.84 
179.60 1.80 138.72 8.57 
192.80 1.75 156.42 10.44 
237.60 1.58 222.91 19.09 
247.30 1.55 238.54 21.52 
256.50 1.51 253.79 24.05 
265.10 1.47 268.68 26.66 
273.00 1.44 283.21 29.35 
280.30 1.40 297.38 32.13 
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Plot Cpm/T against T (Fig. 3.2(a)). Extrapolate to Т = 0 using Сот = aT? fitted to the point at T = 


10 К, which gives а = 2.09 mJ K~* шог”! Determine the area under the graph up to each T and plot 
Sm against T (Fig. 3.2(b)). 


(a) 




















/ТУ( K? mol) 





p.m 


(C 























Т/К Figure 3.2(a) 


= 














(5:(Т)-85О)/0 К^! mor!) 




















Figure 3.2(b) 


The molar enthalpy is determined in a similar manner from a plot of Ср, against T by determining the 
area under the curve (Fig. 3.3) 


200K 
H;,(200 K) — Hy, (0) -| СьшаТ = | 32.1 kJ mol! | 
0 


РЗ.15 


РЗ.17 
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300 





250 





200 








C, Q0 K^! тог!) 
л 
© 























Т/К Figure 3.3 


The entropy at 200 К is calculated from 





200K 
5° (200K) = SẸ (100 K) «f Зани, 
юк Т 

The integrand may be evaluated at each of the data points; the transformed data appear below. The 
numerical integration can be carried out by a standard procedure such as the trapezoid rule (taking the 
integral within any interval as the mean value of the integrand times the length of the interval). Programs 
for performing this integration are readily available for personal computers. Many graphing calculators 
will also perform this numerical integration. 


Т/К 100 120 140 150 160 180 200 


Cpm/ (J K^! mol!) 23.00 23.74 2425 2444 2461 2489 25.11 
Срт 


<7 /QK ^ mol) 0.230 0.1978 0.1732 0.1629 0.1538 0.1383 0.1256 


Integration by the trapezoid rule yields 
SẸ (200К) = (29.79 + 16.81) J K^! mol! =| 46.60 J K^! шог”! | 
Taking Cp,m constant yields 


55 (200 K) = SẸ (100К) + Cj, In (200K/100 K) 


= [29.79 + 24.44 In (200 K/100 K)]J K^! mol! =| 46.60 J K-! шог! | 


The difference is slight. 


The Gibbs-Helmholtz equation [3.52] may be recast into an analogous equation involving AG and AH, 
since 


655,-(9)-69) 


РЗ.19 
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and AH = Hr — Hi. 


Р ө 
Thus, ( 2 >E ) = PH . 
p 











oT T T? 
AE) д A,G? A,H9 
d = dT ssure] = — — 
( T ( ЭГ T : [constant pressure] Т? ат, 





(22) = 1888 
TJ Je T 


c 


Тат 1-1 
А -мн° | Ti = AQH? (5 - г) [А.Н assumed constant]. 
T. c 


ArG? (T) _ А, С° (Te) ~ A,H® (z Е =) 
T Te T Т, 


Т Т 
апа $о А‹С°(Т) = FG (Te) + (: — г) ACH? (Te) 
c 


Therefore, 


T 
= тА, С“ (Te) + (1 = DATI? (Te) where тэ T 


c 


For the reaction 
№(2) + 3H2(g) > 2NH3(g), А,С° = 246° (NH3, g). 


500 5 
(а) At 500 K, т = — = 1.678, 
298 


so A,G? (500 K) = {(1.678) x 2 x (—16.45) + (1 — 1.678) x 2 х (—46.11)}kJ mol! 


= —7kJ mol! |. 


1000 = 
(b) At 1000 К, т = —— = 3.356, 
298 


so A,G*(1000K) = {(3.356) x 2 x (—16.45) + (1 — 3.356) x 2 x (—46.11)} kJ mol! 


= +107 kJ то]! | 





Solutions to theoretical problems 
The isotherms correspond to T = constant, and the reversibly traversed adiabats correspond to 
S = constant. Thus we can represent the cycle as in Fig. 3.4. 


In this figure, paths 1, 2, 3, and 4 correspond to the four stages of the Carnot cycle listed in the text 
following eqn 3.6. The area within the rectangle is 


V 
Area — $ TdS = (Th — Т.) х (S2 — S1) = (Th — Te) AS = (Th — T.)n Rin > 
A 


(isothermal expansion from VA to Vg, stage 1). 
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Temperature 





Si S2 
Entropy Figure 3.4 


= 





Th Ув , Ув 
But, w(cycle) = eqn = n RT, In v. [text Fig. 3.6] = n R(T) — Тс) In Vs 
A A 


Therefore, the area is equal to the net work done in the cycle. 


The thermodynamic temperature scale defines a temperature T? (where the superscript a is used to 
distinguish this absolute thermodynamic temperature from the perfect gas temperature) in terms of 
the reversible heat flows of a heat engine operating between it and an arbitrary fixed temperature Тр 
(eqn 3.11) 


Т* = (1— rev) Тн 
where the efficiency of a heat engine is given in terms of work and heat flows: 


ваар 142 mpg. 
qh qh 
The problem asks us to show that the thermodynamic and perfect gas temperatures differ by at most a 
constant numerical factor. That amounts to showing that 


2 № 
TO R 


where the superscipt g indicates the perfect gas temperature defined by the perfect gas law. The subscripts 
c and h represent two reservoirs between which one might run a heat engine and whose temperat- 
ures one might characterize using either temperature scale. Justification 3.1 relates the ratio of two 
perfect-gas temperatures to reversible isothermal heat flows in a Carnot cycle run between the two 
temperatures. 


а 


TA Te 
= ——4 [3.7, Justification3.1] so — =-—. 
Qc Tc Ty 


The corresponding ratio of thermodynamic temperatures is: 


T3 ) 
== = 1.— беу = 1 ( м) = (8) Р 
Th qh / rev dh / геу 
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As Section 3.2(b) shows, the efficiency of any reversible heat engine (including one that uses a perfect 
gas as a working fluid) is the same, and therefore the ratio of heat flows to the two reservoirs is the 
same. That is, the ratio & is the same in the expression for the perfect-gas temperature ratio and the 


Z glans ene ; 
thermodynamic ratio; since the two ratios are equal to the same heat ratio, they are equal to each other. 
The constant numerical factor becomes | if Th and Тр are both assigned the same value, say 273.16 at 


the triple point of water. 
(57) = (>=) [Table 3.5] 
NA i MA Ute 


(a) For a van der Waals gas 


nRT na _ КТ а 


P—7Y-n V» Va-b VÀ 


95 9 
Hence, (5) = (2) = К ! 
дУ /т ЭТ Jy Vin — Ё 


(b) For a Dieterici gas 











RTe —a/RTVm 
Vm = Ё 


(av), = (8) 


ИЛ Vf д5 
For an isothermal expansion, AS = | dS = | —] dV, 
Vi и \9У/т 


р- 








95 
so we can simply compare (57) expressions for the three gases. For a perfect gas, 
T 


nRT RT as (2) R 
p = —— = — so — = ae = —. 
V Vm dV), \әТ/, Vm 


95 : à 
(57) is certainly greater for a van der Waals gas than for a perfect gas, for the denominator is smaller 


for the van der Waals gas. To compare the van der Waals gas to the Dieterici gas, we assume that both 
have the same parameter Р. (That is reasonable, for b is an excluded volume in both equations of state.) 


In that case, 


a 
Hm g a/ RV T 
(28) “жи” үш, де) 
ЗУ J T Die Vm = Б ƏV / raw RVaT 


95 : 
Now notice that the additional factor in (5) has the form (1 + x)e~*, where х > 0. This factor 
T.Die 


is always less than 1. Clearly (1 + x)e * < 1 for large x, for then the exponential dominates. But 
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(1 4-x)e^* < 1 even for small х, as can be seen by using the power series expansion for the exponential: 


95 95 
(1--Х)1-х--32/2-----) -1-132/2----. So (5) < (=) . To summarize, for 
ƏV / r pie ƏV J T yaw 


isothermal expansions: 














Абуам > А$ре| and | ASyaw > ASperfect 














The comparison between a perfect gas and a Dieterici gas depends on particular values of the constants 
а and b and on the physical conditions. 


P3.25 Н = О +ру. 
dH = dU + pdV + V dp = T dS — рау [3.43] + рау + V dp = T dS + V dp. 


Since H is a state function, dH is exact, and it follows that 


ae | = n so} |5х 
as Jp д5 /, др / 


Similarly, А = U — TS. 











dA = dU – T dS — SdT = T dS —pdV [3.43] — T dS — SdT = —pdV — SdT. 


Since dA is exact, 


(5; _ (3: 
av), \aT/y 
P3.27 А : 
IS ) 9 RT R 
(57) -(8) [Maxwell relation]; 2E = 2 ы ==, 
дУ /т aT Jy ӘТ Ју oT Х V у V 


95 dV 
dS = | — | dV [constant temperature] = nR — =nRdInV. 
9У/т V 


s= [аз = | паш. 


S = пКіп У + constant ог S«RInV. 


РЗ.29 r (2) 348 
лт = ЭТ QU P ]. 
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RT ВЕТ : 
ERE + vi [first two terms of the virial expansion, 1.19]. 
m m 


2 


Әр R BR RT (aB р RT (ðB 
F) =o tatu) = [==]. 
ӘТ Ју Vm № VT] Т V2 \әт), 


RT? 'ӘВ\ _ КТ?АВ 
v2 VoTJy УЗАТ” 


Since лт represents a (usually) small deviation from perfect gas behaviour, we may approximate Vm. 


Hence, лт = 


From the data ДВ = ((—15.6) — (—28.0)} cm’mol~! = +12.4 cm? шог! 


Hence, 


1.0а)2 x (12.4 х 10-3 dm? mol! 
(a) лт = Ud х 24010 “Фагаий у _ = | 3.0 х10-3 atm | 


(8.206 х 10-2 dm? atm K-! mol!) x (50K) 


(b) лт x p?; so at p = 10.0atm, лт = | 0.30 аш | 


COMMENT. In (а) лт is 0.3 per cent of p; in (b) it is З per cent. Hence at these pressures the approximation 
for Vin is justified. At 100 atm it would not be. 


Question. How would you obtain a reliable estimate of лт for argon at 100 atm? 











9 
P3.31 dre (52) = p [348]. 
V 
RT 
p= = 55 е—а"/КТУ [Table 1.7]. 
—n 
др nRT 5 = = m B 
„(9 N аны na an/RTV _ ===, 
F3 vom” + ктү Pa Р RIV 
Hence, | лт = E у 
RTV 


лт > Оазр — 0, V — со, а — 0, and T — оо. The fact that 77 > 0 ( because a > 0) is consistent 


> 0 and the internal energy 
T 
rises as the gas expands (so decreasing the average attractive interactions). 


with a representing attractive contributions, since it implies that (5) 
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P3.33 If S—S(T.p) 


98 as 
then 15 = | — | dT + { — | ар, 
ӘТ /, др Jr 


95 95 
ras = (=) ат+т (3) dp. 
oT B др /т 


oH 1 д 
Use (s: = 28 | ( ) = x Cp as) = Т, Problem 3.25 A 
oT р dH p oT p T as p 


д у 
(2) = – (=) [Maxwell relation]. 
др /т aT /, 





у 
Hence, TdS = C,dT — T (т) dp =| Сат — aTVdp |. 
p 


For reversible, isothermal compression, TdS = dgrey and dT = 0; hence 


Ч4геу = -аТУар. 


рг 
теу = f —aTV dp = [o and Vassumed constant]. 
р 


Еог тегсигу 
Феу = (-182 х 107* K7!) х (273К) х (1.00 x 1074 m^?) x (1.0 x 105 Pa) =| —0.50 kJ | 
Ри] 
РЗ.35 n= f (=) dp [3.60], 
0 р 
В С , ” 2 
1-14--4-ү5-148р4Ср +... 
т Ул 
В Cp 
with B' = —, С’ = —— [Problem 1.18]. 
RT RT 
Z— 


1 РР”, 
р 


Вр (C-B»p 


RT ют 57] 


p p 1 
Therefore, Ing = | Bap | C'pdp+---=B’p+ СР t+ = 
0 0 


Bp (—21.13 x 10-3 dm? mol!) х (1.00 аш) 4 
For argon, = = — „ш НӨ Ree. = - 9.43 x 1075, 
RT (8.206 x 10-2 ат? atm K-! mol!) х (273 К) 


(С — В2)р2 _ {(1.054 х 10? dm mol”) — (—21.13 х 10? dm? mol?) х (1.00 atm)? 


2К2Т2 6 (2) х ((8.206 x 10-2 dm? atm К-! mol!) х (273 K)? 
6.05 х 1077. 
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Therefore, In ф = (—9.43 х 1074) + (6.05 х 1077) = —9.42 х 10-4; ф = 0.9991. 


Hence, f = (1.00 аша) х (0.9991) = | 0.9991 atm | 


Solutions to applications 
Wadd, max = ArG [3.38]. 


AG? (37°C) = t AG? (Te) + (1 — OAQH? (Te) [комет 3.17, T= z| 


с 


310К 310К 
= | ——— —6333 kJ mol"! i= —5797 kJ mol! 
(8158) ад my ›+ ( вк) WE sas 


= —6354 kJ mol” !. 


The difference is 


A;G?(379C) — A,G?(T;.) = (—6354 — (—6333)) kJ) mol! = |—21 kJ mol`! |. Therefore an 


additional 21 kJ mol~! of non-expansion work may be done at the higher temperature. 


COMMENT. As shown by Problem 3.16, increasing the temperature does not necessarily increase the 
maximum non-expansion work. The relative magnitude of A,G? and AH? is the determining factor. 


The relative increase in water vapor in the atmosphere at constant relative humidity is the same as the 
relative increase in the equilibrium vapor pressure of water. Examination of the molar Gibbs function 
will help us estimate this increase. At equilibrium, the vapor and liquid have the same molar Gibbs 
function. So at the current temperature 


Стла(То) = Gm,vap(To) so Gy ii, (To) = Сә yap (To) + RTo In po, 


where the subscript 0 refers to the current equilibrium and p is the pressure divided by the standard 
pressure. The Gibbs function changes with temperature as follows 


(9С/9Т) =-5 so Gai (T1) = быда(То) — (AT) Siig 


m. m. 
and similarly for the vapor. Thus, at the higher temperature 
Gy, ii (To) — (АТ)5 = Gg yap (To) — (AT)Svap + R(To + AT) In p. 
Solving both of these expressions for Gin iig (To) - Сар То) and equating them leads to 


(AT) (Siig — Sap) + R(To + AT) ар = RTo In po. 


vap 
Isolating p leads to 


(AT) (Svap = Sig) To In po 





1 = | 
ле К(То--АТ) То- АТ 
(AT) (Say — S.) 
р=ехр (a {To To+AT) 


R(To + AT) 
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-ly— 
(2.0 К) x (188.83 — 69.91) J mol! K^! x (0.0189) 290К/ 290420) 
(8.3145 J mol! K-!) x (290 + 2.0) К 


p — 0.0214 which represents a increase. 


P3.41 The change in the Helmholtz energy equals the maximum work associated with stretching the polymer. 
Then 


So ЖЭ 


dwmax = dA = —fdl. 
For stretching at constant T 
дА aU as 
г--(5),7-(5),17 Gi), 
9l jr al /т 91 /т 
Assuming that (907/дї)т = 0 (valid for rubbers) 
fer m) opla Шү 
© X81]; Ха), | 2Ма 
3kgl ЗЕВТ 
spl- =k 
Na? Na? 


This tensile force has the Hooke’s law form f = —ky/ with ky = 3kg Т /Ма?. 





P3.43 The Otto cycle is represented in Fig. 3.5. Assume one mole of air. 





У Figure 3.5 


p [и сусе 





[3.8]. 

1921 
Weycle = ил + из = АШ + AU; [41 = q3 = 0] = Cy (Tg — ТА) + Cv (Tp — Тс) [2.27]. 
42 = AU» = Су(Тс — Тв). 


_ Тв — ТА + Тр – Tc]. _ - (2-7) 
[Тс — Tp] Тс —Тв/` 
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We know that 
TA y Tp Vc fe 
—=| — and ---1-- 2.28а]. 
Тв ЇЕ Тс (5) шаш 
. TA Tp ТАТС 
Since Ув = Ус and Va = Vp, — = —,orTp = М 
В С А р Ta ^ Te or Tp Ts 
ТАТС Т 
— — — ТА l/c 
T, V 
Tenses М si- “ales i= ui ! 
Tc — Тв Тв V 


7 5 2 
Given that Cp,m = 5% we have Cy m = jg [2.26] and c = 5. 


VA 1 \ 2/5 
For — = 10, c= 1 – | — =! 0.47 |. 
or 94 = 10, = 1- (15) 


B 





AS, = AS3 = А5; = ASsur3 = [0] [adiabatic reversible steps]. 


Tc 
А55 = Cv mln | — |. 
2 V.m Ш (=) 


Т, 
At constant volume (=) = (=) = 5.0. 
Тв PB 
5 -1 -1 -1 
AS? = (2) x(8314JK mol ) x (105.0) = +33 J K` | 


ASsur2 = —AS2 = | —33 J K^! | 
Тс Т 
А54 = —AS2 | — = — | = | -331К-! | 
v= as, = те] 


ASsur4 = —A$4 =| +33 J K^! | 





In case (a), the electric heater converts 1.00 kJ of electrical energy into heat, providing | 1.00 kJ | of 
energy as heat to the room. (The Second Law places no restriction on the complete conversion of 
work to heat—only on the reverse process.) In case (b), we want to find the heat deposited in the 
room |qp|: 


laci Tc 
= + h ҮН! эсш. 
14] 14:1 + |w| where iw] =c= 7 : 





[Impact 13.1] 


УТ, _ 1.00 kJ x 260 К 


= = 7.4 kJ. 
Ty — Тс (295 — 260)K 





so |qc| = 
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The heat transferred to the room is |g4| = |gc| + |w| = 7.4 kJ + 1.00 kJ = [8413] Most of the thermal 
energy the heat pump deposits into the room comes from outdoors. Difficult as it is to believe on a cold 
winter day, the intensity of thermal energy (that is, the absolute temperature) outdoors is a substantial 
fraction of that indoors. The work put into the heat pump is not simply converted to heat, but is ‘leveraged’ 
to transfer additional heat from outdoors. 


D4.1 


D4.3 


Physical transformations 
of pure substances 


Answers to discussion questions 
Consider two phases of a system, labeled ог and 8. The phase with the lower chemical potential under 


the given set of conditions is the more stable phase. First consider the variation of и with temperature 
at a fixed pressure. We have 


9 9 
ГЭ 2S. and (=: == Sh 
ӘТ), ӘТ), 


Therefore, if Sg is larger in magnitude than Sg, Һе В phase will be favored over the o phase as temperature 





increases because its chemical potential decreases more rapidly with temperature than for the a phase. 
We also have 


диа див 
( ЭР a ma an ( ЭР 5 т,В 


Therefore, if Ving is larger than Ул, the В phase will be favored over the o phase as pressure increases 
because the chemical potential of the В phase will not increase as rapidly with pressure as that of the 
а phase. See Example 4.1. 





Refer to Fig. 4.1 below and Fig. 4.5 in the text. Starting at point A and continuing clockwise on path 
р(Т) toward point B, we see a gaseous phase only within the container with water at pressures and 
temperatures p(T). Upon reaching point В on the vapor pressure curve, liquid appears on the bottom of 
the container and a phase boundary or meniscus is evident between the liquid and less dense gas above 
it. The liquid and gaseous phases are at equilibrium at this point. Proceeding clockwise away from the 
vapor pressure curve the meniscus disappears and the system becomes wholly liquid. Continuing along 
р(Т) to point C at the critical temperature no abrupt changes are observed in the isotropic fluid. Before 
point C is reached, it is possible to return to the vapor pressure curve and a liquid-gas equilibrium by 
reducing the pressure isothermally. Continuing clockwise from point C along path p(T) back to point A, 
no phase boundary is observed even though we now consider the water to have returned to the gaseous 
state. Additionally, if the pressure is isothermally reduced at any point after point C, it is impossible to 
return to a liquid-gas equilibrium. 


When the path p(T) is chosen to be very close to the critical point, the water appears opaque. At near 
critical conditions, densities and refractive indices of both the liquid and gas phases are nearly identical. 
Furthermore, molecular fluctuations cause spatial variations of densities and refractive indices on a scale 
large enough to strongly scatter visible light. This is called critical opalescence. 


04.5 
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Vapor pressure curve of water 









Exploration С 
path p(T) Tx” N 
221.2 Баг Г- 
р 
l———— ee! — 


6474 К 


Figure 4.1 Vapor pressure curve of water 


The supercritical fluid extractor consists of a pump to pressurize the solvent (e.g. СО»), an oven with 
extraction vessel, and a trapping vessel. Extractions are performed dynamically or statically. Supercritical 
fluid flows continuously through the sample within the extraction vessel when operating in dynamic 
mode. Analytes extracted into the fluid are released through a pressure-maintaining restrictor into a 
trapping vessel. In static mode the supercritical fluid circulates repetitively through the extraction vessel 
until being released into the trapping vessel after a period of time. Supercritical carbon dioxide volatilizes 
when decompression occurs upon release into the trapping vessel. 





Advantages 





Dissolving power of SCF can 
be adjusted with selection of T 
andp 


Select SCFs are inexpensive 
and non-toxic. They reduce 
pollution 


Thermally unstable analytes 
may be extracted at low 
temperature 


The volatility of scCO? makes 
it easy to isolate analyte 


SCFs have high diffusion rates, 
low viscosity, and low surface 
tension 

О» and Ну are completely 
miscible with scCO». This 
reduces multi-phase reaction 
problems 


Disadvantages 


Elevated pressures are required 
and the necessary apparatus 
expensive 


Cost may prohibit large scale 
applications 


Modifiers like methanol (1-10%) 
may be required to increase 
solvent polarity 


8ССО)» is toxic to whole cells in 
biological applications (CO» is not 
toxic to the environment) 





Current uses 





Extraction of caffeine, fatty 
acids, spices, aromas, flavors, 
and biological materials from 
natural sources 


Extraction of toxic salts (with 
a suitable chelation agent) and 
organics from contaminated 
water 


Extraction of herbicides from 
soil 


scH20 oxidation of toxic, 
intractable organic waste 
during water treatment 


Synthetic chemistry, polymer 
synthesis and crystallization, 
textile processing 


Heterogeneous catalysis for 
green chemistry processes 


D4.7 


E4.1(b) 


E4.2(b) 
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First-order phase transitions show discontinuities in the first derivative of the Gibbs energy with respect to 
temperature. They are recognized by finite discontinuities in plots of H, U, S, and V against temperature 
and by an infinite discontinuity in Су. Second-order phase transitions show discontinuities in the second 
derivatives of the Gibbs energy with respect to temperature, but the first derivatives are continuous. The 
second-order transitions are recognized by kinks in plots of H, U, S, and V against temperature, but most 
easily by a finite discontinuity in a plot of С against temperature. A A.-transition shows characteristics 
of both first- and second-order transitions and, hence, is difficult to classify by the Ehrenfest scheme. It 
resembles a first-order transition in a plot of Су against T, but appears to be a higher-order transition 
with respect to other properties. 


At the molecular level first-order transitions are associated with discontinuous changes in the interaction 
energies between the atoms or molecules constituting the system and in the volume they occupy. One kind 
of second-order transition may involve only a continuous change in the arrangement of the atoms from 
one crystal structure (symmetry) to another while preserving their orderly arrangement. In one kind of 
8-transition, called an order-disorder transition, randomness is introduced into the atomic arrangement. 
See Figs. 4.18 and 4.19 of the text. 


Solutions to exercises 


Assume vapor is a perfect gas апа AyapH is independent of temperature 


шщ = хээв (т Е x) 











D R T T* 
1 1 R Р 
c— Em fe In — 
T ТАН р 
1 8.3147 K7! шог”! (22) 
2 + гт x In| —— 
293.2K 327 х 103J mol! 66.0 


= 3.378 x 1077 K^! 


= 296K = [23°C] 


f= = 
3.378 x 10-3 К-! 








dp = AfusS 
dT Аһ; V 

ар Ар 
AfusS = amv (3) A Atus V т 


assuming AfysS and Afus V independent of temperature. 


(1.2 x 106 Pa) — (1.01 x 10° Pa) 


Б 3 ed. 3 -1 
Ле = (152.6cm^ mol 142.0 ст? mol ) x 42926К — 427 15K 





3 


1 
= (10.6cm? шог!) х (тешз) х (521 х 10° Pa K7’) 
© 


= 5.52Pa m? K`! тої! = | 5.5 J К-! mol! 
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AfusH = Tp AS = (427.15 К) х (55521 K^! mol!) 


—|2.4 kJ mol! 


A vap 
E4.3(b) Use | dInp | -25-4Т 


AvapH 
RT 








In p — constant — 


Terms with 1/T dependence must be equal, so 


30368К _ ЛН 


Т/К КТ 


AvapH = (3036.8 K)R = (8.3147 K^! mol!) х (3036.8 К) 


=| 25.25 kJ mol! 


E4.4(b) (a) log р = constant — AyapH / (RT (2.303)) 


Thus 
AvapH = (1625 К) х (8.3147 K^! шог!) x (2.303) 


= | 31.11 kJ mol! 


(b) Normal boiling point corresponds to p = 1.000 atm = 760 Torr 


1625 
log(760) = 8.750 — —— 
og(760) T/K 
1625 
—— = 8.750 — log(760) 
T/K 

1625 


8.750 — log(760) 


" Afus V rmm Т(А V 57” T; ApM 28 (5) 


T/K = = 276.87 


р 





х Ар = 
Atus$ АН E= АюН 
[ТЕ = —3.65 + 273.15 = 269.50 К] 


m (269.50 K) x (99.9 MPa)M ( 1 1 ) 
8.68 kJ тог”! 0.789gcm-3 0.801 gem? 


E4.5(b) AT 


AT 


- 122 3 
= (3.1017 x 10 K Pa J^! mol) x (M) х (+0.01899 cm3/g) х (тол 
106 cm? 
= (+5.889 х 107° K Pam? J^! g^! шорМ = (+ 5.889 x 10-2 K g^! торм 


АТ = (46.07 g mol!) х (+5.889 x 107? K g^! mol) 
= +2.71K 


Te = 269.50K + 2.71K = 
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E4.6(b) dn _ УН” h EE. 
"T di х MHo Where п = AvapH 
dn — dq/dt (0.87 x 10? Wm?) x (10* m?) 
а AvapH | 44.0 x 103 J mol! 


= 197.715 17! mol 
= 200 mol s^! 


dm == -1 -1 
r^ = (197.7 mols") x (18.02 g mol `) 


-pore 


E4.7(b) The vapor pressure of ice at —5 °С is 0.40 kPa. Therefore, the frost will sublime. A partial pressure of 
0.40 kPa or more will ensure that the frost remains. 


E4.8(b) (a) According to Trouton's rule (Section 3.3(b), eqn 3.16) 


AvapH = (85J K ! mol) x Т = (85J K^! mol!) x (342.2K) = | 29.1 kJ шог”! 


(b) Use the Clausius-Clapeyron equation [Exercise 4.8(a)] 


pa AvapH Dog 
if ba = x[{>- > 
Pi Tı T) 


At T2 = 342.2 K, р» = 1.000 atm; thus at 25°С 


> 


29.1 x 1071 mol! 1 1 2 
S| Ir =) = - 1.509 
ыг (223 K^! mol! ) ü Lap: K 322 к) 
pi = [022 аш = 168 Torr 

At 60*C, 

29.1 x 10° J шог”! 1 1 ” 
D ЕЕ тат, ў шүүлт 7 5 | = 0276 
“© (232 к=! =| 2 БО ux) 


р = = 576 Тот 


Е4.9(0) АТ = Таз (10 MPa) — Tr, (0.1 MPa) = 


Thus ApM 


1 
А (5) [See Exercise 4.5 (Б)] 
AfusH р 


AfusH = 6.01 kJ тог”! 
"n | (273.15 К) x (9.9 x 106 Pa) х (18 x 10-3 kg mol!) | 


6.01 x 103 J шог”! 


1 1 
"— — ——— I" 
155 xl kgm^? 9.15 х 102 kg "zd 
= —0.74K 


Tru (10 MPa) = 273.15 К — 0.74 K =| 272.41 K 


E4.10(b) 


P4.1 


P4.3 


Р4.5 


PHYSICAL TRANSFORMATIONS OF PURE SUBSTANCES 83 


AvapH = AvapU + Avap(pV) 

AvapH = 43.5kJ mol! 

Avap(pV) = PAvapV = p(Vgas — Ува) = PVeas = RT [per mole, perfect gas] 
Avap(pV) = (8.3147 K^! mol!) x (352 К) = 2927 J шог”! 


Avap(pV) _ 2.927 тої! 
AvpH  43.5kJ mol”! 


= = 6.73 percent 


Fraction = 


Solutions to problems 
Solutions to numerical problems 


At the triple point, T3, the vapor pressures of liquid and solid are equal; hence 


1871.2K 1425.7K 
10.5916 — ——=— = 83186 - ———; T; =[1960К] 
3 3 
log(p3/T у = —1871-2К , (05916 = 1.0447; 1114 Т 
og(p3/Torr) = 1960K E = 1. ; p =| 11.1 Torr |. 


dp _ AvapS _ AvapH 











а) = = 4.6, С1 ti 
( aT = AvapV = ToAvapV [ apeyron equation] 
14.4 x 103 J тог”! 5 
= — = |+5.56 kPa К! | 
(180 К) x (14.5 x 10-3 — 1.15 х 10-4) m? mol 

ар Лан 4 
b) PS’ |а withdInp = Z 

dT RT? р 


(14.4 x 10? J mol!) x (1.013 х 10° Pa) 1239 wae! 
= = 5 а E 
(8.314 J K-! mol!) x (180 К)? 


The percentage error is | 2.5 per cent |. 


(а) (259) -(55) = Va © - Vin) ваз = МА (7) 
др Jr др /т 4 











1 1 
= (18.02 в mot!) х (ame 5 пин 
1.000  ст-3 0.917 в cm 
= | —1.63 cm? mol”! |. 


(b) (528) -(52) = Vin(g) — Vm (1) 
др /т др /т 








- (18.02 в тог!) х (nc t =) 
0.598 g dm 0.958 x 10? g dm 


= | 430.1 dm? mol"! |. 


84 STUDENT'S SOLUTIONS MANUAL 


At 1.0 atm and 100°C, и@) = u(g); therefore, at 1.2 atm and 100°C, џ(е) — и(1) = AVyap Ap = 
(as in Problem 4.4) . 


(30.1 x 10-3 m? mol!) х (0.2) х (1.013 х 10? Pa) «| + 0.6 kJ mol! |. 


Since џ (g) > џ (1), the gas tends to condense into a liquid. 


V 
P4.7 The amount (moles) of water evaporated is ng = x | 





The heat leaving the water is 4 = пДугрН. 





The temperature change of the water is AT — ‚ п -— amount of liquid water. 


DC pm 


—рн›о V AvapH 


Therefore, AT — 
RTnCp,m 


— (3.17 kPa) x (50.0 dm?) х (44.0 x 103 J mol!) 
(8.314 kPa dm? K~! mol!) x (298.15 К) x (75.51 K7! mol!) х (ES) 


18.02 g шог”! 
= —2.7K. 
The final temperature will be about [22°С] 
Р4.9 (a) Follow the procedure in Problem 4.8, but note that Ть = | 227.5°С | is obvious from the data. 


(b) Draw up the following table. 


9/°С 57.4 100.4 133.0 1573 203.5 227.5 


Т/К 330.6 373.6 406.2 430.5 (4767 500.7 
1000 К/Т 3.02 2.68 2.46 2.32 2.10 2.00 


In p/Torr 0.00 2.30 3.69 4.61 5.99 6.63 


The points are plotted in Fig. 4.2. The slope is 


—ЛуарН 


= —64 x 10? K, 





—6.4 x 10? K, so 


implying that AyapH = | +53 kJ mol! | 


P4.11 (a) The phase diagram is shown in Fig. 4.3. 


(b) The standard melting point is the temperature at which solid and liquid are in equilibrium at 1 bar. 
That temperature can be found by solving the equation of the solid-liquid coexistence curve for the 
temperature 


1 = p3/bar + 1000(5.60 + 11.727x)x. 


In(p / Torr) 


(c 


In( p/ bar) 


мэ 
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Figure 4.2 








2 
0 m 
21 à 
4 € Liquid-Vapor 
ар € Solid-Liquid 
-6 le 
0 100 200 300 400 500 600 
T/K Figure 4.3 
So 11727x? + 5600x + (4.362 x 1077 — 1) = 0. 
The quadratic formula yields 
—5600 + {(5600)? — 4(11727) х (-1)| ^ — —1 + {1 + (411 727)/56002)} 
i 2 (11727) = 2((11727)/5600) 
The square root is rewritten to make it clear that the square гоо! is of the form {1 + a}!/ 2 with 
1 1 
a < 1; thus the numerator is approximately —1 + (: + 39) = 25 and the whole expression 
reduces to 
x = 1/5600 = 1.79 х 107+. 
Thus, the melting point is 
T = (1+ x) T3 = (1.000179) x (178.15 К) = | 178.18 К | 
The standard boiling point is the temperature at which the liquid and vapor are in equilibrium at 


1 bar. That temperature can be found by solving the equation of the liquid-vapor coexistence curve 


for the temperature. This equation is too complicated to solve analytically, but not difficult to solve 
numerically with a spreadsheet. The calculated answer is | T = 383.6 К | 
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(d) The slope of the liquid—vapor coexistence curve is given by 


dp _ AvapH® 
af ТА." 


d 
so AvapH? = T AvpV° =. 


The slope can be obtained by differentiating the equation for the coexistence curve. 


dp ар  dinpdy 
dr ^ dT # dy ат 








d 10.413 
aT = = — 15.996 + 2(14.015)y — 3(5.0120)у? — (1.70) x (4.7224) х (1 — yn) 
y 


(z) 

х(:-1. 

Тс 

At the boiling point, у = 0.6458, so 


d 
T = 2.851 х 107? bar K^! = 2.851 kPa K^! 


3 — 0.12) dm? mor! 
and AvapH® = (383.6 К) x (= a ) език) 


1000 dm? т-3 
= | 33.0 kJ mol! | 





Solutions to theoretical problems 


9АС dG ðG, 
CE R ORR 
др Jr др /т др /т 


Therefore, if Vg = Va, AG is independent of pressure. In general, Vg # Үс, so that AG is nonzero, 
though small, since Vg — V, is small. 


P4.13 





V 
P4.15 Amount of gas bubbled through liquid = БЕ 
(р = initial pressure of gas and emerging gaseous mixture). 


, m 
Amount of vapor carried away = M 





m/M 
Mole fraction of vapor in gaseous mixture = —————————_—__ 
oe (m/M) + ФУ/ЕТ) 
са ; m/M p (mRT |PVM) тРА 020 RT 
= = x =) — orm: = ——. 
хаг pressure or vapor- P = (n/M) + (pV/RT) Р (тЕТ/РУМ) +1 mA+1 РУМ 


For geraniol, М = 154.2 g mol-!, T = 383 K, = 5.00 dm?, p = 1.00 atm, and т = 0.32 g, so 


(8.206 x 1072 dm? atm K^! то!) х (383 К) 


= A = 40.76 kg |. 
(1.00 atm) х (5.00 dm?) x (154.2 x 10-3 kg шог”) 
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Therefore 


45 x 18-3 760 T 40.76 kg! 
де Pei T ийн блм LIS WE CIT] 


(0.32 x 10-3 kg) x (40.76 кг!) +1 


P4.17 In each phase the slopes are given by 


23 
тос) = —Sm [4.1]. 
(2 А 


The curvatures of the graphs of и. against Т аге given by 


д?н д5т l 
(25) шан Ge) ны -g* Соп | [Problem 3.26]. 


Since Cp,m is necessarily positive, the curvatures in all states of matter are necessarily negative. Cp,m 
is often largest for the liquid state, though not always, but it is the ratio Cj, /T that determines the 
magnitude of the curvature, so no precise answer can be given for the state with the greatest curvature. 
It depends upon the substance. 


P4.19 Sm = Sm(T, p). 
as, 98 
dSm = (= d7T+(—") dp. 
aT Jp др /т 


as С as, ду, 
Cm) = —? [Problem 3.26], (58) = – | — | [Maxwell relation]. 
aj, T др jr aT /, 


ду, 
dqre, = T dSm = C, ат -r= ар. 
дТ р 





94 др АН 
Gal | зав е, саи 47]. 
5 (57), Р ma (3). Дин е цан 


Solutions to applications 


P4.21 (a) The Dieterici equation of state is purported to have good accuracy near the critical point. It does fail 
badly at high densities where V,, begins to approach the value of the Dieterici coefficient b. We will 
use it to derive a practical equation for the computations. 


2 —2/T, V: 
Т, 
T [Table 1.7]. 


Pr = гуу, 


Substitution of the Dieterici equation of state derivative (дрг/дТ,)ү, = (2 + TrVr)pr/ т? V; into the 
reduced form of eqn 3.48 gives 


QU, рг 2р; 
= I, = U, =U Vo). 
D x). Pr Т.У, (Ur /рс Vc) 
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Integration along the isotherm 7; from an infinite volume to V; yields the practical computational 
equation. 


€ 2р, (T, V, 
AUT, V) = — | 2p: (Tr Vo) ay 


nconstnt ТМ 





The integration is performed with mathematical software. 


(b) See Fig. 4.4(a). 
(c) (Tr, Vr) = J/—pc AU, /V, where pe = 72.9 atm. 


Carbon dioxide should have solvent properties similar to liquid carbon tetrachloride (8 < ô < 9) 


when the reduced pressure is in the approximate range | 0.85 to 0.90 when Т, = 1 |. See Fig. 4.4(b). 





(а) -2 Г Т Т == Т 


АЙ, Т.=1 
- 
-5r 











= | 
0.5 1 15 2 2:5 3 3.5 4 4.5 


Solubility parameter of carbon dioxide 
(b 20 T == 














Pr Figure 4.4 


PHYSICAL TRANSFORMATIONS ОР PURE SUBSTANCES 89 


P4.23 C (graphite) = C (diamond), A,G? = 2.8678 kJ то! а E. € = 25°С. 


We want the pressure at which АС = 0; above that pressure the reaction will be spontaneous. Equation 
3.50 determines the rate of change of A,G with p at constant T. 





0) (222) = AV = (Vp — Va)M 
др /т 


where М is the molar mass of carbon; Ур апа Үс are the specific volumes of diamond and graphite, 
respectively. 
A,G( € , p) may be expanded in a Taylor series around the pressure p? = 100 kPaat € . 


9A,G (€, p? A 
(2) мат.) = ме (Bp) + (EP) (p - p^) 
T 


1 (Тэрэ 
2 


We will neglect the third- and higher-order terms; the derivative of the first-order term can be 
calculated with eqn |. An expression for the derivative of the second-order term can be derived with 
eqn 1. 


2 
(9) (=) - | (5) - ($8) | м = {кт (G) — Voer ФУ} M (252 with 222) 
др” Jr др /т 9р /т 


Calculating the derivatives of eqns 1 and 2 at Т апар°, 


dA,G(F, p? 3 12.01 
e ӘД: (Е. р?) _ (0284 — 0.444) x (=) x ( £) = —1.92cm? mol"!, 
др P g mol 





(5) (р 


T ) = {0.444(3.04 х 10-8) — 0.284(0.187 х 1075)) 
Т 


(==) (2018) 
х ———— х 
g mol 


= 1.56 x 1077 cm? (kPa)! то! !. 





It is convenient to convert the value of A,G® to the units cm? kPa mol"! , 








AG? = 2.8678 kJ то]! | 


8.3151 K^! mol! dm? bar 


8.315 х 10-2 dm? Баг K^! mol! (S m) (S a) | 
х 
(6) А,С° = 2.8678 x 106 cm? kPa mol. 
Setting x = p — р, eqns 2 and 3-6 give 
2.8678 x 106 cm? kPa mol! — (1.92 ст тої!) x + (7.80 х 10-8 cm? kPa! шог !)х2 -0 
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when A,G( € , p) = 0. One real root of this equation is 


X = 1.60 x 108 kPa = p — p? or 
р = 1.60 х 106 kPa — 10? kPa 


= 1.60 x 109 kPa =| 1.60 х 10* bar | 


Above this pressure the reaction is spontaneous. The other real root is much higher: 2.3 x 107 kPa. 


Question. What interpretation might you give to the other real root? 


05.1 


05.3 


05.5 


E5.1(b) 


5 Simple mixtures 


Answers to discussion questions 


At equilibrium, the chemical potentials of any component in both the liquid and vapor phases must be 
equal. This is justified by the requirement that, for systems at equilibrium under constant temperature and 
pressure conditions, with no additional work, AG = 0 [see Section 3.5(e) and the answer to Discussion 
question 3.3]. Here AG = ш; (у) — y;(1), for all components, i, of the solution; hence their chemical 
potentials must be equal in the liquid and vapor phases. 


All of the colligative properties are a function of the concentration of the solute, which implies that the 
concentration can be determined by a measurement of these properties. See eqns 5.33, 5.34, 5.36, 5.37, 
and 5.40. Knowing the mass of the solute in solution then allows for a calculation of its molar mass. For 
example, the mole fraction of the solute is related to its mass as follows: 


тв/Мв 
тв/Мв + тА/МА 





The only unknown in this expression is Мв which is easily solved for. See Example 5.4 for the details 
of how molar mass is determined from osmotic pressure. 


A regular solution has excess entropy of zero, but an excess enthalpy that is non-zero and dependent on 
composition, perhaps in the manner of eqn 5.30. We can think of a regular solution as one in which the 
different molecules of the solution are distributed randomly, as in an ideal solution, but have different 
energies of interaction with each other. 


Solutions to exercises 


Total volume У = na Va + пв Ув = n(xAVA + хвУв) 
Total mass m = пАМА + пвМв 
= n(XAMA + (1—хд)Мв) where n = пд + пв 


m 
—————— —— HH 
ХАМА + (1 — xA)Mp 
1.000 kg(10? g/kg) 


= = 4.6701 mol 
"= (0.3713) х (241.1 g/mol) + (1 — 0.3713) x (198.2 g/mol) ait 





E5.2(b) 


E5.3(b) 


E5.4(b) 
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V = п(хл Уд + хвУв) 
= (4.6701 mol) x [(0.3713) x (188.2 cm? mol~!) + (1 — 0.3713) x (176.14 cm? mol] 


= | 843.5 от | 


Let A denote water and B ethanol. The total volume of the solution is У = na Va + ng Vg 
We know Ув; we need to determine пд and ng in order to solve for VA. 


Assume we have 100 cm? of solution; then the mass is 
т = pV = (0.9687 g cm^?) x (100 cm?) = 96.87 g 


of which (0.20) x (96.87 g) — 19.374 g is ethanol and (0.80) x (96.87 g) — 77.496 g is water. 


71.496 = 
эн T — 4.30 mol H20 
18.02 g mol ^ 
374 эн 
ышы ИШҮ нү 


ng = 
B — 46.07 в mol! 


V —npVp 100 cm? — (0.4205 mol) х (52.2 cm? mol~!) 
m Ma. ies Mn e a nae an вл 1 
ПА 4.30 mol 


Check that pg /xg = a constant (Кв) 


хв 0.010 0.015 0.020 
(рв/хв)/КРа 82 х 103 8.1 х 10? 83 x 103 


Кв = p/x, average value 13 | 8.2 x 103 kPa 


In Exercise 5.3(b), the Henry’s law constant was determined for concentrations expressed in mole 
fractions. Thus the concentration in molality must be converted to mole fraction. 


1000 g 


Siam 13.50 mol n(B) = 0.25 mol 
18 шо 


m(A) = 10008, corresponding to n(A) = 


Therefore, 


0.25 mol 


Xp = ———__—_——— = 0.0182 
0.25 mol + 13.50 mol 


using Кв = 8.2 x 103 kPa [Exercise 5.3(b)] 


р = 0.0182 x 8.2 х 103 kPa =| 1.5 х 10? kPa 


E5.5(b) Ме assume that the solvent, 2-propanol, is ideal and obeys Каош 5 law. 





49.62 
Їүеш) = p/p* = —— = 0.9924 
XA(solvent) = p/p 50.00 
МА(СзНзО) = 60.096 g mol! 
250 = 
60.096 g mol 
n 
ХА = 5 ПА + пв = = 
na T ng XA 
n 
ПВ = ПА { — — 1 
ХА 
= 1 a 
= 4.1600 mol ( —— — 1| = 3.186 x 107? mol 
T (sos ) кы. ЧЕ 
Ма ami лай! 
3.186 x 10-2 mol 
E5.6(b) Кг = 6.94 for naphthalene 
mass of B 
B = ——— 
ng 


ng = mass of naphthalene - bg 


AT f B) x Kj 
ы M (mass of B) x Кү 


bg = — so 
B К; 


цн (mass of naphthalene) x AT 


(5.00 g) х (6.94 К kg mol!) [178 g тог” | 
Me = Se | Te ful 
d (0.250 kg) x (0.780 K) 


np np 


E5.7(b) АТ = Кұрв ам bg = ——— —— = — 
mass of water Vp 


p — 10? kg m^ (density of solution ~ density of water) 
HV 


П 
=—— АТ = Кұ—— Кұ =1.286Kmol™'kg 
КТ КТр 


nB 


_ (1.86 К kg mol!) x (99 х 10° Pa) 
~ (8314 J K7! mol`!) х (288K) x (103 kg m^?) 


T; =| —0.077°C 
E5.8(b) AmixG = nRT (xa ln xa + xp In xg) 


pV 
ПАг = ИМ, ХАГ = ХМе = 0.5, п = ПАг + пме = ЕТ 


AmixG = pV(31n 4 +315) = -pVIn2 
= —(100 х 10? Pa) x (250 cm?) Im^ о 
Е 106 cm? 
= —173 Pam? = | —17.3 J 
Аб 1731 [еза 1023-1] 
AmixS = = > =|634~x 10 ! 
uis T 273 К > La 
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=7.7x 10-2 К 


E5.9(b) 


E5.10(b) 


E5.11(b) 
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AmixG — nRT У In ху [5.18] 
Ј 


Amixs = —nR 233 In xy [5.19] = TAmixG 


J 
п = 1.00 mol + 1.00 mol = 2.00 mol 
x(Hex) = x(Hep) = 0.500 


Therefore, 


AmixG = (2.00 mol) x (8.314 J K7! mol!) x (298 К) х (0.500 In 0.500 + 0.500 In 0.500) 
=| —3.43 kJ 
= 
xS = ——— =| 411.53 K 
AmixS 298 K £a 


AmixH for an ideal solution is zero as it is for a solution of perfect gases [7.20]. It can be demonstrated 
from 


AmixH = AmixG + TAmixS = (—3.43 x 10? J) + (298 K) x (11.5 J K^) =[0] 
Benzene and ethylbenzene form nearly ideal solutions, so 
AmixS = —nR(xa ln xa + хв In xg) 


To find maximum А х5, differentiate with respect to x4 and find value of хд at which the derivative 


is Zero. 


Note that хв = 1 — xA so 


AmixS = —nR(xa In xa + (1 — xA) In(1 — xA)) 








dinx 1 
use == 
4х х 
4 ХА 
—(AmixS) = —nR(ln xa + 1 — In(1 — xa) — 1) = —nR ln 
dx 1-ХА 


1 
-0 h = — 
when хд 2 


Thus the maximum entropy of mixing is attained by mixing equal molar amounts of two components. 








Mi М 106.169 
„Же... RV Hu Mus = 1.3591 
ПЕ тЕ/МЕ тв Мв 78.115 

тв 

— =| 0.7358 

me = [0.7358 


With concentrations expressed in molalities, Henry's law [5.26] becomes рв = bpK. 


Solving for b, the molality, we have bg = рв/К = хрюш/К and роа = рат 


Е5.12(Ь) 


E5.13(b) 


E5.14(b) 
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For №, К = 1.56 x 10° kPa kg mol`! [Table 5.1] 
0.78 x 101.3 КР, 
b= БЭР, Bo т =| 0.51 mmol ке! 
1.56 х 105 kPa kg mol 


For Оз, К = 7.92 х 10^ kPa kg тог”! [Table 5.1] 


0.21 x 101.3 КР 
p= 021 x1013 ИМ rr 
7.92 х 104 kPa kg mol 


ps 2.0 х 101.3 КРа 


LLLI. - 0.067 mol kg™! 
К 3.01 х 103 kPa kg mol! 9 


bg 


The molality will be about 0.067 mol Кг”! and, since molalities and molar concentrations for dilute 


aqueous solutions are approximately equal, the molar concentration is about | 0.067 mol dm? 


The procedure here is identical to Exercise 5.13(a). 


At H Dod 
lige: x (= = т) 15.39: В, the solute, is lead] 
R T T 


_ [5.2 х 103 Jmol”! «( І 1 ) 
~ \ 8.314 J K7! mor"! 600K 553K 


= —0.0886, implying that xg = 0.92 


n(Pb) : с хвп(Ві) 
Е, implying that n(Pb) = Z- 
a wee Lae 
1000 
For 1 kg of bismuth, n(Bi) = ——— = 4.785 mol 
208.98 g mol ^ 


Hence, the amount of lead that dissolves in 1 kg of bismuth is 


(0.92) x (4.785 mol) 
Р SSS" ==: is 
n(Pb) i85 55mol, or |llkg 


COMMENT. It is highly unlikely that a solution of 11 kg of lead and 1 kg of bismuth could in any sense be 
considered ideal. The assumptions upon which eqn 5.39 is based are not likely to apply. The answer above 
must then be considered an order of magnitude result only. 


Proceed as in Exercise 5.14(a). The data are plotted in Figure 5.1, and the slope of the line is 
1.78 cm/(mg ст?) = 1.78 cm/(g dm?) = 1.78 x 10-2 m4 кв”, 
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h/cm 





Therefore, 


8.314 J K7! mol`! 293.15 K 
ee eee = | 14.0 kg тог”! 


M= 
(1.000 x 103 kg m^?) x (9.81 m s2) x (1.78 x 10-2 m4 kg~!) 





E5.15(b) Let A = water and B = solute. 


0.02239 at 
ад = P^ [543] = 228 = [09701 





Al 0.02308 atm 
aa ПА 
уд = — and x4 = 
ХА ПА +пв 
0.920 к Ё 0.122 К 
na = ————*—— = 51.05 mol and ng = В = 0.506 mol 
0.01802 kg то” 0.241 kg mol ^ 
51.05 0.9701 
= —————_ = 0,990 and = —— =| 0.980 
ХА = 51.05 + 0.506 and УАС 0.990 


E5.16(b) В = Benzene ив(1) = ив(1) + RT In xg (5.25, ideal solution] 
RT Inxg = (8.314 J K^! mol!) x (353.3 К) х (10:30) =| —3536 J mol! 


Thus, its chemical potential is lowered by this amount. 


рв = аврь [5.43] = увхврь = (0.93) х (0.30) х (760 Torr) = | 212 Torr 


Question. What is the lowering of the chemical potential in the nonideal solution with y = 0.93? 


E5.17(b) yam > = PA 9314 
Ра +рв 101.3 kPa 


Pa = (101.3 kPa) x (0.314) = 31.8 kPa 


рв = 101.3 kPa — 31.8 kPa = 69.5 kPa 
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РА 31.8 kPa 
= — = —— = |0.436 
А ря 73.0 kPa [rz] 
рв 69.5 kPa 
= pe = 92.1 kPa 0755] 
aA 0.436 
"m >ш [1.8] 
ag 0.755 
= — = —— =| 0.968 
в 0780 
E5.18(b) 1 = + У ЫЬ?) 2 [5.71] 
and for an М,Х, salt, b} /Ь® = рЬ/Ь®, b_/b® = qb/b°, so 
I = р cap 
1 b(K3[Fe(CN b(KCl | b(NaB 
I = I(K3[Fe(CN)o]) + I(KCI) + 1(NaBr) = 23 +32) РНЕ) = A: Z 
= (6) x (0.040) + (0.030) + (0.050) = | 0.320 
Question. Can you establish that the statement in the comment following the solution to Exercise 5.18(a) 
holds for the solution of this exercise? 
b 
E5.19(b) I = I(KNO3) = ys (КМОз) = 0.110 
Therefore, the ionic strengths of the added salts must be 0.890. 
b 
(a) I(KNO3) = ре” 80 b(KNO3) = 0.890 mol Ке! 
and (0.890 mol Ке!) x (0.500 kg) = 0.445 mol КМО; 
So (0.445 mol) x (101.11 g mol`!) =| 45.0 g KNO; | must be added. 
12 2,9 b 
(b) I(Ba(NO3)2) = 20 -2х1 у= = Эте = 0.890 
b= “ЯВ = 0.2967 mol kg^! 
and (0.2967 mol Ке!) x (0.500 kg) = 0.1484 mol Ba(NO3)2 
So (0.1484 mol) x (261.32 g mol!) = | 38.8 g Ba(NO3)2 
E5.20(b) Since the solutions are dilute, use the Debye—Hiickel limiting law 


log yy. = —|г+:—|АГ!/? 


T= ; У‘) = jü x (0.020) 4-1 х (0.020) + 4 x (0.035) 4-2 х (0.035)} 


1 


= 0.125 
log y, = —1 x 1 x 0.509 x (0.125)!/? = —0.17996 


(For NaCl) уу = 1070179% = 


E5.21(b) 


P5.1 


P5.3 
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А|сг-1117 


The extended Debye-Hückel law is log y, = — 45102. 


Solving for B 


g= (2 Аш! _ 1 + 0509 
~ АПР logy, / (b/b9)!2 ору 


Draw up the following table 








Ь/ (тої ке!) 5.0 х 1073 10.0 х 10-3 50.0 x 1073 
y, 0.927 0.902 0.816 
B 1.32 1.36 1.29 


B=|13] 


Solutions to problems 


Solutions to numerical problems 


РА = yap and рв = увр (Dalton's law). Hence, draw up the following table. 


РА/КРа О 1.399 3.566 5.044 6.996 7.940 9.211 10.105 11.287 12.295 
ХА 0 0.0898 0.2476 0.3577 0.5194 0.6036 0.7188 0.8019 0.9105 1 
УА О 0.0410 0.1154 0.1762 0.2772 0.3393 0.4450 0.5435 0.7284 1 
рв/КРа О 4.209 8487 11.487 15.462 18.243 23.582 27.334 32.722 36.066 


Xp 0 0.0895 0.1981 0.2812 0.3964 0.4806 0.6423 0.7524 0.9102 1 
YB 0 0.2716 0.4565 0.5550 0.6607 0.7228 0.8238 0.8846 0.9590 1 


The data are plotted in Fig. 5.2. 
We can assume, at the lowest concentrations of both A and B, that Henry’s law will hold. The Henry’s 


law constants are then given by 


PA : 
КА = — =| 15.58 kPa | fi th tat xa = 0.0898. 
A E а | from the point at xA 





Кв = PB 47.03 kPa | from the point at xg = 0.0895. 


XB 
8V 
Vat | — mol"! [Problem 5.2] 
ab J uo 


= 69.38(b — 0.070)cm? mol"! with = b/(mol Кв !). 


Р5.5 
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p/kPa 





0 0.2 0.4 0.6 0.8 1.0 
ХА Figure 5.2 


Therefore, at b = 0.050 mol kg~!, Уши = | —1.4 cm? mol"! | 


The total volume at this molality is 
У = (1001.21) + (34.69) x (0.02)? cm? = 1001.22 ст?. 


Hence, as in Problem 5.2, 
1001.22 cm?) — (0.050 mol) x (—1.4cm3mol7! 
V(H20) = ( eek ENDS d еш шю у. 18.04 cm? mol! | 
55.49 mol 


Question. What meaning сап be ascribed to a negative partial molar volume? 





Let E denote ethanol and W denote water; then 
У = ngVg + nw Vw [5.3]. 


For a 50 рег cent mixture by mass, те = mw, implying that 








Mi 
ПЕМЕ = nwMw, Or mw = = E 
Ww 
MEV 
Hence, У = ng Vg + mE 
Mw 
; V MgV 
which solves to ng = ——————, nw = ———————. 
МЕУ\ УЕМу + MgEVw 
УЕ+ 
Му 
1 
Furthermore, xg = - ын ————. 
ПЕ + nw 1+ МЕ 
Mw 


Since Mg = 46.07 в mol^! and Mw = 18.02 g mol, ae = 2.557. Therefore 
У 


ХЕ = 0.2811, xw = 1 — хе = 0.7189. 


Р5.7 


Р5.9 
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At this composition 
Ve = 56.0cm*mol!, Vw = 17.5cm? mol`! [Fig.5.1 of the text]. 


100 cm? 
(56.0cm3 mol^!) + (2.557) х (17.5 cm3 шог!) 





Therefore, ng = = 0.993 mol, 


nw = (2.557) x (0.993 mol) = 2.54 mol. 


The fact that these amounts correspond to a mixture containing 50 per cent by mass of both components 
is easily checked as follows: 

mg = ПЕМЕ = (0.993 mol) х (46.07 g mol!) — 45.7 g ethanol, 

mw = nwMw = (2.54 mol) х (18.02 g mol!) — 45.7 g water. 


At 20?C the densities of ethanol and water are, 


pp = 0.789 ест, pw = 0.997 вст. Непсе, 


45.7 
Ve = с. nt ийлэ [57.9ст? lof ethanol, 


DE = 0.789 g cm? 


45.7 
Vw = ш E = | 45.8 cm? lof water. 


pw = 0.997 gcm-? 





The change in volume upon adding a small amount of ethanol can be approximated by 


АУ = | ву | vean x VgAng 


where we have assumed that both Vg and Vw are constant over this small range of ng. Hence 


1.00 cm?) x (0.789 =3 
AV ж (56.0cm?mol~!) х ( еш Ja (5289 gem 3 =| +0.96 cm? | 


(46.07 в тої!) 





AT _ 0070K 


= р = 0.0378 mol kg". 
Kr 1.86 K/(mol kg!) 


bg = 


Since the solution molality is nominally 0.0096 mol kg”! in Th(NO3)4, each formula unit supplies 


0.0378 
0.0096 А [4 ions | (More careful data, as described in the original reference gives v 7 5 to 6.) 





The data are plotted in Figure 5.3. The regions where the vapor pressure curves show approximate straight 
lines are denoted R for Raoult and H for Henry. A and B denote acetic acid and benzene respectively. 








As in Problem 5.8, we need to form ya = ан and ув = 28, for the Raoult’s law activity coefficients 
ХАРА ХВРВ 
and ув = =, for the activity coefficient of benzene on a Henry’s law basis, with K determined by 
XB 


extrapolation. We use p*4 = 7.3 kPa, рь = 35.2 kPa, and K*g = 80.0 kPa to draw up the following 
table. 





р/КРа 


ХА 


РА/КРа 
рв/КРа 
aa(R) 
ag(R) 
YA(R) 
ув(В) 
ав(Н) 
ув(Н) 


0 
352 
0 
1.00 
1.00 
0.44 
0.44 


Ех 





trapolate : ; 
-4 forKg jd 














GFis defined as [Section 5.4] 


i : Raoult E 
(4 Q6 OB 
XA 
0.2 0.4 0.6 0.8 
27 4.0 5.1 6.7 
304 253 200 124 
036 055 0.69 0.91 
086 072 0.57 0.35 
182 1.36 1.15 144 
1.08 120 142 1.76 
038 032 0.25 0.16 
048 0.53 0.63 0.78 
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Figure 5.3 


1.0 


13 

0 

1.00|рА/РА! 
О[рв/рв] 
1.00[рА /xa pă] 
-4Рв/ХВРВ1 
0О[рв/Кв] 
1.00[рв/хвКв] 


СЕ = AmixG(actual) — AmixG(ideal) = nRT (xa шад + xg шав) — nRT(xa Inxa + xg ln xg) 


and, with a = yx, 


СЕ = nRT (xa ln ya + ХА ув). 


For n = 1, we can draw up the following table from the information above and RT = 2.69 kJ mol p: 


XA 


XA ln УА 
xp In ув 
СЕ /(kJ шог!) 


0 


0 
0 
0 


0.2 


0.12 
0.06 
0.48 


0.4 


0.12 
0.11 
0.62 


0.6 0.8 1.0 
0.08 0.10 0 
0.14 0.11 0 
0.59 0.56 0 
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Р5.11 (a) The volume of an ideal mixture is 
Videal = n1 Vm,1 + 2Vm,2 
so the volume of a real mixture is 
У = Маа + VE. 


We have an expression for excess molar volume in terms of mole fractions. To compute partial molar 
volumes, we need an expression for the actual excess volume as a function of moles. 


nım aj(ni — m) 
УЕ = (ni +n ve m (а (Sm) 
(n1 + 72) Ут A 0 RW 





nin ai(ni —n 
so V = nı Vm,ı + n2Vm2 + = (o+ 29-9) 
ni tn) ni tn 
The partial molar volume of propionic acid is 


дУ аоп? ay (n, — пә)и2 
"= (s) = Vn + и тү; Ша (л ne ЖЕ, 
р.Т,т 1 2 1 2 


Vi = Vm. + aox? + а! (3х — хо)х2 1 


That of охапе is 








| V2 = М2 + аох? + а(х — ia] 





(b) We need the molar volumes of the pure liquids, 


Ул = Mi = 74.08 g mol"! = 76.23 cm?mol ^! 
mp, 0.97174 ст: ; 


86.13 g шог”! 


0.86398 2 cm ^ — 99.69 cm? mol". 
; gcm 


and Vg» = 


In ап equimolar mixture, the partial molar volume of propionic acid is 
Vi = 76.23 + (—2.4697) x (0.500)? + (0.0608) х [3(0.5) — 0.5] х (0.5) ст" шог”! 
= 
and that of oxane is 
V2 = 99.69 + (—2.4697) x (0.500)? + (0.0608) x [0.5 — 3(0.5)] x (0.5)? cm? mol! 


=| 99.06 cm? mol”! | 


P5.13 Henry’s law constant is the slope of a plot of pg versus xg in the limit of zero xg (Fig. 5.4). The partial 
pressures of СО» are almost but not quite equal to the total pressures reported. 


PCO, = PYCO: =р(1 — Усус). 


Р5.15 


SIMPLE MIXTURES 103 


80 
60 
3 
D 
= 
$ 40 
о 
a 
20 : ; 
у = 2.2603e — 2 + 371.03x 
Е? = 1.000: : 
ò : 





х(СО») Figure 5.4 


Linear regression of the low-pressure points gives Ky = | 371 bar |. 


The activity of a solute is 


a ett ig 
B Кн BYB 


so the activity coefficient is 








ув = 28.2 288 
хвКн хвКн 


where the last equality applies Dalton’s law of partial pressures to the vapor phase. A spreadsheet applied 
this equation to the above data to yield 





ploar Усус Хсус УСО: 
10.0 0.0267 0.9741 1.01 
20.0 0.0149 0.9464 0.99 
30.0 0.0112 0.9204 1.00 
40.0 0.00947 0.892 0.99 
60.0 0.00835 0.836 0.98 
80.0 0.00921 0.773 0.94 


СЕ = RTx(1 — x)(0.4857 — 0.1077(2x — 1) + 0.0191 (2x — 1)2} 
with x = 0.25 gives СЁ = 0.1021RT. Therefore, since 


AmixG(actual) = AmixG(ideal) + псе, 
AmixG = nRT (xa ln xà + xp In xg) + nG = nRT (0.25 In 0.25 + 0.75 In 0.75) + nGE 
= —0.562nRT + 0.1021nRT = —0.460nRT. 


Since n = 4 mol and RT = (8.314 J K~! mol7!) x (303.15 К) = 2.52 kJ mol! , 


AmixG = (—0.460) x (4 mol) x (2.52kJ mol!) = | -46KJ| 


Р5.17 


Р5.19 


Р5.21 
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Solutions to theoretical problems 


dG a 
сыл Кез 5.4] = д — СЕ 9 isi = 
ИА (52 |. [5.4] = wa + (s. (n ). [uh is ideal value = ид + RT In xa], 





дпСЕ Е Е 
bnc), es 
Ona np дпА пв дпА В дхА В 
ӘСЕ 
= СЁ +пх = x (=) [дхА /дпд = хв /п] 
п дхА /в 


= gRTxA(1 — xA) + (1 — xA)gRT(1 — 2хА) 
= gRT(1 — xa)? = gRTxp. 





Therefore, | ид = иҗ + RT Inxa + gRTxp |. 





nAdVA + ngdVg = 0 [Example 5.11. 
ПА 
Hence — dV4 = —dVg. 
пв 


Therefore, by integration, 





Va (xa) ПА УА(ХА) XA dVA 
Vg(xA) — Ув(0) = -| ПА уд = -| 
VA() ПВ Va) 1—Х^А 


[na = ХАП, np = xpn]. 





VAGA) XA dVA 
Therefore, Vg (xA, хв) = Ув(0, 1) — 1 . 
удо 1—ХА 


We should now plot хд/(1-хд) against Уд and estimate the integral. For the present purpose we 
integrate up to УА (0.5,0.5) = 74.06 cm? mol`! [Fig. 5.5], and use the data to construct the following 
table. 


VaA(cm?mol!) 74.11 73.96 73.50 72.74 





XA 0.60 0.40 0.20 0 
XA/(1 — xA) 1.50 0.67 0.25 0 


The points are plotted in Fig. 5.5, and the area required is 0.30. Hence, 


V(CHCl5; 0.5, 0.5) = 80.66 cm? mol~! — 0.30 cm? mol! 
= | 80.36 cm? mol”! | 
In aA 


ф-- | (а) 


r 





1 1 
Therefore, аф = —– –1пад + = In aadr, 
r r 


1 
dina, = —Inaadr — гаф. (b) 
r 


Р5.23 
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ХА/(1-хА) 





3 тог! 
V4 mcm? mol 


Figure 5.5 


From the Gibbs-Duhem equation, xa dua = хв див = 0, which implies that (since и = u? + 
RT Ina, dua = RTdlnaa, dug = RTdlnag ) 


dina, 





XA 
dinag = ——dIna, = 
XB r 
1 1 
=—-— пад dr = 4$ [from(b)] = dr — dr — dó [from(a)] 
E 
= ¢dinr + 4$. 
Subtract 4 ш г from both sides, to obtain 
(6 — 1) 


din Ë —=(ф—1)4шг+4ф = ьа. 
r r 


Then, by integration and noting that In (=) 4 =In (=) v = In (ув), 0 = In1 = 0, 
r=! r= 


7900 6-40) | (2) а 
F 0 Р 


А (5) = А(1). 
их (s) = их (1) + RT шад 


and АС = ид (1) — иҗ ($) = —RT In ад. 











—AfusG 
H wll = 
ence, In aa RT 
4 пад 14 / АС Ав _... 
———— = Gibbs-Helmholtz : 
3T zal Т ) ЕТ? [Gibbs-Helmholtz eqn] 


For AT = T? — T,dAT = —dT and 


dina, —AfusH 25 —AfusH 


daT ЕТ R` 
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RT2M 
But Кү = f А 
AfusH 
Therefore, 
dina, Ш —МА шагайх с —MAdAT 
dAT K шин ш. 


According to {һе Gibbs—Duhem equation 

nadua + ngdug = 0 
which implies that 

nadlnaa + ngdinag = 0 [и = u? + RT Ina] 
and hence that d Іп ад = “ий 1п ав. 


4 In ав _ ПАМА _ 1 
ЧАТ | пвК, БВК 
We know from the Gibbs—Duhem equation that 


Hence, 








[for ПАМА = 1kg] 


xad In ад +xgd In ав = 0 
XB 
and hence that / d In aA --| ama. 
XA 


Therefore In ад = -| 28 а In ag. 
XA 


The osmotic coefficient was defined in Problem 5.21 as 


1 

феада lim, 

Р Хв 
Therefore, 
1 р? 1 7? 1 f^ 1 12 
0-2 [amans ; | Бата = 5 | | baino+ | bdiny 
XB XA b Jo b Jo b Jo b Jo 
1 


b 
=1+- bd In y. 
+f ny 


From the Debye-Hückel limiting law, 


In у= —A'b? [A = 2.3034]. 


1 
Hence, d In у = —5A'b db and so 


1/1 8 1 (A’ 2 1 
-1411-44 bi? db =1— = | — 63/2 —|1 — —А'1/? |. 
Ф +5 ( 2 im 2158) ^3 3 


COMMENT. For the depression of the freezing point in a 1,1-electrolyte 


—AtusG | AnsG 
RT RT* 





Іп ад = 





Р5.25 


Р5.27 


Р5.29 
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эй а. 1 
апа һепсе —гф = Atus ( ) 














R АТ T 
AtusHxa ( 1 1 ) AtusHxa (5 - -) СЕ AfusHx, A T 
Therefore, ф = Нь 7-7) = БЫ, TT 25 RoT 
Ans HAT 
vRbgT*?Ma 
MRT*? 
where v = 2. Therefore, since Ky = ———, 
АфдН 
гэн АТ 
© 258К | 


Solutions to applications 
In this case it is convenient to rewrite the Henry’s law expression as 


mass of № = pn, x mass of H20 x Км,. 


(1) At pn, = 0.78 x 4.0 atm = 3.1 atm, 


mass of № = 3.1 atm x 100g H20 х 0.18 wg N2/(g H20 atm) = | 56 pg № | 


(2) At px, = 0.78 atm, mass of № = | 14 ug № | 
(3) In fatty tissue the increase in № concentration from 1 atm to 4 atm is 


4 х (56 — 14) ug № =| 1.7 х 102 ре №. | 


(a) i= 1 only, М = 4, Ку = 1.0 x 107 dm? mol!" 


v _ 4x 10 dm? umol”! 
[A] 1+ 10dm,mol7! х [A] 





The plot is shown in Fig. 5.6(a). 
(b) i= 1; Ni =4, № = 2; Кү = 1.0 x 10° dm? mol! = 0.10 dm? pmol” !, 


К» = 2.0 x 10° dm? тог = 2.0 dm? ито! '. 


v _ 4х0104аг итог! РА 2 х 2.0 dm? pmol"! 
[A] 1-01048 umol! х [А] 1+ 2.04т? pmol”! х [A] 





The plot is shown іп Fig. 5.6(b). 


By the van’t Hoff equation [5.40], 


RT 
TI = [B]RT = ©——. 
M 
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40.0 


“0.0 0.2 0.4 0.6 0.8 1.0 
[А/(ат? pmol") Figure 5.6(a) 


УПА] 


© 
м 


4 6 8 10 
[Ay(dm? итог") Figure 5.6(b) 


Division by the standard acceleration of free fall, g, gives 


п cR/9T 
8 M` 


(a) This expression may be written in the form 


cR'T 


И’ = 
М 





which has the same form as the van’t Hoff equation, but the unit of osmotic pressure (/17) is now 


force/area _ (mass length) /(area time”) _ mass 





length/time? length/time? area ` 
This ratio can be specified іп g ст 2. Likewise, the constant of proportionality (R^) would have the 
units of R/g, 


energy K^! топ”! _ (mass length? /time?) К-! шог”! 


—3 — = mass length K тог”. 
length/time length/time 
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This result may be specified in | gem K-! тог | 


К  831447]K ! mol! 
g X 9.80665ms- 


10? 10? 
= 0.847 840 kg m K^! шог”! (=) x (==) 


kg m 
R' = 84784.0 g cm K^! mol”! | 


In the following we will drop the primes giving 


R= 





cRT 
M 


П = 


and use the /7 units of g cm~? and ће R units gem K^! mol. 


(b) By extrapolating the low concentration plot of /7/c versus c (Fig. 5.7(a)) to c — 0 we find the 
intercept 230 g cm7?/g ст. In this limit the van't Hoff equation is valid so 
RT 


КТ . 
— = intercept ог M = —————, 
M intercept 





м_ (8478&0gem K^! mol) x (298.15 К) 
> (230 в ст-?)/(вст-3) | 





М = 1.1 105 g mol”! | 





Polyisobutylene in chlorobenzene 
at low concentrations 
500 


Intercept: 230g cm? /gcm^? 


450 


8 


> 
Un 
© 


t/c)/ (gem 2/в ст?) 


8 


250 





200 
0.000 0.010 0.020 0.030 0.040 
с/(вст-*) Figure 5.7(a) 
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(с) The plot of П/с versus с for the full concentration range (Fig. 5.7(b)) is very nonlinear. We may 
conclude that the solvent is good. This may be due to the nonpolar nature of both solvent and 
solute. 


(d) П/с = (RT/M)(1+ B'e + С'с?). 


Since RT/M has been determined in part (b) by extrapolation to с = 0, it is best to determine the 
second and third virial coefficients with the linear regression fit 


(IT/c)/(RT/M) — 1 
c 
R = 0.9791. 


= В+ C'c, 





standard deviation = 2.4 cm? 877. 


В’ 2214cm? 871, 
standard deviation = 15 стб 272. 


C' = 211стб g~?, 








(е) Using 1/4 for g and neglecting terms beyond (ће second power, we may write 
ey ача 
CH; 
CI CH; — C 


CH; 


Polyisobutylene in chlorobenzene 


5 E 


(П/с)/ст 


$ 


0 
0.00 0.050 0.100 0.150 0.200 0.250 0.300 


c/(gcm™°) Figure 5.7(b) 


7 D 
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We can solve for В’; then g(B’)? = С”, 


c 1-2 
"RTN | 15259 
(F) 


RT /M has been determined above as 230 g cm~?/g cm~?. We may analytically solve for B’ from 
one of the data points, say, Л/с = 430 ёст 2/ё ст”? at с = 0.033 ёст? 


= -341/ 
430g cm ?/g cm? L, Р 
а -l=- i 3). 
(Fe 52 х (0.033 вст”) 
2 х (1.367 — 1) ЗЭРЭГ 
is 0:033 ст-3. = 222 сті 87. 


С’ = g(B' = 0.25 х (22.2 ст? g^)? = 123 спб g?. 


RT 
M 
is shown in Fig. 5.7(c). The slope is 14.03 cm? g~!. В = 2 x slope =| 28.0 cm? g^! | C' is then 


196 cm® g~? |. The intercept of this plot should theoretically be 1.00, but it is in fact 0.916 with a 


standard deviation of 0.066. The overall consistency of the values of the parameters confirms that g 
is roughly 1/4 as assumed. 


HN 1/2 
Better values of B' and C' can be obtained by plotting (2) } ( ) against c. This plot 
с 


6.0 


5.0 


ет. 
— 3.0 
ess 





0.00 0.05 0.10 0.15 0.20 0.25 0.30 
c/(gcm^?) Figure 5.7(c) 





: 6 Phase diagrams 


Answers to discussion questions 

D6.1 Phase: a state of matter that is uniform throughout, not only in chemical composition but also in 
physical state. 
Constituent: any chemical species present in the system. 


Component: a chemically independent constituent of the system. It is best understood in relation to the 
phrase ‘number of components’ which is the minimum number of independent species necessary to 
define the composition of all the phases present in the system. 


Degree of freedom (or variance): the number of intensive variables that can be changed without disturbing 
the number of phases in equilibrium. 


D6.3 See Figs. 6.1(a) and (b). 







Solid 


Ls 


Critical point 





Triple point 
T Figure 6.1(a) 


р6.5 


E6.1(b) 


p = constant 






Liquid A and B 


AB melts 










Pd 





Liquid 
A&B 





Solid AB 
Eutectic 2 






Eutectic 1 
Solid B and solid AB 





Solid AB and solid A 


B х 0.50 
ХА — 


See Fig. 6.2. 
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Liquid A and B 
Solid B 


Figure 6.2 


Solutions to exercises 


Р = pA +рв = ХАРА + (1 — ХА)рв 


р = РВ 
ХА = =. B 
РАР 
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Figure 6.1(b) 
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19kPa — 18kPa 
= = | (0.5 1 -di 
XA 20 kPa — 18kPa (0.5) | А is 1, 2-dimethylbenzene 
ХАРА 0.5 20 КР A 
АРА (0.5) x ( а) = 0.526 = [0.5] 


УА = = 
АЛ + (р-р) хл — 18КРа + (20kPa — 18КРа)0.5 


ув = 1 — 0.526 = 0.474 ~ 0.5 





E6.2(b) pa = yap = 0.612р = хард = xa (68.8 kPa) 
рв = увр = (1 — ya)p = 0.388p = хврв = (1 — xA) x 82.1 kPa 


YAP _ ХАРА ша 0.612 688хд 
YBP  XBP$ 0388 821(1—хд) 








(0.388) x (68.8)хд = (0.612) x (82.1) — (0.612)(82.1)хА 


26.604хд = 50.245 -50.245хд 


50245 0) xp = 1 — 0.653 = 


KS SS 
26.694 + 50.245 


Р = xap + хврь = (0.653) х (68.8 kPa) + (0.347) х (82.1 kPa) = | 73.4 kPa 


E6.3(b) (a) If Raoult’s law holds, the solution is ideal. 


х 


рд = ХАРА = (0.4217) х (110.1 kPa) = 46.43 kPa 
рв = хврв = (1 — 0.4217) х (94.93 kPa) = 54.90 kPa 
р = pa + рв = (46.43 + 54.90) kPa = 101.33 kPa = 1.000 atm 


Therefore, Raoult's law correctly predicts the pressure of the boiling liquid апа | the solution is ideal |. 


(b) PA 46.43 kPa 
s PA ы ge Dali 
УА =} 101.33kPa 


yB = 1 — ya = 1.000 — 0.4582 = 


E6.4(b) Let B = benzene and T = toluene. Since the solution is equimolar гв = ст = 0.500 





(a) Initially xg = zp and xr = zr; thus 


р = xBp + хтр* [6.3] = (0.500) x (9.9 kPa) + (0.500) x (2.9 kPa) 


= 4.95 kPa + 1.45kPa = [64 kPa] 


4.95 КР. 
b) ув= 28 [64] = а _[олт|ут = 1 — 0.77 = [0.23] 
p 


6.4 kPa 
(c) Near the end of the distillation 





ув = zg = 0.500 and yr = zr = 0.500 
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Equation 6.5 may be solved for x4 [A = benzene = B here] 


Е уврт _ (0.500) х (2.9 КРа) 
87 + (р-р)  (9.ЭКРа) + (2.9 — 9.9) kPa х (0.500) 


хт = 1— 0.23 = 0.77 


= 0.23 





This result for the special case of гв = zr = 0.500 could have been obtained directly by realizing that 


ув (initial) = хт (final); ут (initial) = хв (final) 
p(final) = хврь + хтрт = (0.23) х (9.9 kPa) + (0.77) х (2.9 kPa) = | 4.5 kPa 


Thus in the course of the distillation the vapor pressure fell from 6.4 kPa to 4.5 kPa 


E6.5(b) See the phase diagram in Figure 6.3. 


(a) ул = [0:81] 
(9) XA =|0.67| ya =| 0.925 





150 


145 


140 


135 


130 


125 


120 





ХА | Figure 6.3 
E6.6(b АГ, Н+, АСВ, АКОН)з, ОНТ, CI, H20 giving seven species. There are also three equilibria 


АСВ + ЗН2О = Al(OH); + 3HCI 
AlCl} = АРТ + 3C17 
НО = Н+ + OHT 


and one condition of electrical neutrality 
[Н+] + 3AP*] = [OH] + [СГ] 


Hence, the number of independent components is 


С-7-0-1-13| 
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E6.7(b) NH4CI(s) = NH3(g) + HCl(g) 


(a) For this system [Example 6.1] and (s and g). 


(b) If ammonia is added before heating, (because NH4Cl, NH3 are now independent) and 


[Р=2] апа g). 


E6.8(b) (а) Still (Na2S04, H20), but now there is no solid phase present, so (liquid solution, 


vapor). 


(b) The variance is F =2—2+2 = [2] We are free to change any two of the three variables, amount 
of dissolved salt, pressure, or temperature, but not the third. If we change the amount of dissolved 
salt and the pressure, the temperature is fixed by the equilibrium condition between the two phases. 


E6.9(b) See Figure 6.4. 


9/°С 





І Figure 6.4 


E6.10(b) See Figure 6.5. The phase diagram should be labeled as in figure 6.5. (a) Solid Ag with dissolved 
Sn begins to precipitate at ат, and the sample solidifies completely at a2. (b) Solid Ag with dissolved 
Sn begins to precipitate at bj, and the liquid becomes richer in Sn. The peritectic reaction occurs at b2, and 





Time Figure 6.5 


E6.11(b) 


E6.12(b) 
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as cooling continues Ag;Sn is precipitated and the liquid becomes richer in Sn. At Рз the system has its 
eutectic composition (e) and freezes without further change. 


See Figure 6.6. The feature denoting incongruent melting is circled. Arrows on the tie line indicate the 
decomposition products. There are two eutectics: one at xg = | 0.53 |, T= 115 | another at xg = | 0.82 | 


r«[7] 


Temperature, Т 





0 0.33 0.67 
A хв в Figure 6.6 


The cooling curves corresponding to the phase diagram in Figure 6.7(a) are shown in Figure 6.7(b). 
Note the breaks (abrupt change in slope) at temperatures corresponding to points aj, Р, and b2. Also 
note the eutectic halts at a2 and b3. 


(a) (b) 


Temperature, T 





Figure 6.7 


E6.13(b) 


E6.14(b) 


E6.15(b) 


118 5ТОПЕМТ”5 SOLUTIONS MANUAL 


Rough estimates based on Figure 6.41 of the text are 


(a) хв ~ (b) хав, © (c) xaB, ^ 


The phase diagram is shown in Figure 6.8. The given data points are circled. The lines are schematic 
at best. 





0 02 0.4 0.6 0.8 
x(ZrF4) Figure 6.8 


A solid solution with x(ZrF4) = 0.24 appears at 855°C. The solid solution continues to form, and 
its ZrF4 content increases until it reaches x(ZrF4) = 0.40 and 820°C. At that temperature, the entire 
sample is solid. 


The phase diagram for this system (Figure 6.9) is very similar to that for the system methyl ethyl ether 
and diborane of Exercise 6.9(a). The regions of the diagram contain analogous substances. The solid 
compound begins to crystallize at 120 K. The liquid becomes progressively richer in diborane until the 
liquid composition reaches 0.90 at 104 K. At that point the liquid disappears as heat is removed. Below 
104 K the system is a mixture of solid compound and solid diborane. 





0 x(B2H6) 1 Figure 6.9 


E6.16(b) 


E6.17(b) 


P6.1 
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Refer to the phase diagram in the solution to Exercise 6.14(a). The cooling curves are sketched in 
Figure 6.10. 


(a) (b) (с) (4) (е) 
95 
93 
91 
м 
E 89 
87 
8 
t — 


> 


л 


v Figure 6.10 


(a) When xa falls to 0.47, a second liquid phase appears. The amount of new phase increases as хд falls 
and the amount of original phase decreases until, at x4 — 0.314, only one liquid remains. 


(b) The mixture has a single liquid phase at all compositions. 
The phase diagram is sketched in Figure 6.11. 


54 
52 
50 


48 


8/°С 


46 
44 
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40 


38 
0.1 02 03 04 05 06 07 08 09 1.0 
XA Figure 6.11 


Solutions to problems 


Solutions to numerical problems 


(a) The data, including that for pure chlorobenzene, are plotted in Fig. 6.12. 


(b) The smooth curve through the x, Т data crosses x = 0.300 at | 391.0 К |, the boiling point of the 
mixture. 


(c) We need not interpolate data, for 393.94 K is a temperature for which we have experimental data. 
The mole fraction of 1-butanol in the liquid phase is 0.1700 and in the vapor phase 0.3691. According 


P6.3 


P6.5 
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405 
400 
ex 
T/K 395 б.у 
х (0.3, 393.94 К) 
390 |-- 
385 ШИС СИЕ NEN ЭШЕ: 
0.0 0.2 04 0.6 0.8 


хогу Figure 6.12 


to the lever rule, the proportions of the two phases are in an inverse ratio of the distances their mole 
fractions are from the composition point in question. That is, 


па v 0.3691 — 0.300 
= - = 7 =| 0.532 | 
Пур l 0.300 — 0.1700 


РА = адр = УАХАРА [5.45]. 











РА УАР 
a= = 
ХАРА ХАРА 


Sample calculation at 80 К: 


0.11(100 kPa) 760 Torr 
yo, (80 К) = ( ) я 


0.34(225 Torr) \ 101.325 kPa 


уо, (80 К) = 1.079. 


$иттагу: 


Т/К 773 78 80 82 84 86 88 90.2 
Уо» — 0.877 1.079 1.039 0.995 0.993 0.990 0.987 


To within the experimental uncertainties the solution appears to be ideal (у = 1). The low value at 78 К 
may be caused by nonideality; however, the larger relative uncertainty in y(O ) is probably the origin 
of the low value. 


A temperature-composition diagram is shown in Fig. 6.13(a). The near ideality of this solution is, 
however, best shown in the pressure-composition diagram of Fig. 6.13(b). The liquid line is essentially 
a straight line as predicted for an ideal solution. 


A compound with | probable formula A3B exists |. It melts incongruently at 700°C, undergoing the 


peritectic reaction 


A3B(s) > A(s) + (A +В, 1). 
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Х(О,) or y(O;) Figure 6.13(a) 


-f---- 


x 


p /Torr 


Хү 





0 20 40 60 80 100 
3(05) or Y(05) Figure 6.13(b) 


The proportions of A and B in the product are dependent upon the overall composition and the 
temperature. A eutectic exists at 400°C and хв 7 0.83. See Fig. 6.14. 


P6.7 The information has been used to construct the phase diagram in Fig. 6.15(a). In MgCu, the mass 
24.3 48.6 
percentage of Mg is (100) x 2434127 - [16] and in Mg,Cu it is (100) x 4864 635 = | 43 |. The 


initial point is ау, corresponding to a liquid single-phase system. At аз (at 720°C) MgCu, begins 
to come out of solution and the liquid becomes richer in Mg, moving toward e». At аз there is solid 
MgCu, + liquid of composition e2 (33 per cent by mass of Mg). This solution freezes without further 
change. The cooling curve will resemble that shown in Fig. 6.15(b). 


P6.9 (a) | Eutectic: 40.2 at% Si at 1268°C | | Eutectic: 69.4 at% Si at 1030°C | 


Congruent melting compounds: Ca?Si mp — 1314?C 
CaSi mp — 1324?C 
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Cu MgCu; 





Mg;Cu Mg Time Figure 6.15 





Incongruent melting compound: CaSi; тр = 1040°С | melts into CaSi(s) and liquid (68 





at% Si). 





(b) At 1000?C the 





phases at equilibrium will be Ca(s) and liquid (13 at% Si) | The lever rule gives the 





relative amount 


"Ca _ hig 


та [са 


5: 


02-0 
= 2—5 2] 


(с) When ап 80 at% Si melt it cooled in a manner that maintains equilibrium, Si(s) begins to appear at 
about 1250°C. Further cooling causes more Si(s) to freeze out of the melt so that the melt becomes 
more concentrated in Ca. There is a 69.4 at% Si eutectic at 1030°C. Just before the eutectic is 
reached, the lever rule says that the relative amounts of the Si(s) and liquid (69.4% Si) phases are: 


nsi а 





0.80 — 0.694 





па — lsi 


10-080 = 0.53 = relative amounts at T slightly higher than 1030°C |. 














is 65.4 mol%. 


Just before 1030°C, the Si(s) is 34.6 mol% of the total heterogeneous mixture, the eutectic en 
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At the eutectic temperature a third phase арреагз—Са$12 (5). As the melt cools at this temperature, 
both Si(s) and CaSi»(s) freeze out of the melt while the concentration of the melt remains constant. 
At a temperature slightly below 1030?C, all the melt will have frozen to Si(s) and CaSi»(s) with the 
relative amounts: 


nsi сай, _ 0.80 — 0.667 


"Cas; | ls  1.0—0.80 


= | 0.665 = relative amounts of T slightly higher than 1030°C |. 


Just under 1030°C, the Si(s) is 39.9 mol% of the total heterogeneous mixture; the CaSi»(s) is 
60.1 mol%. 


A graph of mol% Si(s) and mol% Са$12 (s) vs. mol% eutectic liquid is a convenient way to show 
relative amounts of the three phases as the eutectic liquid freezes. See Fig. 6.16. Equations for the 
graph are derived with the law of conservation of mass. For the silicon mass, 




















NZsi = NiqWsi + NsiXsi + Псабь Si 


where n = total number of moles. 





Wsi = Si fraction in eutectic liquid = 0.694 
Xs; = Si fraction in Si(s) = 1.000 

ysi = Si fraction in CaSi»(s) = 0.667 

Zs; = Si fraction in melt = 0.800 





Freezing of eutectic melt at 1030°C 


— mol fraction CaSi, 
өнө mol fraction Si 





0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 


mol fraction liq 
Freezing proceeds toward left 


Figure 6.16 


P6.11 


P6.13 
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This equation may be rewritten in mole fractions of each phase by dividing by n: 
281 = (mol fraction liq)ws; + (mol fraction Si)xs; + (mol fraction CaSiz)ys;. 


Since, (mol fraction liq) + (mol fraction Si) + (mol fraction Са812) = 1 
or (mol fraction Са512) = 1 — (mol fraction liq + mol fraction Si), we may write: 


zs; = (mol fraction liq)ws; + (mol fraction Si)xsi 
+ [1 — (mol fraction liq + mol fraction Si)]ys;. 
Solving for mol fraction Si: 


nd Bustos io (zsi — ysi) — (wsi — ysi) (mol fraction i 


XSi — Ysi 
mol fraction CaSiz := 1 — (mol fraction liq + mol fraction Si). 


These two eqns are used to prepare plots of the mol fraction of Si and mol fraction of Са$12 against 
the mol fraction of the melt in the range 0—0.65. 


Solutions to theoretical problems 


The general condition of equilibrium in an isolated system is dS = 0. Hence, if a and В constitute an 
isolated system, which are in thermal contact with each other 


dS = 15, + d$5 = 0. (a) 
Entropy is an additive property and may be expressed in terms of U and V. 
S = S(U, V). 


The implication of this problem is that energy in the form of heat may be transferred from one phase to 
another, but that the phases are mechanically rigid, and hence their volumes are constant. Thus, dV — 0, 
and 





ISa asa) 1 1 
ds = dUx + ( SE ) ity = —-а4й„ аЬ [3.45]. 
Gz), МЕ v ^ — 8 di^ p 13-45] 


1 1 
But, dU, = —dUg; therefore Т, = Ts Or | Ta = Tp | 


Solutions to applications 


(i) Below a denaturant concentration of 0.1 only the native and unfolded forms are stable. 


(ii) At denaturant concentration of 0.15 only the native form is stable below a temperature of about 
0.70. At temperature 0.70 the native and molten-globule forms are at equilibrium. Heating above 
0.70 causes all native forms to become molten-globules. At temperature 0.90, equilibrium between 
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molten-globule and unfolded protein is observed and above this temperature only the unfolded form 
is stable. 


P6.15 C=1; hene F=C—P+2=3-P. 


Since the tube is sealed there will always be some gaseous compound in equilibrium with the condensed 
phases. Thus when liquid begins to form upon melting, Р = 3 (s, 1, and р) and F = 0, corresponding 
to a definite melting temperature. At the transition to a normal liquid, Р = 3 (/,/', and g) as well, so 
again F = 0. 


P6.17 To examine the process of zone levelling with the phase diagram below, Fig. 6.17, consider a solid on 
the isopleth through a; and heat the sample without coming to overall equilibrium. If the temperature 
rises to a», a liquid of composition b2 forms and the remaining solid is at a}. Heating that solid down an 
isopleth passing through a/ forms a liquid of composition b3 and leaves the solid at a}. This sequence 
of heater passes shows that in a pass the impurities at the end of a sample are reduced while being 
transferred to the liquid phase which moves with the heater down the length of the sample. With enough 
passes the dopant, which is initially at the end of the sample, is distributed evenly throughout. 


Temperature, T 








Composition, xg 


Figure 6.17 


P6.19 The data are plotted in Fig. 6.18. 


(a) As the solid composition x(MgO) = 0.3 is heated, liquid begins to form when the solid (lower) line 
is reached | at 2150°C |. 


(b) From the tie line at 2200°C, the liquid composition is (MgO) = and the solid x(MgO) = 


[035] 


The proportions of the two phases are given by the lever rule, 


li n(liQ 0.05 
— = = — = |04 |. 
h n(sol) 0.12 [0.4 





(с) Solidification begins at point с, corresponding to | 2640°C |. 
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x(MgO) Figure 6.18 


ex 
ОУ 
х (0.500, 6.02 МРа) 


р/(МРа) 





02 0.4 0.6 0.8 1.0 
x ory Figure 6.19 


P6.21 (a) The data are plotted in Fig. 6.19. 
(b) We need not interpolate data, for 6.02 MPa is a pressure for which we have experimental data. The 
mole fraction of CO» in the liquid phase is 0.4541 and in the vapor phase 0.9980. The proportions of 


the two phases are in an inverse ratio of the distance their mole fractions are from the composition 
point in question, according to the lever rule 


"liq _ v _ 0.9980 — 0.5000 


17 0599 0481 = 2085) 





07.1 


07.3 


07.5 


07.7 


07.9 


2 Chemical equilibrium 


Answers to discussion questions 


The position of equilibrium is always determined by the condition that the reaction quotient, Q must 
equal the equilibrium constant, K. If the mixing in of an additional amount of reactant or product 
destroys that equality, then the reacting system will shift in such a way as to restore the equality. That 
implies that some of the added reactant or product must be removed by the reacting system and the 
amounts of other components will also be affected. These adjustments restore the concentrations to their 
(new) equilibrium values. 


(1) Response to change in pressure. The equilibrium constant is independent of pressure, but the indi- 
vidual partial pressures can change as the total pressure changes. This will happen when there is 
a difference, Ang, between the sums of the number of moles of gases on the product and reactant 
sides of the chemical equation. The requirement of an unchanged equilibrium constant implies that 
the side with the smaller number of moles of gas be favored as pressure increases. 


(2) Response to change in temperature. Equation 7.23a shows that K decreases with increasing tem- 
perature when the reaction is exothermic; thus the reaction shifts to the left, the opposite occurs in 
endothermic reactions. See Section 7.4 (a) for a more detailed discussion. 


(a) Consider the metals M and Z, which, for the sake of simplifying discussion, form 1:1 oxides hav- 
ing the formulas MO and ZO. Z will spontaneously reduce MO provided that the ZO line upon 
the Ellingham diagram lies above the MO line (this statement assumes that the vertical Д,С axis 
decreases upward). In this case the standard Gibbs energy for the reaction MO(s) + Z(s) —> M(s) + 
ZO(s) will be negative. Figure 7.10 of the text indicates that Fe will reduce PbO, CuO, and Ag,O. 


(b) Using ArG? (ZnO) = —318 kJ mol-! at 25°C (Table 2.7) and a slope that is common for all the 
oxides, we may add the approximate line for ZnO in the Ellingham diagram as shown in Fig.7.1. 
The ZnO curve passes under the reaction (iii) curve at about 1300°C so that is the estimate of the 
lowest temperature at which zinc oxide can be reduced to the metal by carbon. See Fig. 7.1. 


Electrode combinations that produce identical cell compartments with differing concentrations only 
(electrolyte concentration cells) have a cell potential dependence upon the liquid junction potential 
and the concentration difference. If the cell has identical compartments with either gaseous or amal- 
gam electrodes (electrode concentration cell), the cell potential will depend upon the gas pressure 
differences or the amalgam concentration differences but will not have a liquid junction potential. 
Other electrode combinations produce cells for which the cell potential depends upon the half-reaction 
reduction potentials. 


The pH of an aqueous solution can in principle be measured with any electrode having an emf that is 
sensitive to H* (aq) concentration (activity). In principle, the hydrogen gas electrode is the simplest 
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Reaction (iii) 





A,G° ККТ тог!) 





1 тык жаши 1 
0 500 1000 1500 2000 2500 
Temperature, 0/°С Figure 7.1 


and most fundamental. A cell is constructed with the hydrogen electrode being the right-hand electrode 
and any reference electrode with known potential as the left-hand electrode. A common choice is the 
saturated calomel electrode. The pH can then be obtained by measuring the emf (zero-current potential 
difference), E, of the cell. The hydrogen gas electrode is not convenient to use, so in practice glass 
electrodes are used because of ease of handling. 


Solutions to exercises 








E7.1(b) №04(2) = 2NO»(g) 
Amount at equilibrium (1 —а)п 2an 
1— 2 
Mole fraction = = 
l+a l+a 


(1 -а)Р 2aP 
1-0 1-0 





Partial pressure 


Assuming that the gases are perfect, ау = 
р 


_ (pNo,/p*)? _ 4оёр 
(рм.о./р°) | (1— о2)р® 
For p = p”, K = 


1-а2 


E7.2(b) 


E7.3(b) 
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(a) at equilibrium 


_ 4(0.201)? 


b = 0.201 К = ————~ =|0.16841 
( ) ы 1-5 0.2012 


A,G® = -RT In К = —(8.314J K^! mol!) x (298K) x (0.16841) 


—|441kJ mol"! 


(a) Bro(g) = 2Br(g) а = 0.24 


(с) 


Amount at equilibrium (1— a)n 2an 
1—@ 20 
l+a l+a 

(1-а)Р 2aP 
l +a l+a 








Mole fraction 





Partial pressure 


Assuming both gases are perfect ay = B. 
р 


к_ Фв/РЭ! _ 4о?р 


Рвг›/р° (1—a2?p9? 1-а 


2 
= 4024) 02445 = [024] 


~ 1- (0.24)? 





Ip = р?| 


(b) AG? = —RT In K = —(8.314J K^! шог) x (1600 К) x (0.2445) 


= 19 КЈ mol`! 


AH? 
© шк0273К)-шк(600к)-22-(-1-.-1- 
R \2273К 1600K 
ER 112 x 10? шог”! 
— In(0.2445) — мек. х (-1.851 х 1074) 
8.314) K-! шог” 


= 1.084 
К(2273К) = e! 98 = 
v(CHCl3) = 1, v(HCl)=3, (СНА) = –1, v(Ch) = -3 
(а) = A,G? = AG? (CHCl, 1) + 3A¢G* (HCI, g) — ArG? (CH4, р) 


= (—73.66 kJ mol~!) + (3) x (—95.30kJ mol!) — (—50.72 kJ mol!) 


= | —308.84kJ шог! 





A,G® —(—308.84 х 107 J mol! Е 
ink omine ee = 124.584 
RT (83145JK-! mol) x (298.15К) 
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(b — AH? = АН (CHCl, 1) + 3AH? (HCI, в) — ArH? (CHa, р) 


= (—134.47 kJ mol!) + (3) x (—92.31 kJ mol!) — (—74.81 kJ mol!) 





= —336.59 kJ mol! 
AH? 1 1 
In K(50°C) = In К(25 °С г -a } ЇЙ 
касб ien etn ааг (к xx)! =н 
= —336.59 x 10 J mol! = 
= 124.584 — | LL | x (72:594 x 107^ К!) = 114.083 
8.3145J KT! mol 


AG? (50°C) = —RT In K(50?C) [7.17] = —(8.3145J K7! mol!) x (323.15 К) x (114.083) 


= | —306.52kJ mol! 


E7.4(b) Draw up the following table. 





A + B = С + 2D Total 
Initial amounts/mol 2.00 1.00 0 3.00 6.00 
Stated change/mol +0.79 
Implied change/mol —7.09 —7.09 +7.09 +1.58 
Equilibrium amounts/mol 1.21 0.21 0.79 4.58 6.79 


Mole fractions 0.1782 0.0302 0.1162 0.6742 0.9999 


(a) Mole fractions are given in the table. 


(b) = а”, 
J 
(0.1163) x (0.6745)? 
Ky илэн MÓ————— MÀ em—À 
" (0.1782) х (0.0309) 


(c) ру = хур. Assuming the gases are perfect, ay = pj/p?, so 


e өү2 
K= Weld ВАРЫ E = Кү (4) =K, when р = 1.00bar 
(pa/p*) х (рв/р°) 


= 


@ A,G? = —RT In K = —(8314J K^! mol!) х (298 К) х In(9.609) 


=| —5.6 kJ mol! 
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E7.5(b) At 1120K, A,G? = +22 x 103 J mol! 








A,G® 22 x 103 Jmol! - 
In K(1120K) = —— = ТЕНИНЕ de ИИИЙ = —2.363 
RT (8.314 J K^! шог) x (1120 K) 
К = е72363 5941 x 1072 
A;H? (1 1 
InK; = ln K, ——- | — - — 
— € R [x 5) 
Solve for T? at In Ko = 0 (K2 = 1) 
1  RinK 1 8.3141К-1! шог! -2.363 1 = 
i 22 i t mo dis ) — 736 x 10-4 
Т АН Ti (125 х 103J mol!) 1120K 


dinK) _ —A,H® 











E7.6(b) Use ——— = 
60) Use Fay) R 
1 soa; ү 
We have In К = —2.04 — 1176K T +2.1 x10 K T 
АН? iV 
os —1176К + (2.1 x 107 КЗ) x 3 (7) 
T —450K so 
AU 1176 K + (2.1 x 107 КЗ) x 3 Ly 865K 
— = — lx —— = — 
450К 
AH? = +(865K) x (8.3147 mol! K^!) =| 7.191 kJ mol! 
Find AS? from A,G® 
A,G? = —RTIn К 
1176K 2.1 x107 КЗ 
= —(8.314J K^! mol!) x (450K 3.04 —— qo ts 
( did x 450K (450К/ | 
= 16.55 kJ mol! 
A,G? = A,H? — TA,S? 
AH? — A,G? — 7.191kJ mol! — 16.55 kJ mol! == 
AS? = = = —20.79 J K^! mol! 
е Т 450 К Эм 
—|-21JK^! mor! 
E7.7(b) U(s) + 3Ho(g) = UH3(s),  ArG? = —RTInK 


At this low pressure, hydrogen is nearly a perfect gas, а(Н2) = (p/p?). The activities of the solids are 1. 
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-3n 
Hence, In K = In (£) - REDE 
p 2 p? 

3 
A(G* = SRT In 55 


3 
= (5) х (8.314) K^! mol!) x (500K) x In ( 


= | —41.0 kJ mol! 


E7.8(b) K, = П> " [analogous to 7.16] 
J 


139 Pa 
1.00 x 10? Pa 


The relation of K, to К is established in /llustration 7.5 


PI is , pi 
К; = (8) us with aj — Д 
TG 2 
Уул T 
= rm (8) [py = хр] = Kx х (4) Б 
: p p 


J 


Therefore, Kx = К (р/р?) ' , Ky ex p^" [К and p? are constants] 





к=1+1—1—1=0, thus [K.Q bar) = K;(1 bar) | 








E7.9(b) № (8) + О (в) 22NO(g) К = 1.69 x 107?at 2300 K 
5.0 = 
Initial moles № = —— — —. = 0.2380 mol N2 
28.01 g mol ^ 
2.0 = 
Initial moles Оз = ————#_— = 6.250 x 10-2 mol O% 
32.00 g mol ^ 

Мә О» МО Total 
Initial amount/mol 0.2380 0.0625 0 0.300 
Change/mol —2 =z +2z 0 
Equilibrium amount/mol 0.2380 — z 0.0625 — z 2z 0.300 
та 0.2380 — z 0.0625 — z 24 й) 

i —M M ae 
0.300 0.300 0.300 
Р\' 
K=K (=) v=) v =0]|, then 
P J 
2z/0.300)? 
K= К, тш ____ .Qu/0300  &3— 
0.2380 — 3 Е E - =) 
0.300 0.300 
4:2 


Е рые P НҮЭ 
(0.2380 — z)(0.0625 — z) 
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4z? = 1.69 х 10-3{0.01488 — 0.3005z + 22} 
= 2.514 x 1075 — (5.078 x 1075)z + (1.69 x 1072)22 


4.00 — 1.69 x 10-3 = 4.00 so 


Az? + (5.078 x 10-4): — 2.514 x 107° = 0 


—5.078 x 10-4 + ((5.078 x 1074)? — 4 x (4) x (—2.514 x 1075)}!/2 
8 


< 


1 T 
= (5.078 x 1074 + 2.006 х 1072) 


1-0 [z < 015 physically impossible] so 
z = 2444 x 1077 


2z 2(2.444 x 1073) d 
*NO= 9309 = — с г 1519 








K АНТ 1 2 к (5) 
E7.10(b) In — = = so AjH? = 


To XT 1 1 
JT F 


К 
T=310K, Т = 325 К; let =K 


(8.314) K7! mol!) _ 
я А H* = току _ (1395 Күү 1 = 55.84 1711 
ди (1/310К) — (1/325K)) ^^ 84kJmol" шк 


(а) к=2 ApH? =(55.84kJ mol!) х (102) = | 39 kJ mol! 
1 - 
0) к=5 Ан? = (55.84 kJ mol) х (In 3) = | —39 kJ mol! 


E7.11(b) NH4CI(s) = NH2(g) + HCl(g) 


р = p(NH3) + p(HCl) = 2p(NH3) [p(NH3) = р(НСІ)] 


= 


g (PNE), (p(HCD| _ рїн? 1 (pY 
"Ap ЛА pate 


1 608 КРа ү? 
At 427°C (700K), K=- — [9.24 
оок) 47 (com) 


а) к= [|а (7.16); © a(gasesy= P: — a@(NH4Cl, $) = 1 
р 
7 











1 1115 kPa V? 
459° ЭЮ, = 
At 459°C (732K), К сх (юу) 31.08 
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(b) A,G? = —RT In K [7.8] = (—8.314J K^! mol!) x (700K) x (109.24) 


—|—12.9kJ mol^! | (at 427°C) 


RIn(K'/K) а 


(/Т-1/Т) 


(8.314) K7!mol7!) x In (31.08/9.24) 
pg E ИГ ААА аана res ба 
(1/700K) — 0/732K) х = 
А.Н? — A,G® 161 kJ mol!) — (—12.9kJ mol! 
пай = ae” 1 шо ын mol) | |248JK-! mol! 
T 700K 


E7.12(b) The reaction is 


(c) A,H? = 





CuSO, -5Н:0О(5) = CuSO4(s) + 5H20(g) 


For the purposes of this exercise we may assume that the required temperature is that temperature at 
which K=1, which corresponds to a pressure of 1 bar for the gaseous products. For К = 1, шК = 0, 
and A,G? = 0. 


A,G? = А.Н? — TA,S? 20 when AQLH? = TA,S? 


Therefore, the decomposition temperature (when K — 1) is 


_ AH? 
^ As’ 


CuSO; - 5H20 (s) = CuSO; ($) + 5H20 (g) 
A,H? = [(—771.36) + (5) x (—241.82) — (—2279.7)] kJ то!" = +299.2 kJ mol”! 


A,S® = [(109) + (5) x (188.83) — (300.4)] JKT! mol! = 752.8 J K^! mol! 


2992 х 103 J mol! 
Therefore, T — cob ira ША =|397К 


752.8) K^! шог”! 
Question. What would the decomposition temperature be for decomposition defined as the state at which 
К = 1/2? 
E7.13(b) РЫ» (5) -РЬ (ад) Ks = 1.4 x 1078 


AG? = —RT InKs = —(8.314J КТ! шог!) x (298.15K) x In (14 х 1078) 
= 44.83 kJ mol! 
ArG? = А{С° (РЫ, ад) — AfG? (РЫ, 5) 


АС (Pb, ад) = AG? A + АгС° (Pbl, s) 
= 44.83 kJ mol! — 173.64 kJ mol”! 


= | —128.8 kJ mol`! 


E7.14(b) 


E7.15(b) 
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The cell notation specifies the right and left electrodes. Note that for proper cancellation we must equalize 
the number of electrons in half-reactions being combined. 


For the calculation of the standard emfs of the cells we have used E? = ER - ЕР , with standard electrode 
potentials from Table 7.2. 


(а) В: Agj;CrO4(s)--2e- — 2Ag(s) + CO? (aq) +0.45 У 
L: Ch(g)+2e7 — 2СГ (аа) +1.36 У 
Overall (К — L): AgyCrO4(s) + 2СГ (aq) — 2Ag(s) + CrO?- (aq) +(Chg) —0.91 V 

(b) В: Sn**(aq) + 2е7 — Sn**(aq) +0.15V 
L: 2Fe*+(aq) + 2е- -> 2Бе2 (aq) +0.77 V 
Overall (R— 1): 805 (ад) + 2Ее?+(аа) — Sn?* (aq) + 2Fe?* (аа) —0.62 V 

(с) R:  MnO»(s) +4Н*(аа) + 2e- — Mn?* (aq) + 2Fe?* (aq) +1.23 V 
L: Си2+(ад) + 2е7 > Cu(s) +0.34 V 
Overall (В — 1): Cu(s) + MnO2(s) + 4H+ (aq) > Си? (ад) + Mn?* (aq) 

+2H20(1) +0.89 V 


COMMENT. Those cells for which E? > 0 may operate as spontaneous galvanic cells under standard 
conditions. Those for which E? < 0 may operate as nonspontaneous electrolytic cells. Recall that E? informs 
us of the spontaneity of a cell under standard conditions only. For other conditions we require E. 


The conditions (concentrations, etc.) under which these reactions occur are not given. For the purposes 
of this exercise we assume standard conditions. The specification of the right and left electrodes is 
determined by the direction of the reaction as written. As always, in combining half-reactions to form 
an overall cell reaction we must write half-reactions with equal number of electrons to ensure proper 
cancellation. We first identify the half-reactions, and then set up the corresponding cell. 


(a) В: 2Н:00)--26 — 20H (ад) + Ha(g) — 0.83 V 
L: 2Na*(ag)--2e- — 2Na(s) —2.71V 


and the cell is 


Na(s)|Na* (ад), ОН” (aq) |H2(g) Pt 


or more simply 


Na(s)|NaOH(aq)|H2(g)|Pt 


(b В: 1(58) + 2е - 21 (аа) + 0.54 У 
L: 2H*(aq) + 2е7 — Н (в) 0 


and the cell is 


Pt |Hp(g)| Н+ (aq), I (aq) 1ї5(8)| Pt 


or more simply 


Pt|H2(g)|HI(aq)| 12($)| Pt 
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(с) R: 2H*(aq) + 2е7 > Н, (в) 0.00 V 
L: 2Н20(1) + 2e7 > Ho(g) + 20H" (aq) 0.083 V 
and the cell is 


Pt |H2(g)| Н+ (aq), ОН” (aq) [Ho (g)IPt 


or more simply 


Pt|H2(g)|H20(1)|H2(g)|Pt 


COMMENT. All of these cells have E? > 0, corresponding to a spontaneous cell reaction under standard 
conditions. If E? had turned out to be negative, the spontaneous reaction would have been the reverse of 
the one given, with the right and left electrodes of the cell also reversed. 


RT 
E7.16(b) (à Е= Е ШО v=2 
v 


0- П aj = ee le [all other activities = 1] 
J 
b 
= ala? = (у-5-3 х (у-5-3 |^ = pe here and below] 


= (уу)? x (ЬЬ)? = yib* [5.66, b+ = b, b- = b] 





E* ~~ in (y,b) 








RT 
— ре M 4,4) — 
Hence, Е =Е OF In (х2) 


(b AG = —vFE [7.27] = – (2) х (9.6485 х 10* C mol!) х (0.4658 V) = | —89.89 kJ mol”! 


(с) log y, = — [2+2 AI! [5.69] = —(0.509) x (0.010)172 [I = b for HCl(ag)] = —0.0509 





уз = 0.889 


2RT 
E° = E + — In (y4b) = (0.4658 V) + (2) х (25.693 x 1072 V) x In (0.889 x 0.010) 


- Бозу) 


The value compares favorably to that given in Table 7.2. 


vFE? 
RT 
(a) Sn(s) + CuSO4(aq) = Cu(s) + SnSO4(aq) 


[7.30] 





E7.17(b) In each case In К = 


: 2+ = 
R: = (aq) + ча — Cu(s) +0.34V 048 V 
L: Sn“ (ag) + 2е7 — Sn(s) —0.14V 


48V е 
_ ROR) эж э к-[үтх10б 


In К 
25.693 mV 


E7.18(b) 


P7.1 
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(b) Cu*+(aq) + Cu(s) = 2Cu* (ад) 


В: Си (аа) +e7 > Си(аа) +0.16V 
L: Cut (аа) +е` > Сиз) + 0.52У 


-0.36У Е 
= —W— = - 14.0, = 5. 10-7 


В: 2Bi>+(aq) + бе — 2Bi(s) 


| - 0.36 У 


L: Вїо$з($) + бе — 2Bi(s) + 3S?- (ад) 
Overall (R — L): 2Bi?*(ag) + 352 (aq) > Вї83(8) v =6 


vFE? | 6(096V) 
RT (25.693 x 10-3 V) 





InK = = 224 


аВіз53 (5) 2 M5 _ 224 
22 аЗ ^ 1934-72 гео 13 — 5 
Bi>+ (aq) S? (aq) [Bi ] [S ] 
In the above equation the activity of the solid equals 1 and, since the solution is extremely dilute, 
the activity coefficients of dissolved ions also equals 1. Substituting (8271 = 1.5[Bi?*] and solving 


for [Bit] gives [Bi?^*] = 2.7 x 10-20 M. Віз has a solubility equal | to 1.4 x 1072? M. 


(b) The solubility equilibrium is written as the reverse of the cell reaction. Therefore, 


(a) К = 


Solutions to problems 


Solutions to numerical problems 


(а) Ад? =—RTInK = —(8.314J K7! mol!) x (298K) x (In 0.164) = 4.48 x 103 J mol! 


= | +4.48 KJ mol! | 


(b) Draw up the following equilibrium table. 











b Br? IBr 
Amounts E (1 — о)п 2an 
Mole fractions pe (1 — o) 2a 
(1 4- a) (1 +о) 
Partial pressure (1 — о)р 2ap 
(1+а) (1 а) 
(ив?) (Qe) p/p} _ (4о?(р/р?)) 


К = а? [7.16] = ^_^ [perfect gases] = = — АА = 0.164. 
П L psp р Bases] = Gay (+a) 1a 
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With p — 0.164 atm, 


1 
4o? = 1 — o, a m, a = 0447. 





5 
2a (2) x (0.447) 
кее = = 0.164 atm) =| 0.101 atm |. 
PIBr ce хр 110447 x( atm) atm 


(c) The equilibrium table needs to be modified as follows. 
P = Ph + Рвь + PIBr> 
Рвг› = ХВг,р, Рївг = Хївгр, Ph = хр 


(1 —а)п 
(1 +а)п + т, 





with хвг = [п = amount of Br? introduced into container] 


2an 
(1 + а)п + т, à 
K is constructed as above [7.16], but with these modified partial pressures. In order to complete 
the calculation additional data are required, namely, the amount of Br» introduced, п, and the 
equilibrium vapor pressure of 1, ($). nr, can be calculated from a knowledge of the volume of the 
container at equilibrium which is most easily determined by successive approximations since pr, is 
small. 


and хївг = 


Question. What is the partial pressure of IBr(g) if 0.0100 mol of Br2(g) is introduced into the 
container? The partial pressure of 12 (5) at 25°C is 0.305 Torr. 








3 
P7.3 U(s) + 5Н2(8) = ОН; (5), К = (p/p?) 3/2 [Exercise 7.7(b)]. 
dIn K d 3 
А(Н? = RT? 7.23a] = RT? — | —~ шр/р® 
f dT [7.23a] mal pip") 

3. ,4шр 

--LIRT? 
2 dT 

_ _3 p72 (1464 х 10*K — 5.65 
2 T? T 


- -jRü 464 x 10*K — 5.657) 





= | —(2.196 x 10* К —8.48T)R | 
| | 





4(А‹Н°) = АсСр4АТ [from 2.36] 


OALH? 
eA = ( эт )- 848R. 





Р7.5 CaCl - NH3(s) = CaClo(s) + NH(g, К = e 
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Since A,G® and In К are related as above, the dependence of А,С° on temperature can be determined 
from the dependence of In K on temperature 


А.б® = -RT In K = -RT In 2. 
р 





17.1 КРа 
= — (8.3147 K^! mol^!) x (400 К) x In | — —— | [p° = 1b 
( mol ) х ( ) x г (кок ) [р аг] 
= +13.5kJ mol! at 400K. 
A,G?(T AG? (T' 1 1 
Ме) = АСС) = A,H® | — — — |[7.25]. 
T Т" T Т 
Therefore, taking Т” = 400 К, 
A;G? (T) = | — | х (13.5 kJ шог) + (78 kJ mol) x (1- = 
E 400 K | 400 К 
a (13.5 — 78) kJ шог”! T 
= (78 kJ mol! - |. 
( mol` ) + ( 200 ) x (5) 
That is, AG? (T)/(kJ тої!) =| 78 — 0.161 x (T/K) |. 
P7.7 The equilibrium we need to consider is А2(6) = 2A(g). A = acetic acid. It is convenient to express the 


equilibrium constant in terms of o, the degree of dissociation of the dimer, which is the predominant 
species at low temperatures. 














A A2 Total 
At equilibrium 2an (1 + а)п (l+a)n 
Mole fraction 1 P То 1 
Partial pressure т ( : г z) p p 


The equilibrium constant for the dissociation is 


2 
2a) (4) 
PN Да? | 2 
2 
K= (2 РА p? | 


Е DA» Е PaP? i 1- o? 





We also know that 





V 
рУ = пош АТ = (1+ о)пЕТ, implying that а = д 1 andn = ЭР 


In the first experiment, 


_ РУМ _ , _ (101.9 kPa) х (21.45 x 10 Зап?) x (120.1 g mol") 
~ mRT "7 (0.0519 g) х (8.314 kPa dm? K^! mol!) x (437 К) 





1 = 0.392. 
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(4) x (0.392)? х (764.3/750.1) 
Hence, К = 10.740, 
ence 1 — (0.392)? 0.740 


In the second experiment, 





_ PVM _ , _ (101.9 kPa) x (21.45 x 10 Зап?) х (120.1 g mol) 


= <a 1 = 0.764. 
mRT (0.038 g) x (8.314 kPa dm? K~! шог!) x (471 К) 
764.3 
(4) x (0.764? x (551) 
Hence, К = —————————— = =| 5.71 |, 
хаа 1 — (0.764)? 
The enthalpy of dissociation is 
5.71 
AH? = —— К — [725, Exercise 7.10(а = ———————^—— = 4-103 kJ шог". 


1 1 1 1 
T T' 437K 471K 
The enthalpy of dimerization is the negative of this value, or | —103 kJ mol! | (i.e. per mole of dimer). 


The equilibrium 12(6) = 2I(g) is described by the equilibrium constant 


4o? Z) 
А02 p (5 


С х1)? р? 1-02 





[Problem 7.7]. 


RT 
If p? = A thenp = (1 + @)p°, implying that 





We therefore draw up the following table. 





937 K 1073 К 1173 К 
platm 0.06244 0.07500 0.09181 
10^n, 2.4709 2.4555 2.4366 
RT 
p^latm 0.05757 0.06309 0.06844 В = "| 
a 0.08459 0.1888 0.3415 


K 1.800 x 1073 1.109 x107? 4.848 x 1072 








InK 
AH® = RT? x (225) = (8.314 J K^! то!) х (1073 К?) х ( 


= | +158 kJ mol! |. 


-3.027- x 
200K 
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Р7.11 The reaction is 
Si(s) + H5(g) = SiH2(g). 


The equilibrium constant is 


g= (-5=) Е (4) (==) 
= ехр RT |7 exp RT exp R А 


Let А be the uncertainty іп ЛН? so that the high value is л + the low value. The К based on (ће low 
value is 


К = ех -АНо„ ех Ars? = ex АН ех 8. ёх AS" 
lowH = exp RT р R = exp RT р ЕТ р R 


h 
= exp (хт) Кьеьн- 

















E d 


KiowH ( h ) 
So —— == exp | — |. 
Кыевн КТ 








KiowH (289 — 243) kJ mol! 8 
а) At 298 К, =ехр[—————————————|!=|1.2х10[ 
" Knight (aaa x 10-3 kJ K^! шог”) х (298 5) 

KiowH (289 — 243) kJ шог”! ^ 
b) At 700 К, = exp | ——— — ——————Àá-————— |=|27 x 10° | 
Ж KhighH (ана x 10-3 kJ K^! шог!) х (700 К) 


11/5 b b 
P7.13 I=—}(—) 2 —) 2475.71) =4{ —). 
ш 2 (5), is). |! l (5) 
For CuSO,, 1 = (4) х (1.0 x 1073) =| 4.0 x 1073 | 
For ZnSO4, I = (4) x (3.0 x 1073) =| 1.2 x 1072 | 


(b) log y+ = —|г+2-—|АГ!/”?. 


log y+ (CuSO4) = —(4) х (0.509) х (4.0 x 103)! = —0.1288, 


ys(CuSOq) = [0.74] 


log y+ (ZnSO4) = — (4) x (0.509) х (1.2 x 1077)!/2 = —0.2230, 


y+ (21504) = [0.60] 


(с) The reaction in the Daniell cell is 


Си?+ (aq) + SOZ- (аа) + Zn(s) — Cu(s) + Zn?*(aq) + 502 (aq). 
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а(2п2+)а(802-, К) 


Hence, Q = — — 
Q a(Cu?*)a(SO?-,L) 


_ ууд (Zn?*)y b (SO; ,R) 


b 
b = — here and below 
у+Ь+ (Си? +) y b. (SO7 ,L) | b? | 


where the designations R and L refer to the right and left sides of the equation for the cell reaction 
and all b are assumed to be unitless, that is, Б/Р. 


b, (Zn?*^) = b- (SO2-, В) = b(ZnSO,). 


b4 (Си? +) = b. (5025,1) = Б(Си80,). 


Therefore, 


? (ZnSO4)P? (ZnSO. .60)? 0 х 1073)? _ 
„= 4)b^ (Zn E LED ишь 07) -s93-[ss] 
у2(Си60,)52(Си860,) (0.74)? x (1.0 x 10-3) 


—(-212.7 x 10? S 
И ет] 








vF ~ (2) x (9.6485 х 10* C mol!) 
25.693 x 10-3 25.693 x 10-3 5 
(€) т” она (zm v) In(5.92) 
v 
= (1.102V) — (0.023V) =| +1.079 V |. 
P7.15 The electrode half-reactions and their potentials are 
Е? 

В: Q(aq) + 2H* (aq) + 2e7 —> ОН, (аа) 0.6994V 
L: Hg Cl2(s) + 2e — 2Hg(l) + 2СГ (aq) 0.2676V 
0.4318 V 


Overall (К — L): О(аа) + 2H* (aq) —> ОН, (ад) + Hg>Clo(s), 


: : а(ОН») 
reaction quotient) = —— —————— — —. 
a quotient) = Оза ня СТГ) 
Since quinhydrone is an equimolecular complex of О and ОН», m(Q) = т(ОН,) and, since their 
activity coefficients are assumed to be 1 or to be equal, we have a(QH5) ~ a(Q). Thus 





1 25.7 mV . 
О= аЗ(Н+)а2(С1—)” Е = Е° — In Q [Illustration 7.10]. 
lapi я Шин Өлөн gh рай, 
25.7 mV 257 x 10-3 V 


b 
а?(Н*) = (y4b4)?; a (CIT) = (y-b-) [e= =|: 
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For HCl(aq), b+ = b- = b and, if the activity coefficients are assumed equal, а?(Н*) = а?(СГ); 
һепсе 


1 1 
= PHa (СГ) аня) 


1\1 1 1/4 
Thus, а(Н+) = (5) = (==) -9х 10-3, 


Q 


0 1.49 х 108 
pH = —loga(H*) = [2.0], 
P7.17 H»(g)|HCl(ag)|Hg;Cb (s) Hg(I. 


Е = Е° — = ша(Н+)а(СГ) [Section 7.8]. 


b 
a(H*) 2y,b, —y,b; a(Cl-) =y_b_ = y-b |^ - рее апа below à 


a(H*)a(CI-) = y,y-&? = yp". 
2RT 2RT 
Е=Е — -p lnb- -p Inys. (a) 


Converting from natural logarithms to common logarithms (base 10) in order to introduce the Debye— 
Hiickel expression, we obtain 


2.303) x 2RT 2.303) x 2RT 


= E? — (0.1183 У) log b — (0.1183 У) log y+ 


og yx 


= E? — (0.1183 V) log b — (0.1183 V) | АГ? 
= E? — (0.1183 V) log b + (0.1183 V) x A x b!’ [I = b]. 
Rearranging, 
Е + (0.1183 V) log = E? + constant x b!/?. 


Therefore, plot E + (0.1183 V) log b against b!/?, and the intercept at b = 0 is E?/V. Draw up the 
following table. 


b/(mmol kg 1 ) 1.6077 3.0769 5.0403 7.6938 10.9474 
b \ 1⁄2 
(5) 0.04010 0.05547 0.07 100 0.08771 0.1046 


E/V + (0.1183) log b 0.27029 0.27109 0.27186 0.27260 0.27337 


The points are plotted in Fig. 7.2. The intercept is at 0.26840, so E? = +0.26840 V. A least-squares 
best fit gives E? =| +0.26843 V | and a coefficient of determination equal to 0.99895. 
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E/ V + 0.1183 log(b/b® ) 





0 0.02 0.04 0.06 0.08 0.10 
(ь/ь°® y^ Figure 7.2 


For the activity coefficients we obtain from equation (a) 


E? —E b _ 0.26843 — E/V b 


ВТР "be 005139 npe 





In ya 


and we draw up the following table. 


b/(mmol ке!) 1.6077 3.0769 5.0403 7.6938 10.9474 


In y+ —0.3465 —0.05038 —0.6542  —0.07993 —0.09500 
V+ 0.9659 0.9509 0.9367 0.9232 0.9094 





The cells described in the problem are back-to-back pairs of cells each of the type 
Ag (s) |АрХ (s) [МХ (51) |MxHg (s) . 
В: Mt (bi) +e7 = М,Не(8) (Reduction of M* and formation of amalgam) 
Г: AgX(s)+e — Ag(s)+X (bi) 
R-L: Ag(s)+M* (р) + ХТ (bı) 28 M,Hg(s) + AgX (s), v-l. 


_ a (м,н,) 
OF адм?) а(х) 


КТ 
Е =Е° — no. 
Е "0 
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For a pair of such cells back to back, 


Ав (s) [АРХ (s) [МХ (b1) |M;Hg ($) [МХ (52) [АРХ (s) |Ag ($), 
Rt RT 
Eg = E° — = In Qn. EL = E° — -p №01, 


ge, ©. RT, ӨМ”) ЭЭ, 
Е Ок Е (а(М)а(х-))ь 


(Note that the unknown quantity a (M,Hg) drops out of the expression for Е.) 


а(м+) а(х) = (55) (55) =}? (2) (by — b). 


With L = (1) and R = (2) we have 








2КТ , bi ОЕТ. y«(l) 
E- In n . 
Е b Р yx Q) 





b 
Take 5» = 0.09141 mol кв?! (the reference value), and write b = 2 


Бе` 

2RT b 

бъ ta pin M 
F 0.09141 y+ (ref) 








For b = 0.09141, the extended Debye-Hückel law gives 


(—1.461) x (0.09141)!/2 
(1) + (1.70) x (0.09141)!/2 


ya (тей) = 0.5328. 


+ (0.20) x (0.09141) = —0.2735, 





log y+ (ref) = 





b Y+ 
= (0.05139 V) x [In — — +1 
Then Е = (0.05139 V) x (in 099141 * " тэн) 


Ь 
— Ll ' 
0.05139 У а (0.09141) х (0.05328) 





In y+ = 


We then draw up the following table. 
5/ (mol/kg~') 0.0555 0.09141 0.1652 0.2171 1.040 1.350 


Е/У —0.0220 0.0000 0.0263 0.0379 0.1156 0.1336 


y 0.572 0.533 0.492 0.469 0.444 0.486 


A more precise procedure is described in the original references for the temperature dependence of 
E? (Ав, AgCI, СГ); see Problem 7.20. 
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a 
Р721 (а) From (22) — V [3.50], 
др /т 


. (9G 
we obtain = AV. 
др /т 


Substituting А.С = —vFE [7.27] yields 


9Еү _ AV 
др тл УЕ | 


(b) The plot (Fig. 7.3) of E against р appears to fit a straight line very closely. A linear regression 











analysis yields 
Slope standard deviation = 3 x 10-6 mV аша! 
Intercept— 8.5583 mV, standard deviation = 2.8 x 10-3 mV. 
R = 0.99999701 (an extremely good fit). 

From A.V 





(25) Е (-2.666 х 10-6 m3 mol-!) 
Тл 








9р 1 х 9.6485 х 105 C mol! ` 
Pam? m? V 
Si =VC= 3, - ширэн 
ince J С = Рат С ү ог С Pa 
Therefore 
дЕ 2.666 х 10-6 \ У 1.01325 х 105 P. 
(58) = = x Ха = 2.80 x 10-6 аш! 
ӘР / ти 9.6485 х 104 / Ра айп 


—|2.80 х10-3 mV atm™! | 


This compares closely to the result from the potential measurements. 


13 


E/mV 


0 500 1000 1500 
p/atm Figure 7.3 
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(c) A fit to a second-order polynomial of the form 
E=a+bp+ cp? 
yields 
a — 8.5592 mV, standard deviation — 0.0039 mV 
b = 2.835 х 10-3 mV atm^!, | standard deviation = 0.012 х 1077 mV атг! 
с = 3.02 x 107? mVatm"?, standard deviation = 7.89 x 107? mV atm"! 


R = 0.999 997 11. 


This regression coefficient is only marginally better than that for the linear fit, but the uncertainty in 
the quadratic term is > 200 per cent. 


9Е 
(=) =b + 2ср. 
др /r 


дЕ 
The slope changes from (52) = b = 2.835 x 10-3 mV ат! 
min 


др 
дЕ -3 -1 
to | — = b+ 2с(1500 atm) = 2.836 x 1077 шУаш `. 
ЭР / max 
дЕ 
We conclude that the linear fit and constancy of (=) are very good. 
р 


(4) We can obtain an order of magnitude value for the isothermal compressibility from the value of с. 


92Е 1 (2277) 
ын == Эе. 
Р 














др? vF \ др 
эл (94) 2wF 
КТ)се = V Әр " = Vv 
Э 5 82.058 cm? at 
2(1) х (3.02 х 10-1? V atm) х (9.6485 x 104 C mol!) х (Su) 
(KT) cell = - 
18.016 
(1 m3/0.996 g) х Ё 
1 mol 


= |3.2 x1077 атт! | standard deviation ~ 200 per cent 


where we have assumed the density of the cell to be approximately that of water at 30?C. 

COMMENT. tis evident from these calculations that the effect of pressure on the potentials of cells involving 
only liquids and solids is not important; for this reaction the change is only ~ 3 x 1079 V atm" !. The effective 
isothermal compressibility of the cell is of the order of magnitude typical of solids rather than liquids; other 
than that, little significance can be attached to the calculated numerical value. 

We need to obtain А, Н? for the reaction 


ҮН: (g) + Uup* (ag) > Uup (s) + H* (aq). 


We draw up the thermodynamic cycle shown in Fig. 7.4. 
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H* (g) + Uup* (g) 

































Е(Н) 13.6eV —11.3eV 
H(g) + Uup* (g) Any H? (H+) 
+ + 
мэ" 1х 456у Н (aq) + Uup (g) 
cca хан, 1H; + Uup* (g) -5.526У 
3.22eV H*(aq) + Uup(g) 
ЇН; + Uupt(aq) =һзеў 
А 
А„Н° H* (aq) + Uup(s 
í B ia a Figure 7.4 


Data are obtained from Tables 10.3, 10.4, 11.4, 2.7, and 2.7b. The conversion factor between eV and 
kJ тог”! is 


1 eV = 96.485 kJ mol”! 


The distance from A to B in the cycle is given by 
1 
ArH? = x = (3.22eV) + (5) x (4.5eV) + (13.6eV) — (11.3eV) — (5.52eV) — (1.5eV) 


= 0.75eV. 
A,S° = S? (Uup, s) + S? (Н+, aq) — 15° (Ho, g) — S? (Uup*, aq) 


= (0.69) + (0) — (5) x (1.354) — (1.34) meV K^! = —1.33 meV K^. 


A,G® = A,H® — TA,S? = (0.75 eV) + (298.15 К) x (1.33 meV к=!) = 41.15 eV 


which corresponds to | +111 kJ шог”! | 


—A,G® = 
The electrode potential is therefore ———, with v = 1, or| —1.15 У | 
e electrode potential is therefore — „—, with v or[—1.15 v | 





Solutions to theoretical problems 


P7.25 We draw up the following table using the stoichiometry A + ЗВ — 2C and Ди, = ъё. 
A B C Total 
Initial amount /mol 1 3 0 4 
Change, Алу/то1 —E —3é +28 
Equilibrium amount / то] 1-6 30-06) 25 2(2 — £) 


1-8 30 —58) 5 
20-58) 20-08) 2-5 





Mole fraction 1 
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р 








(pc/p*)” x «(£) g 20-9 eee лн 


T (рА/р°) B/P — xax Se- $S0-D ip 





1602-8982. (=) 
~ 270 — 4 р) ` 


Since К is independent of the pressure 


2— £)2¢2 2 27 
Тв РЭГ = а? (5) , а? = — K,aconstant. 


(i —€)* p? 16 


Therefore (2 — &)& =a (£) x (1 — £y, 


ap,» ap ap 
(e x)e s) 


| 1/2 
which solves to! & = 1 — | — : 
3 ( 1-Р xx) 





We choose the root with the negative sign because & lies between 0 and 1. The variation of & with p is 
shown in Fig. 7.5. 





0.1 1 10 100 1000 
ap р?” Figure 7.5 


Р7.27 К; 2-a(M*)a(X-) = b(M+)b(X~)y?; |b(M*)-S, b(X)2Ss4C 
log y4 = —А/!/? = —AC!/? — ]ny, = —2.303 AC!/? 


s 1/2 
=e 2.303 AC 


2 —4.606 AC? 
ya = — e-4606AC 


УЕ 
К, = S'(S' + C) x е746064С'? 


К: 
We solve S? + S’C — => =0 
ҮЕ 
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1/2 
4K, ) 1 К; 


С ғ 
у? 


1 
to get S’ = С? + А 
5 2 | 2: Су 











5 "m Ке 4-606AC'/? 
Therefore, since y? = e *906AC ^ | gr a Е 
Solutions to applications 
P7.29 AG = AG? + RTInQ [7.11]. 


In equation 7.11 molar solution concentrations are used with | М standard states. The standard state (ө) 
pH equals zero in contrast to the biological standard state (Ф) of pH 7. For the ATP hydrolysis 


АТР(аа) + H20(1) > ADP(aq) + Р; (aq) + H30* (aq) 


we can calculate the standard state free energy given the biological standard free energy of —31 kJ шог”! 
(Impact 17.2). 
AGO = AG? + RT In(10~7M/1M) 
АС? = AG® — RT In(1077M/IM) = —31 kJ mol! — (8.314 Jmol~! K~!)(310 К) In(1077) 
= —31 kJmol^! + 41.5 kJ mol! = +11 kJ тої". 
This calculation shows that under standard conditions the hydrolysis of ATP is not spontaneous! It is 
endergonic. 
The calculation of the ATP hydrolysis free energy with the cell conditions pH = 7, [ATP] = [ADP] = 
[P7] = 1.0 x 10 ^? M, is interesting. 
АС = AG? + RT In Q = AG? + RT In([ADP][P; ][H*]/[ATP](1M)7} 
= +11 kJ mol! + (8.314 J mol! K!)(310 К) In(107Ó х 1077) = +11 kJ mol! — 77 kJ тої! 
= —66 kJ mol '. 
The concentration conditions in biological cells make the hydrolysis of ATP spontaneous and very 


exergonic. A maximum of 66 kJ of work is available to drive coupled chemical reactions when a mole 
of ATP is hydrolyzed. 


P7.31 Yes, a bacterium can evolve to utilize the ethanol/nitrate pair to exergonically release the free energy 
needed for ATP synthesis. The ethanol reductant may yield any of the following products. 


CH3CH20H — CH3CHO — СНзСООН — CO» +H20. 


ethanol ethanal ethanoic acid 


The nitrate oxidant may receive electrons to yield any of the following products. 


NO, > NO; > № > NH; . 


nitrate nitrite dinitrogen аттопіа 
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Oxidation of two ethanol molecules to carbon dioxide and water can transfer 8 electrons to nitrate during 
the formation of ammonia. The half-reactions and net reaction are: 


2[(CH3CH2OH(1) > 2CO»(g) + Н›О(@) 4-4Н (aq) + 4e7] 
NO; (aq) + 9H*(ag) + 8е- — NH3(aq) + 3H20(1) 





2CH3CH2OH(1) + H* (ад) + NO; (aq) —> 4CO2(g) + 5H20(1) + NH3(aq) 
A,G? = —2331.29 kJ for the reaction as written (a Table 2.5 and 2.7 calculation). Of course, enzymes 
must evolve that couple this exergonic redox reaction to the production of ATP, which would then be 


available for carbohydrate, protein, lipid, and nucleic acid synthesis. 


The half-reactions involved are: 


R: су, Te ж. CYtred Ее 


L: Dox +e — Па ED 
The overall cell reaction is: 


В — L = су + Dred = суй + Dox E? = Ex — Ep 


(a) The Nernst equation for the cell reaction is 


Е-Е”- E In [сука] [Dox] 
Е [су] [Drea] 


At equilibrium, E = 0; therefore 


[суба], [Dox leq F 


—— = 
[суох] [Drealeq RT 


[Dox leq E [cyt lox E _ 
5 isa - (гь) + RT (Ес, ED) . 


(85-8). 











[Ра [У V. 4 | 
Therefore а plot of In against In is linear with a slope of one and an intercept 
Dred leq [cyt] red 


of a (5. 


- E). 


(b) Draw up the following table. 











[Dox leq 
In —5.882 —4.776 —3.661 —3.002 —2.593 —1.436 —0.6274 
[Drea leq 


In ( [cytox leq 


) —4.547 —3.772 —2.415 —1.625 —1.094 —0.2120 —0.3293 
[су „а ед 
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[D : cyt 
The plot of In ( oxleq ) against In ( eum) is shown in Fig. 7.6. The intercept is — 1.2124. Hence 
red leq [суба leq 


RT 
gto yr x (—1.2124) + 0.237 V 


= 0.0257V x (—1.2124) + 0.237 V 


шар, 1ед/ [Dial 





In([eytox]eq/ [cYtrealeq) Figure 7.6 


P7.35 A reaction proceeds spontaneously if its reaction Gibbs function is negative. 
А.С = AG? + RTIn Q 
Note that under the given conditions, RT = 1.58 kJ шог”. 
0)  A,G/(kJ шог!) = A,G?(1) — RT In pmo = —23.6 — 1.581n 1.3 x 10-7 = + 1.5. 
Gi) — A,G(kJ mol!) = A,G° (2) — КТ1п(рн,орнкхо;) 


= —57.2 — 1.581n [аз х 1077) x (4.1 х 10-")] = +2.0. 


Gi) A,G/(kJ шог) = A,G°(3) — ЕТ 1п(рд,о PHNOs) 


= —85.6 — 1.58In[(1.3 x 1077)? x (4.1 x 107!)] = —1.3. 


Gv) A,G/(kJ тої!) = А.С (4) — ЕТ In(pj,o Puxo;) 


= —85.6 — 1.58In[(1.3 x 1077)? x (4.1 x 10719)] = —3.5. 
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So both the dihydrate and trihydrate form spontaneously from the vapor. Does one convert spontaneously 
into the other? Consider the reaction 


HNO; - 2H20(s) + H20(g) = HNO; - 3H2O(s) 
which may be considered as reaction (iv) – reaction (iii). Therefore A,G for this reaction is 
А,С = A,G(4) — А,С(3) = —22 kJ mol". 


We conclude that the dihydrate converts spontaneously to the | trihydrate | the most stable solid (at least 
of the four we considered). 


PART 2 Structure 


08.1 


08.3 


08.5 


9 Quantum theory: 
introduction and principles 


Answers to discussion questions 


At the end of the nineteenth century and the beginning of the twentieth, there were many experimental 
results on the properties of matter and radiation that could not be explained on the basis of established 
physical principles and theories. Here we list only some of the most significant. 


(1) The energy density distribution of blackbody radiation as a function of wavelength. 

(2) The heat capacities of monatomic solids such as copper metal. 

(3) The absorption and emission spectra of atoms and molecules, especially the line spectra of atoms. 
(4) The frequency dependence of the kinetic energy of emitted electrons in the photoelectric effect. 
(5) The diffraction of electrons by crystals in a manner similar to that observed for X-rays. 


The heat capacities of monatomic solids are primarily a result of the energy acquired by vibrations of the 
atoms about their equilibrium positions. If this energy can be acquired continuously, we expect that the 
equipartition of energy principle should apply. This principle states that, for each direction of motion 
and for each kind of energy (potential and kinetic), the associated energy should be E КТ. Hence, for 
three directions and both kinds of motion, a total of 3 КТ, which gives a heat capacity of 3 К per atom, 
or 3 R per mole, independent of temperature. But the experiments show a temperature dependence. The 
heat capacity falls steeply below 3 R at low temperatures. Einstein showed that, by allowing the energy 
of the atomic oscillators to be quantized according to Planck's formula, rather than continuous, this 
temperature dependence could be explained. The physical reason is that at low temperatures only a few 
atomic oscillators have enough energy to populate the higher quantized levels; at higher temperatures 
more of them can acquire the energy to become active. 


If the wavefunction describing the linear momentum of a particle is precisely known, the particle has 
a definite state of linear momentum, but then, according to the uncertainty principle, the position of 
the particle is completely unknown as demonstrated in the derivation leading to eqn 8.21. Conversely, 
if the position of a particle is precisely known, its linear momentum cannot be described by a single 
wavefunction, but rather by a superposition of many wavefunctions, each corresponding to a different 
value for the linear momentum. Thus all knowledge of the linear momentum of the particle is lost. In the 
limit of an infinite number of superposed wavefunctions, the wavepacket illustrated in Fig. 8.31 turns 
into the sharply spiked packet shown in Fig. 8.30. But the requirement of the superposition of an infinite 
number of momentum wavefunctions in order to locate the particle means a complete lack of knowledge 
of the momentum. 


E8.1(b) 


E8.2(b) 


E8.3(b) 


E8.4(b) 
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Solutions to exercises 
The de Broglie relation is 


VL. мон 6.626 x 10-34 15 
p ту m (1675 х 10-27kg) х (3.0 x 10-2m) 


у = | 1.3 x10? ms-!| extremely slow! 


The moment of a photon is 


h 6.626 х 10-3415 
= = = ——— ———— =|1.89 x 10-27 kgms”! 
X 350 x 10-9 m [189 х 107 kgms- | 


The momentum of a particle is 











p 1.89 х 10-27 kgm s7! 
m 2(1.0078 x 10-3 kg mol~!/6.022 х 1023 mol!) 


у=| 0.565 m s^! 


The uncertainty principle is 


p=m so v= 


1 
АрАх > 5h 
so the minimum uncertainty in position is 


" h h 1.0546 x 10—34 75 
л=-——=—=-—=———————=— 
2Ар  2m^v 2(9.11 x 10-3! кр) x (0.000010) х (995 х 10?ms-!) 


= | 5.8 х10-6 m 


Л Nah 
E=Ww= 7; E(per mole) = NAE = = 





hc = (6.62608 х 10-34 J s) х (2.99792 x 10% ms!) = 1.986 х 10-25 Jm 
Макс = (6.022 14 х 1023 шог!) x (1.986 x 10-25 Jm) = 0.1196 J m mol! 


1.986 х 10-7] 0.11967 j^? 
Thus, E — А : m. E(per mole) = с 


We can therefore draw up the following table 





3 E/J El(kJ шог!) 





(a) 200 nm 0.93 х 10-9 598 
(b) 150 pm 1.32 х 10-15 7.98 х 10? 


(с) 1.00 ст 1.99 х 10-23 0.012 





Е8.5(Ь) 


E8.6(b) 


E8.7(b) 


E8.8(b) 
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Assuming that ће “Не atom is free and stationary, if a photon is absorbed, the atom acquires its 
momentum p achieving a speed v such that p = mv. 


у= m=4.00 x 1.6605 х 10727 кв = 6.642 x 10-27 kg 
m 
Lh 
BUR 
6.626 х 107^ J " 
(a) p= x аа 3.313 x 10-27 kgms”! 


200 х 10-9 т 


р 3313x 1077 кет! w 
= = En 0.499 тв”! | 
y 6.642 x 10-27 kg [0499 та” | 


т 


6.626 х 10-3415 














b = "= 4417 x 10724 kgms7! 
Ф) P= px 1 * ae 
р 4417 x 10-27 кетт! a 
a oe = [665 ms-! | 
y m 6.642 x 10-27 kg [665 ms- | 
6.626 x 10-34 J s 
^^ = 6.626 х 10-32 к ra 
© P= 00x 102m i i 
6.626 x 10? К 1 
ээн = = E | 241998 10-6 ms—! 
т 6.642 х 10-27 kg 


Each emitted photon increases the momentum of the rocket Бу 4/4. The final momentum of the rocket 
will be № /А., where М is the number of photons emitted, so the final speed will be Nh/Amrocket. The 
rate of photon emission is the power (rate of energy emission) divided by the energy per photon (hc/A), 


so 
ІРА ( ІРА ) ( һ ) tP 
— and v= | — |x = 
he he Amrocket CMrocket 


(10.0 yr) х (365dayyr~!) х (24hday~!) x (36008171) x (1.50 x 10-3 W) 


(2.998 х 108 m s-!) х (10.0kg) 


Rate of photon emission is rate of energy emission (power) divided by energy per photon (hc/A) 


i neo Ms (010 WO эс (700 х 1077 m) =|3.52 х 107 3-1 
= hc ~ (6.626 x 10-3418) х (2998 х 108 ша-1) |2 S$ 
(1.0 W) x (700 х 107? Js) 
(b) rate = 6626 x 1043s) х (2998 x 108 ms 1j ^ 1292 X 10° в 


Conservation of energy requires 








y = 


Ephoton -шФ-Ек-/Лү-эЛс/Х3 so Ек = hc/X — Ф 





E 


and Ex = 1 теу? 50 у= 
2 те 
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(6.626 x 10-315) x (2.998 x 108 ms-!) 


a Ex = 
@) ле 650 x 10-9 т 


— (2.09 eV) x (1.60 x 10-1 Jev-!) 








But this expression is negative, which is unphysical. There is| no kinetic energy or velocity |because 
the photon does not have enough energy to dislodge the electron. 


(6.626 x 10-34 J s) x (2.998 x 108 ms-!) 
195 x 107? m 


-1684 x 10-91 


Р - (268х102 
~ \ 9.11 x 10-31 kg 








(b Ex= (2.09 eV) x (1.60 х 1071? Jev-!) 





1/2 


-1123 х106 m s7! 





E8.9(b) Е = hv = h/t, so 








(а) Е = 6.626 x 10-3 Js/2.50 x 10—!55 = | 2.65 х10-!9 J= 160 kJ mol ^! | 


(b Е = 6.626 х 10—34 15/2.21 х 10—155 = |3.00 х10- J = 181 kJ mol ^! 


(с) Е = 6.626 х 10734]75/1.0 х 10:38 = |6.62 х10-31 J=4.0 х10- kJ mol ~! | 














E8.10(b) Тһе de Broglie wavelength is 
1-- 
р 
The momentum is related to the kinetic energy by 
р? 
Ек = — so р = (2тЕк)!/? 
2т 
The kinetic energy of an electron accelerated through 1 V is 1 eV = 1.60 x 107!9J, so 


h 
X= 
(2тЕк)!/? 


6.626 х 10-34 15 














(а) A= 12 
(2(9.11 х 10:31 kg) x (100eV) x (1.60 x 10719 Јеу-!)) 
-1123 x107 19m 
6.626 x 10-3415 
b) Аа 172 
(209.11 х 10-3! кв) х (1.0 х 103eV) х (1.60 х 10-19 Јеу-!)) 
= |3.9 х10- m 
6.626 x 10-3475 
© A= 


~ (29.11 х 10-31 kg) х (100 x 103eV) x (1.60 х 10-191еу71))72 


=| 3.88 x107!2m 


E8.11(b) 


E8.12(b) 


E8.13(b) 


E8.14(b) 
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The upper sign in the following equations represents the math using the A+iB operator. The lower sign 
is for the A — iB operator. т is a generalized coordinate. 


| vid 18а = [Аа +i [лас 
= у Анат) +] f ibia) Â and Ê are hermitian [8.30] 


= | / ү IAl wide F i | vilae] 
id Гола zibar) 


This shows that the A + iB operators are not hermitian. If they were hermitian, the result would be 


ГУА пиа V. 


The minimum uncertainty in position is | 100 рт] Therefore, since AxAp > ih 


"3 h 1.0546 x 10-75 _ 
P= 23Х  20100х 10-12) > 


3 1 25k .—1 
hg BB S BR ШШЕ" Ты нр m s 
9.11 x 103! kg 


m 


5.3 x 10-25 Кет”! 











Conservation of energy requires 


Ephoton = Ebinding ын im. = Лу = йс/А so Epinding —hc/A — Іту? 
(6.626 х 10-3415) х (2.998 x 108 ms-!) 

121 х 10-2 т 
— 1(9.11 х 1077! kg) х (5.69 х 107 тв?!) 


= | 1.67 x107! J 


COMMENT. This calculation uses the non-relativistic kinetic energy, which is only about 3 percent less than 
the accurate (relativistic) value of 1.52 х 10:19 J. In this exercise, however, Epinding is a small difference of 
two larger numbers, so a small error in the kinetic energy results in a larger error in Epinding: the accurate 
value iS Epinding = 1.26 x10716J. 





and Epinding = 


The quality д, 2 - 2,0) [Illustration 8.3] is referred to as the commutator of the operators Qi and 
22. In obtaining the commutator it is necessary to realize that the operators operate on functions; thus, 
we form 


2 Qof (x) — Q3 f(x) 
ла 


рх = FER 


d 
Therefore a — (: + ne) anda! = ( - 23 


Р8.1 
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+ lf. d d 
Then aa f(x) = = {5 + h— X—h— 
en aa' f (x) з (ien ) «(3 h о 


and a‘ af (x) = з ( = 23 х (++ ne) foo 


The terms in å? and (d/dx)? obviously drop out when the difference is taken and are ignored in what 
follows; thus 


tgo Lind cad. 
aa'f (x) = 2 ( ah + nex) fo 


i =;( m zs) 
= ты Вт fœ 


These expressions are the negative of each other, therefore 


о xU parks ail 
(aa a'a)f (x) = hd 0 hx qf) 


4, ,4 
=n( 54-55) ло = hf (x) 


Therefore, (aat — a^a) = 


Solutions to problems 
Solutions to numerical problems 


A cavity approximates an ideal black body; hence the Planck distribution applies, 


8лЛс 1 
mia (scs m ;) [8.5]. 


Since the wavelength range is small (5 nm) we may write as a good approximation 
AE = рАА, 35 652.5 пт. 


hc _ (6.626 x 10 7^ Js) x (2.998 x 10% тв!) 


В, 
Ak (6525 x 10-7 m) х (1381 х 10-23 JK7!) 





8лїс _ (8л) x (6.626 x 10-15) x (2.998 х 105 тв!) 


= 7 үнү-4 
13 ORES = 4.221 x 10 тг“. 


1 
e(2.205x104K)/T — | 


ELM 
0.211 Jm? | ТРЕ] = 


AE = (4.221 х 10 J m^?) х ( ) х (5 х 107? m). 





Р8.3 


Р8.5 
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COMMENT. Theenergy density in the cavity does not depend on the volume of the cavity, but the total energy 
in any given wavelength range does, as well as the total energy over all wavelength ranges. 


Question. What is the total energy in this cavity within the range 650—655 nm at the stated temperatures? 


ps es PE pg- к 
ЗОВ БЕ аке 


In terms of Өк the Einstein equation [8.7] for the heat capacity of solids is 


2 


6g ү? ебЕ/2Т 
Сү =3К (2) х (zur) , Classical value = 3R. 


h 
It reverts to the classical value when T >> Өр or when F <« 1 as demonstrated in the text (Section 8.1). 


The criterion for classical behavior is therefore that | T >> б |. 


hv (6.626 x 10-4 J Hz“) x v Е? 


(а) For v = 4.65 х 1013 Hz, 6¢ = (4.798 х 107!!) х (4.65 х 1089 К) =] 2231 K |. 


(b) For v = 7.15 x 10!2 Hz, бє = (4.798 x 107!!) х (7.15 x 102 К) = |343 К | 


Непсе 


m 2 
Cy 2231К\2 f 231/2298) 
a ag ( к * (Serna = [0.031 | 





1 2 
Сү 343К\? [ е2231/02х298 
0) зв (Some) (Sar = | 0.897], 


COMMENT. For many metals the classical value is approached at room temperature; consequently, the fail- 
ure of classical theory became apparent only after methods for achieving temperatures well below 25°C were 
developed in the latter part of the nineteenth century. 


The hydrogen atom wavefunctions are obtained from the solution of the Schrédinger equation in 
Chapter 10. Here we need only the wavefunction that is provided. It is the square of the wavefunction 
that is related to the probability (Section 8.4). 


1 4 
5 --үе lm, бт = шит, ro = 1.0pm. 
лаў 3 


If we assume that the volume дт is so small that y does not vary within it, the probability is given by 


3 3 
у2ёт = Se trm = ы х (5) e 27/40, 
ау 
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4 (1.0? 
resa 2st = - [—) =|9. Fe, 
(a) r w-dt 5 (эз) 90х10 
А 4 (1.0\3 _, s 
(b) y —g ГА к=з (ху) е =| 12 x 10 е 


Question. If there is a nonzero probability that the electron can be found at r = 0 how does it avoid 
destruction at the nucleus? (Hint. See Chapter 10 for part of the solution to this difficult question.) 


P8.7 According to the uncertainty principle, 
1 
АрАд > =h, 
2 
where Aq and Ap are root-mean-square deviations: 
A 1/2 - A12 
м (fe) i) ам av= (е) ые)". 


To verify whether the relationship holds for the particle in a state whose wavefunction is 
y = Qa/ x)! Уе“, 


we need the quantum-mechanical averages (x) , (x?) ‚ (p). and (р?). 


оо 141 уау, 
(x) = [азат ES | (=) ӨГЖ (=) e ® dx, 
со- Л л 
1/2 poo 5 
(x) = (=) 1 xe 7 ах = 0; 
л —00 
оо 1/4 5 1/4 5 2а 1/2 oc n 
eif Gr rye o ren 
-00 л л л -00 





oo hd А со : „42 
o2 э (т) апа 0)-Г» (-* ЭГ 


We need to evaluate the derivatives: 


1/4 И 
pa = (=) (-2ax)e “ 
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2 1/4 е 2а\ 1/4 
апа ү = a [(—2ax)e 72? + (—2а)е © | = (= (4а?х? — 2ae~* 
dx? л л 


ОКО 


1/2 
(=) / е Г xe 2a? dx = 0: 


2h 
і їл 


co 1/4 2а\ 1/4 
(7) = | (=) еа (2) (2) (4а2х? — 2ауе” “ах, 
-ENR л 


2a !/? 2 
(7) = (—2ah2)— | Qax? — 1)е—24% dx, 
л —oo 


2a 1/2 л!/2 л1/2 
H^ оа ву 2@ Tie tn as ТИИТ 
|) = zar (=) (2 52:07 = ы 


and Ар- а!?л, 


Е 1 1/2 1 
Finally, АдАр = 5517 xa'*h- 3^ 


which is the minimum product consistent with the uncertainty principle. 


Solutions to theoretical problems 


8лЛс 1 
РВ.9 p= agr) 


As À increases, hc/AkT decreases, and at very long wavelength hc/AkT < 1. Hence we can expand the 
exponential in a power series. Let x = hc/AkT, then 


1 1 
е'=1+х+-—х°+ 4. 











2! 3! 
8лйс 1 
i 25 І 2 1 3 | 
l+x+ a + gt -1 
. Sc 1 8лЛС 1 
lim р=—— = . 
i> 00 А |1+х—1 A5 \ he /AkT 
8:4Т 


This is the Rayleigh—Jeans law [8.3]. 
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P8.11 р = da 
he he kT 
Let x = ——. Then, dx = ——— А = ———dx. 
et x ХЕТ еп xr or dA = dx 
оо А2 оо 
e = snr | гэг | em. 00 
о А (е – 1) о АЗ (е – 1) 





3 poo 3 3 4 
= sur (у) Í хөв aar EN EN, 
he о (e —1) he 15 
8л?к* 4 
f= rt. (4 4 
(ise) (er 
where o =| 232 K*/15I? c?) | is the Stefan-Boltzmann constant. 


P8.13 We require | у* dt = 1, and so write y = Nf and find М for the given f. 














L Ё 
1 2 
(а) м2 | sin? T зу 2 | 1 — cos Tas [trigonometric identity] 
0 0 
m Е , 2nxx\|" 
= -N^ | x— — sin 
2 2пл T 0 
L Зан 
= № =1 и М=[- р 
2 L 





L 1 
b) ү? 234х-42М201,--18 М----25 
(b) № | а= aer tN OL? | 


2 


оо л 2X 
(© № [ e ra, dr 1 80:49 | аф [ат = r° sin6 dr do dọ] 
0 0 0 


(d Я 2 1 
=м (1) @) x @x)=1 if[N= s 


2 


со л гл 
(d) № | rx rela ar | sin? 040 | cos? ф аф [x = rcos@sin6] 
0 0 0 


4 1 
— N241,> = оу d 4 = 
= №4!а жа A p= ВН =] af N=@ азу? | 


We have used / sin? ө 40 = —4(cos 0) (sin? Ө + 2), as found in tables of integrals and 


2л 2л 
| cos? фаф = | sin? ф dọ 
0 0 


2 


л 2л 
by symmetry with | (cos? ф + sin? Ф)4ф = ] d$ = 2л. 
0 0 


Р8.15 


Р8.17 


Р8.19 
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In each case form Qf . If the result is wf where о is a constant, then f is an eigenfunction of the operator 
Q and o is the eigenvalue [8.25b]. 


d 4, ik 
(а) —e' = ike, | yes; eigenvalue =ik | 





T 
(b) dx coskx = —ksinkx; по. 
d 
(c) ac = 0; | yes; eigenvalue = 0 |. 
d 1 
а —kx = k = – kx, по [1/х is not a constant]. 
(4) 
ri х 
(е) E e “© = —2gxe ?* ; no [—-2ax is not a constant]. 
X 


Follow the procedure of Problem 8.15. 


d? u ihe 
(a) ae = —k’e'*: yes; eigenvalue = [=] 


5 


d? 2 2 
(b) -—усоз&х = —K? cos kx; yes; eigenvalue = [xe] 


5 


4 
(©) -4-0, yes; eigenvalue = [0]. 





ах? 
42 
(а) та = 0; yes; eigenvalue = [o] 
x 
2 5 3 
(0 gge = (20 + 4a je "" ; no. 





2 2 d 
Hence, | (a, b, c, d) are eigenfunctions of ad (b, d) are eigenfunctions of dd but not of | 





The kinetic energy operator, T, is obtained from the operator analog of the classical equation 











р 
Ек = —, 
х 20 
that is, 
7 — (Р), 
2т 
„һа | 5 › Ф А һ а? 
Px = Тах [8.26] ; hence рх = —h d and T= Cm d 
Then 
p? * (22/2 а 
mer f v (2) var = тат Бин [м = а | 
т f v*v ат Гу dc 
-n P а P 
= Гу“ 566 * cos x + e I^ sin x) dt 
E Гур ат 
-12 А . 
Umm f v* c0) x (e cos x + еті sin x) dr BH 1242 f үү ат 





hk? 
Ту "у ат ~ от [ v*y dx -158| 


Р8.21 


Р8.23 
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(r) =n? | уна, (P) =n? f ve? var, 


1/2 
r 1 
у = (2 - =) е”, N= | — Problem 8.14]. 
w a Eq) oe 


1 оо r 2 л 2n 
(r) = 3 | r (2 - г) г2е"/904у х 47 | sin өв | d$ = 4л 
32лад Jo ад 0 0 


1 y* p^ gs 
= 49 — + 5 e^" / dog, 
8а) 0 ад ao 





1 


оо ! 
TEE fad. 4 4) _ n.— c QT 
ы" 4 хаш + Stab) = [6а] | ved = чт]. 


1.19 475 ró 1 
(1-25| art ——— +7 ea др — (4 x 41 4 x 5! + б6\)а$ 
8а0 Jo а) а 8а) 


-[z] 


1/2 
1 
b) — ү=МтзїпйӨсозфе'?®, N= z) [Problem 8.14]. 
321a 








1 eo 1 
(r) = r6e 7/0 dr = — 6a) = 304 | 
24ay Jo 24а 


The superpositions of cosine functions of the form cos(nx) can be chosen with n equal to any integer 
between | and т. For convenience, x can be examined in the range between -л/2 and 1/2. The 
normalization constant for each function is determined by integrating the function squared over the 
range of x [8.15]. Using MathCad to perform the integration, we find: 


1 1 
Г" 1 (2 (п) si (тп) enn) 
ode eco сы н: 


cos(n-x)?dx — 
—n/2 n 


When п is an even integer, ѕіп(лп/2) = 0 and, when п is an odd integer, со8(лл/2) = 0. Consequently, 


1/2 as the normalization constant 


when п is an integer, the above integral equals 1/2 and we select (2/1) 
for the function cos(nx). The normalized function is $ (n, x). The superposition, y (m, x), is the sum of 
these cosine functions from n = 1 to n = m. Since the cosine functions are orthogonal, y (m, x) has a 


normalization constant equal to (1/ т)!/2. 


2 Lo 
ф(п,х) = (2 cosa х) y Gn, х) := 13. 260.» 
n=1 
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Constants and variables needed for MathCad plots and computations: 


—л Е. i 
N:—1000 Xinin = > Хтах := 5 i:=0..N xi :— Xmin + NC (Xmax — Xmin) 


Examination of Fig. 8.1(a) reveals that, when the superposition has few terms, the particle position is 
ill-defined. There is great uncertainty in knowledge of position. However, when many terms are added 
to the superposition, the uncertainty narrows to a small region around x = 0. A plot with m greater than 
10 will further confirm this conclusion. 


Each function in the superposition has been assigned a weight equal to the normalization constant 
(1/m)'/2 [8.33]. This means that each cosine function in the superposition has an identical probability 
contribution to expectation value for momentum (see Justification 8.4). Each cosine function contributes 
with a probability equal to 1 /m. Furthermore, each cosine function represents a particle momentum that 
is proportional to the argument n because (d? (п, x) /dx?)!/? (the differential component of the squared 
momentum operator) is proportional to n. The following plot [Fig. 8.1(b)] of momentum probability 
against momentum, as represented by л, is an interesting contrast to the plot of probability density 
against position. 


1 
Variables needed for the MathCad plot: n := 0..15  Prob(n, m) := if ( <m,—, 0) 
m 


This plot shows that, when there are many terms in the superposition, the range of possible momentum 
is very broad even though the range of observed positions becomes narrow. Position and momentum are 
Probability density plots [Fig. 8.1(a)] for superpositions that have 1, 3, and 10 terms: 


¥(1,xi) 





v (3,4 


v (10, 





2 Figure 8.1(a) 


complementary variables. As location becomes more precise with the superposition of many functions, 
precise knowledge of momentum decreases. This illustrates the Heisenberg uncertainty principle [8.36a]. 
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n Figure 8.1(b) 


The plot of probability density against position clearly indicates that the superposition is symmetrical 
around the point x = 0. Consequently, the expectation position for all superpositions is x = 0. The 
expectation value for position is independent of the number of terms in the superposition. 


The square root of the expectation value of x? is called the root-mean-square value of x, xim. A plot of 
Xrms against т [Fig. 8.1(c)] indicates that this expectation value depends upon the number of terms in 
the superposition. However, it does appear to very slowly converge to a very small (zero?) value when 
the superposition contains many functions. 


л/2 1/2 
Xrms (ft) := (/ x. ТО) /12551,:.30 


-л/2 


0.8 
0.6 
X ms(m) 


0.4 


0.2 


10 20 30 40 50 
m Figure 8.1(c) 


© 
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P8.25 (a) In the momentum representation р; = p, x, consequently 
[%. Px] o = [prx] 0 = Spx x 6 — px x $6 = ih [8.39] 


Suppose that the position operator has the form Х = a(d/dp,) where a is a complex number. Then, 








d )- (or je 
d sd px X ant = ih®, 
d ) (s )-2 
Мад - Px X a = 6, 


а а dọ іл 
IPs үд o р, Se ey [Ruls für dittenetsindon off баб, 
арх арх ар; а 
ih 
o=—6 
a 


This is true when a = ih. We conclude that | x = ih(d/dp,) | in the momentum representation. 


(b) The fact that integration is the inverse of differentiation suggests the guess that in the momentum 
representation 


1g = (int а L f” a gat PP жа 
= {1 2-3 = — 
4 dp, а БЇ. е 


where the symbol f Р a; GPx is understood to be an integration operator which uses any function 








on its right side as an integrand. To validate the guess that | = (1/ih) f"*. арх | we need to 
1 





confirm the operator relationship 5714 = 447! = 1. Using Leibnitz’s rule for differentiation of 


integrals: 


a 1-2. 1 рх 4 z d Px 4 
uiu coi Lo) (wy) LO 


Px аф . dc dp, Px do 
= d x ——— me = — — = — x — — ы 
(/ dn. ps) +000 tim. dm. $( um (Г. йр, ар ) ф(—оо) 





Since ф(—оо) must equal zero, we find that 


from which we conclude that 5577 = 1. 


a 1 74 ih d Px dó — S 
x io- (x f ps) (па) в |" ф = $ (Px) — ф(—оо) = $ (Px) = $. 
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Solutions to applications 


h 
PO2T (0 ыас = уу 
non-relativistic (2meeV)!/2 


6.626 х 10-3415 
{2 (9.109 х 10~3!kg) х (1.602 x 10-!9C) х (50.0 x 103 v) 





Ànon-relativistic = 5.48 pm [8.12 and Example 8.2]. 








h 
Arelativistic = 1/2 
теу (14-27 
" 2mec? 
Anon-relativistic 5.48 pm 





( NEA ) " į 4 0992 х 10790) (50.0 x 10 v) ыг 
; ee M ECC ЧН Р) 
ME 2 (9.109 x 10-3! kg) (3.00 x 108 ms-!)? 


5.48 pm 
= | Ч ур 
{1 +0.0489} 1/2 


(b) For an electron accelerated through 50 kV the non-relativistic de Broglie wavelength is calculated to 
be high by 2.4%. This error may be insignificant for many applications. However, should an accuracy 
of 1% or better be required, use the relativistic equation at accelerations through a potential above 
20.4 V as demonstrated in the following calculation. 





1/2 
Anon-relativistic — Arelativistic _ Anon-relativistic Tt ( de eV ) / =) 


Arelativistic Àrelativistic 2тес 2 


EET = 1 (ev V 
| ^ 2\2тс2] 2-4 Х2тсс2 


1-3 f eV Үү 
reed) си 





1 V 
UE т. because 2nd and 3rd order terms are very small. 
2 NV2m,c? 


The largest value of V for which the non-relativistic equation yields a value that has less than 1% error: 


уз? (256) - инээн = “esis | —2 (===) (0.01) = 20.4КУ. 
e 


е A relativistic 











P8.29 (a) CH4(g) -» C(graphite) + 2H2(g). 
A,G* = —ArG? (CH4) = —(—50.72 kJ mol!) = 50.72 kJ mol`! at € = 25°С. 


A,H? = — AH? (CH4) = —(—74.81 kJ mol!) = 74.81 kJ mol! at €. 
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We want to find the temperature at which A G° (Т) = 0. Below this temperature methane is stable 
with respect to decomposition into the elements. Above this temperature it is unstable. Assuming 
that the heat capacities are basically independent of temperature, 


ACC; (T) & AC; (€) = [8.527 + 2(28.824) — 35.31] JK ! шог” 
= 30.865 J КГ шог” 


Т 
A,H*?(T) = мн°сЕ)+ f АС, (T)dT [2.36] 
* 


= ArH? (T) + АС; x (T — T). 


penje 
дТ Т 9 I^ 


At constant pressure (the standard pressure) 


T T = 
| aaan = - | = dT, 
T т T 














А‹С°(Т) | А,С°(Ё) (А ArH?( T) + АС; х (T – ра 
To T T T? 


A,G?('€) 
T 


T 1 Т | 
-[AH*CE) - AC х "uf. т-м; f Lar 


A,G°(€) 
T 


1 1 Т 
+[А‹Н°(Е)— AC х $] х [+-=|-^< (+). 


The value of T for which А,С° (Т) = 0 can be determined by examination of a plot (Fig. 8.2) of 
A:G*(T) 


against T. 


AGG^ (T) i Ld qd 
——— — —50.72kJmol /298.15 К = 0.1701 KJK mol’. 


A;H*(€) — AC; x € = 74.81 kJ mol! — (30.865 J K^! mol!) 
1 —3 
х (298К) х ( ин ч) 


= 65.16 kJ mol! . 





10-3 kJ 





А.С; = (30.8653 K^! mol) x ( ) = 0.030 865 kJ K^! шог” 








With the estimate of constant A.C, ,| methane is unstable above 825 K |. 
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Methane decomposition 





0.20 
0.15 
© 
= 010 
м 
X 
= 005 
o 
S 
ф 0.00 
9 
3 
—0.05 
-0.10 
200 400 600 800 1000 1200 1400 1600 
TK Figure 8.2 
1 
2(144стК 
(b) ТРЕЕ шилээ [See the solution to Problem 8.10], 
1 9 
5 (1.44 cm К) d 107 nm 
== 2.88 x 10 ‘ст Р 
Amax 1000 K 10? cm 


Атах (1000 K) = 2880 nm |. 


M (brown dwarf) о M dwarf 
M (Sun) ^ оті 


Sun 


(1000 К) = 


(c) Excitance ratio = [See the solution to Problem 8.11] 


p (brown dwarf) 


Energy density ratio = 
gy y p (Sun) 





8ллс/А? (1/(ебс/МТьока dwarf) — 1)) 


8xAc/A5 (1/(ehc/AkTsun) на D) [8.5] 


e(hc/àkTsun) — | 





= (е(йс/АКТьгочт dwarf) — 1)” 
The energy density ratio is a function of A so we will calculate the ratio at Атах of the brown dwarf. 


he (6.62 х 107375) x (3.00 x 10 ms!) 
Abrown dwarfk (2880 х 10-9 m) x (1.381 x 10-23 7К-!) 


= 4998 К. 
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е4998 К/Т — ] 


: тек 
Energy density ratio рт Towa — 1 


_ «МӨӨВӨХӨ —1 1300 
^ @(4998/1000) — 4 ^ 147 


(d) The wavelength of visible radiation is between about 700 nm (red) and 420 nm (violet). (See text 
Fig. 8.2.) 





420 nm 
| о0943 
700 nm 








Fraction of visible energy density = —: 
aT 


[8.3, 8.5, and solution to problem 8.11] 


420 пт 
[ p(a)da 
700 nm 


_ @ 
^ 4о13 











As an estimate, let us suppose that (A) doesn’t vary too drastically in the visible at 1000 K. Then, 


420 пт 
[ p(a)da 
700 nm 


~ р(560 пт) x (700 пт — 420 nm) 








8лЛс 1 _9 
~ (= x 10-9 5) » (22722277 ж ;) Е (280 РОН ") 





1.97 х 10-25 m4 e710 — 1 


= 1.75 x 107! J m~. 


_ 81(6.626 х 10—34 18) х (3.00 х 105 ms!) ( 1 ) 


(3.00 х 108m s7!) х (1.75 х 10:19 J m7?) 
4 (5.67 х 10-8 Wm?K-^) x (1000 K)* 


агаа 


Very little of the brown dwarf’s radiation is in the visible. It doesn’t shine brightly. 


Fraction of visible energy density ~ 


09.1 


09.3 


09.5 


E9.1(b) 


Quantum theory: 
techniques and 
applications 





Answers to discussion questions 


In quantum mechanics, particles are said to have wave characteristics. The fact of the existence of the 
particle then requires that the wavelengths of the waves representing it be such that the wave does not 
experience destructive interference upon reflection by a barrier or in its motion around a closed loop. 
This requirement restricts the wavelength to values А = 2/n x Г, where L is the length of the path and 
n is a positive integer. Then using the relations А = h/p and E = p?/2m, the energy is quantized at 
Е = п? 1? /8т[?. This derivation applies specifically to the particle in a box, the derivation is similar 
for the particle on a ring; the same principles apply (see Section 9.6). 


The lowest energy level possible for a confined quantum mechanical system is the zero-point energy, 
and zero-point energy is not zero energy. The system must have at least that minimum amount of 
energy even at absolute zero. The physical reason is that, if the particle is confined, its position is not 
completely uncertain, and therefore its momentum, and hence its kinetic energy, cannot be exactly zero. 
The particle in a box, the harmonic oscillator, the particle on a ring or on a sphere, the hydrogen atom, 
and many other systems we will encounter, all have zero-point energy. 


Fermions are particles with half-integral spin, 1/2, 3/2, 5/2, ..., whereas bosons have integral spin, 0, 
1,2,.... All fundamental particles that make up matter have spin 1/2 and are fermions, but composite 
particles can be either fermions or bosons. 


Fermions: electrons, protons, neutrons, ?He, .... 


Bosons: photons, deuterons. 


Solutions to exercises 


Е n^n [9.4а] 
= —— [9.4а 
8т,12 
5 


h? (6.626 х 10-34 J s)? БРЕТ РЕ T 
= кед. х Б 
8m.L? 809.109 x 10-3! kg) х (1.50 x 10-9 т)2 





The conversion factors required are 


1 eV = 1.602 х 107921: 1cm™! = 1.986 x 10-23]; LeV = 96.485 КЈ mol! 


E9.2(b) 


E9.3(b) 


E9.4(b) 
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2 


h 
a — E =(9-1)—— = 8(2. 10-21 
(а) Ез — Ej (9 ^am 12 8(2.678 х ) 


е 
= |2.14 x 10-9 | = [1.34еУ | = | 1.08 х 10% сш“! | =| 129 kJ mol! 
2 


Л 
(b) E = (49 — 36 
) E — Е = ( ) SmI 


= | 3.48 x 10-7 | =| 2.17eV | =| 1.75 x 104 cm! | =|] 210kJ mol! 
The probability is 


p= [ууа [же (ZE) ee E sin? (725) 








= 13(2.678 х 107201) 





where Ax = 0.02L and the function is evaluated at x = 0.66 L. 


2(0.02L - 

(а) Forn=1 P= =O sin? (0.66m) = | 0.031 
2(0.02L — 

(b) Forn=2 P= oe sin?[2(0.667)] = | 0.029 


The expectation value is 
= f vivar 

but first we need py 
А ‚ а/2\!? ‚ үплх АГ 1/2 пл плх 
pw = чө (2) sin (77) = (т) БОР (=) 


so (p) = шэн Ї sin (=) cos (52) ax = [0] 


h?n? 
4L? 





and (22) = 2т(Й) = 2mE, = 


for all n. So for n = 2 


The zero-point energy is the ground-state energy, that is, with ny = ny = n; = 1: 


(n2 + n2 + n2)h? | 2 
= m [9.12b with equal lengths] — inp 








Set this equal to the rest energy mc? and solve for L: 


з\!? h 3\1/2 
= == = — he 
E x 


where Ас is the Compton wavelength of a particle of mass m. 





3n? 


exu "ee 


тс” 








E9.5(b) 


E9.6(b) 


E9.7(b) 
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m 2 2 5лх 
нэ) wl 


TX 


P(x) « y? « sin? (==) 


dP(x) = 


4 px) « ag" « sin = cos 8 mle 2 si = sin 2 
re zm Т Т sin Т [2 sina cos «œ = sin 201 


ѕіпӨ = 0 when Ө = 0,л,2л,...,п’л (п = 0,1,2,...) 


Махіта апа тіпіта іп Р(х) соггеѕропа (о 








10 j 
Le PNE Р forn < 10 so х= 





x = 0, х = L are minima. Maxima and minima alternate, so maxima correspond to 


| 3 
n = 1,3,5,7,9 х= E T 41 223! Ph 
10 10 2 10 10 


The energy levels are 


(п? + п2 + из)? 


i вой 


En 2,3 = 


where E; combines all constants besides quantum numbers. The minimum value for all the quantum 
numbers is 1, so the lowest energy is 


Е\ 11 = ЗЕ! 


The question asks about an energy 14/3 times this amount, namely 14ЁЕ1. This energy level can be 
obtained by any combination of allowed quantum numbers such that 


п? +п2 + та = 14 = 32 + 22 + 12 
The degeneracy, then, is [e] corresponding to (11,722,73) = (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 
(3, 1, 2), or (3, 2, 1). 
== ЗАТ is the average translational energy of a gaseous molecule (see Chapter 17). 


и Зира SE ИА 
2 8т12 8mL2 





3 2 
E= (5) x (1.381 x 1073 JKT!) x (300К) = 6214 x 107?! J 


2 8mL? 
шаг 3 
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If L? = 1.00 т>, then L? = 1.00 m?. 


2 626 х 107% J s)? Р 
5 ПИ № аз ийхи бу 


8mL? 02802 kg тої! 
(8) х 0.02802 kg mo аг 100 m2 
6.022 х 1023 mol 


› 6.214x 10:21 ы... АЙ i 
“= L————————— = 5.265 х 10°’; = | 7.26 x 10 
" 1.180 x 10:42 J x n 


ДЕ = Ез — En = Ез злою — E7.26x10!0 


3 


8012 


= (14.52 x 1019) х (1.180 х 1079 J) =| 1.71 x 103! J 


The de Broglie wavelength is obtained from 





he ) _ 14.52 x 101912 


AE = (2 1 
pn x ( 8mL? 8mL? 


) = [Q) x (726 x 10!) + 1] x ( 


h h 
à = — = — [8.12] 
р ту 
The velocity is obtained from 
Ex = ту” = ЗАТ = 6.214 x 10?! J 


6.214 х 10-21 5 
v es E = 2.671 х 105 m? 5-2; v—517ms^! 


(3) „ ( 202802 ke шог! 
2 6.022 х 1023 тог”! 
6.626 х 10-34 J s 
E = 2. он ets 10 m= [09:8 
“= (4.65 x 10-26 kg) x (517 m s- 1) 4 5 


The conclusion to be drawn from all of these calculations is that the translational motion of the nitrogen 
molecule can be described classically. The energy of the molecule is essentially continuous, 





i <! 
Е Я 


E9.8(b) Тһе zero-point energy is 


1 1 ву 1 285 Nm^! 
Ey = ho = =h(—) = (1.0546 х 10-3* J < 
da^ 2 (5) 2 " ын (6: тэнд! 


-1392 х 107?! J 


E9.9(b) Тһе difference in adjacent energy levels is 


1/2 


k 1/2 
AE = Е, +1 — Ey = ho [9.26] = h (5) [9.25] 
m 


m(AE) (2.88 x 10-25 kg) x (3.17 x 107?! J)? 
k= = = 1260 № m-' | =l 
50 h2 (1.0546 x 10734 Js)? | 260 m- | 





180 STUDENT'S SOLUTIONS MANUAL 
E9.10(b) The difference in adjacent energy levels, which is equal to the energy of the photon, is 
kN? hc 
AE = hw = hv so h| — = — 
т A 
and 


=) nm 


= 21 (2.998 x 109 ms!) x ( 


= 132% 105m = [13.2 ит] 


E9.11(b) The difference in adjacent energy levels, which is equal to the energy of the photon, is 


(15.9949 и) х (1.66 x 10-27 ше" 


544 m7! 


1/2 pe 
AE = hw = hv (>) = — 
т 3 


лс ( кү!? m\1/2 
and A = (5) == 2ne(=) 


m 


Doubling the mass, then, increases the wavelength by a factor of 2!/?. So taking the result from Exercise 
9.10(b), the new wavelength is 


a = 21/2(13.2 um) = 


E9.12(b) AE = hw = hv 


(a) ЛЕ = hv = (6.626 x 10-34 J Hz!) x (33 x 10 Hz) =| 2.2 x 10:21 


exu 1 io d 
(b) АЕ = ho = (i) | = = + with my = 
тей те т\ тэ 





For a two-particle oscillator тег, replaces т in the expression for о. (See Chapter 13 for a more complete 
discussion of the vibration of a diatomic molecule.) 


2k ү!? 2) x (1177 Мт! 
АЕ = (2) = (1.055 х 10-3475) х (Go ees ip) 
т 


(16.00) х (1.6605 х 10:27 kg) 
= |3.14 х 10720] 


E9.13(b) The first excited-state wavefunction has the form 


1/2 


y = 2Miyexp (- 1?) 


where № is a collection of constants and y = x(mw/h) 1/2. To see if it satisfies Schródinger's equation, 
we see what happens when we apply the energy operator to this function 


№ g? 1 
y + -mW x y 


Ay = = 
y 2m dx? 2 


E9.14(b) 


E9.15(b) 
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We need derivatives of y 





dy ауду 1/2 122 
Мж эг. (=) ом) x (1 = 9?) x exp (55?) 


dx dy dx 

soe (9 Е 3) хех (-> = (^^) xo? - 3 
de dy (dar) A awe P737 J^ VR 

So Ay -—— x (=) хо ЗЭВ cat у 


1 1 3 
= –5ћо x 02-3) x wt ШАП = Show 


Thus, у is a solution of the Schrödinger equation with energy eigenvalue 


The harmonic oscillator wavefunctions have the form 


1 2 1/4 
Wy (x) = М„Н„(у)ехр -3?) with y= = апа а = | — [9.28] 
2 a mk 


The exponential function approaches zero only as x approaches со, so the nodes of the wavefunction 
are the nodes of the Hermite polynomials. 


Hs(y) = 32у? — 160y° + 120y = 0 [Table 9.1] = 8y(4y* — 20y? + 15) 


So one solution is y = 0, which leads to x = 0. The other factor can be made into a quadratic equation 
by letting z = y? 


Az? —20z+15=0 


| В+ У —4ас _ 20 У20? —4х4х15 548410 
хн 20 Е 2х4 7773 


so 





Evaluating the result numerically yields z=0.92 ог 4.08, so у= +0.96 ог +2.02. Therefore 
х= |0, +0.960, or + 2.020 | 





COMMENT. Numerical values could also be obtained graphically by plotting Н5(у). 


The zero-point energy is 


1 1_/ k VP 
Ey = =hw = -h 
Meff 





For a homonuclear diatomic molecule, the effective mass is half the mass of an atom, so 
1 —34 
Eo = (1.0546 х 107° Js) х 


Ед = | 2.3421 х 10-201 


2 
2293.8 N т^! > 
(14.0031 u) х (1.66054 х 10-27 kgu-!) 


E9.16(b) 


E9.17(b) 


E9.18(b) 
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Orthogonality requires that 


| ии Чт = 0 


if m z n. 


Performing the integration 


2л | | ax 
| нам, An | Мме-!ї"Ф меїпф 4ф = м | ei(n—m)b аф 
0 0 


If m Æ n, then 


2n 2 


= z (1—1)=0 
0 ^ i(n— m) B 


М? Зе 
| v ат = ет 


i(n — m) 





Therefore, they are orthogonal. 


The magnitude of angular momentum is 





2:5 1/2. 
(2) = ua инь [9.543] = (Q0) (1.0546 х 10-4 13) = [2.58 x 107% Js 











Possible projections onto an arbitrary axis are 


(4) = тив [9.54b] 


where m; = 0 or +1 or £2. So possible projections include 





0, 1.0546 x 10-34 Js and 2.1109 х 10-34 J s 











The cones are constructed as described in Section 9.7(d) and Figure 9.40(b) of the text; their edges are 
of length {6(6 + 1) 72 = 6.48 and their projections are т; = +6, +5,..., —6. See Figure 9.1(a). 


The vectors follow, in units of A. From the highest-pointing to the lowest-pointing vectors (Figure 9.1(b)), 
the values of mj; аге 6, 5,4, 3, 2, 1,0, — 1, —2, —3, —4, —5, and —6. 


Figure 9.1(a) 
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Figure 9.1(b) 


Solutions to problems 


Solutions to numerical problems 








2р2 3n? 
P9.1 gai. ЧЕМ TRE. Hn 
8127 | gme 
We take т(О2) = (32.000) x (1.6605 х 10-27 kg), and find 
(3) x (6.626 x 10-34 Js)? [124 x10791] 
Е — Ej = ——— = 1.24 x1079J. 
2771 = (8) x (32.00) x (1.6605 x 10—27 кв) x (5.0 x 102 m)? 2 
232 1 
We set E = = = —КТ and solve for л. 
8mL- 2 
From above, h?/8mL* = (E; — E1)/3 = 4.13 х 10—40 J; then 
1 
n? х (4.13 x 107% J) = (5) х (1.381 x 107? JKT!) х (300K) = 2.07 х 107?! J. 
2.07 х 10-2! гү!? 
-— юэ 9 
We find n = (Z0 ar) = 22 х10 А 
At this level, 
5 2 2 h2 2 
E, — En-1 = {п — (п — 1)*} x 8012 = (2n—1) x эл? ^ Ол) х 812 
= (44 x 10?) x (4.13 x 107201)5-118 х10:201| [or 1.1 uJ mol! ]. 
2&2 2р2 
h mih 
P9.3 EUNT wd I = mr]. 
Ed E 7 эй 


Eg =0 [т=0]. 


> 


183 


n (1.055 x 1075 Js)? 5 
E 11.30 10723| 
2тг (2) x (1.008) х (1.6605 х 10-27 kg) х (160 х 10-12 т) 


The minimum angular momentum is [=h]. 
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P9.5 (a) Treat the small step in the potential energy function as a perturbation in the energy operator: 


но — 0 #0 <x < (1/2)(L—a) апа (1/2) (Е +а) <х<1 
"le for (1/2)(L—a) x x < (1/2)(L+a). 


The first-order correction to the ground-state energy, E1, is 


L (1/2)(L+a) / 3.172 2412 

She | еа), mr 

0 a/24-a XL L L L 

2e f ü/2L-a) E 1/2(L+a) 
ЕО = — I sin? (=) dx = — (xx — Lcos (=) sin (=)) 4 

L Ја/а-а) L Іл L L 77 Гага) 
EO га Е ем (25 +a) sin nx(L +a) + = аа nx(L — а) diu m(L — a) 

ъ= м 21. 21. л 21. 2L : 


This expression can be simplified considerably with a few trigonometric identities. The product of 
sine and cosine is related to the sine of twice the angle: 


cos (P = 2) sin (= = 2) = Lii Е 22 = zd (л + =) 
2L 2L НЬ: 1, US L4 


and the sine of a sum can be written in a particularly simple form since one of the terms in the sum 
is л: 


sin ( + T) = sin л cos (7) + cos v sin (2) = + sin (=) , 


L 
Thus юэ. T + = sin (7) 


(9) If a = L/10, the first-order correction to the ground-state energy is 


P9.7 The second-order correction to the ground-state energy, E1, is 








2 
s [tette 


0 = у 


п=2 


> 


0 0 
ЕО _Е@ 


2,2 
nux n*h 
where НО) = тех, y o = sin ——, and Е, = 5—5. 
8mL 


The denominator in the sum is 


k? nhk (1-п?”)? 
п “812 881200 8012 





E® _ pto = 
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The integral in the sum is 


L L /2\ 1 nix зүү? TX 
0 1),, (0) ; 5 : 
| y O* gu! к= | (2) sin (= тах (2) sin (F ) dx, 


1, 2 L 
| ину ас = "s | x sin ах sin bx dx, 
0 0 


where a = nr/L and b = п/Г.. 


The integral formulas given with the problem allow this integral to be expressed as 





2mg d ft ТУРУ а (ss —b)x соѕ(а + Эн) D 
—-—— cos ax sin bx dx = —mg— | —————— — ————— 
L da Jo “аа V 2(a — b) 2a+b) Jl 
_ 2mg (= sin(a — b)x | cos(a—b)x xsin(a+b)x cos(a + b)x á 
4 2(a — b) 2(a — b)? 2(a 4- b) 2a+b)? |. 





The arguments of the trigonometric functions at the upper limit are: 
(a — b)L = (n — 1)т and (a + БЕ = (n+ 1). 


Therefore, the sine terms vanish. Similarly, the cosines are -Е1 depending on whether the argument is 
an even or odd multiple of л; they simplify to (—1)"*!. At the lower limit, the sines are still zero, and 
the cosines are all 1. The integral, evaluated at its limits with x/L factors pulled out from the as and bs 
in its denominator, becomes 











mee (< pre (їн ) шин TU (eee 
л? (п = 1)? (n+ 12 J л? (n — 1)2(п + 1)? ) 


_ 4mgL{(-1)"*! — Па 








л?(п? — 1)? 
The second-order correction, then, is 
(ee = Пл 
p? Pic n(n? — DP 12128876 213 A [(-1)" + 1 Pr? 
) 77 2үр2 = 442 2 5 К 
E (1 — n^)À mth kae (n^ — 1) 


8mL? 
Note that the terms with odd л vanish. Therefore, the sum can be rewritten, changing п to 2k, as 


2 





po _ шаа йр k 
B ve pe D 


The sum converges rapidly to 4.121 х 10-3, as can easily be verified numerically; in fact, to three 
significant figures, terms after the first do not affect the sum. So the second-order correction is 





0.08664n? g? L^ 
№ 


(2) _ 
ЭР 
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The first-order correction to the ground-state wavefunction is also a sum: 


(1) 0 
Wy = m. 


n 


4mgL[(—1)"*! — п 


where с, = 20 YA Hii dr PGP? | За и 
T EO _ gt (G2 — 1)h2/8mL2) =o a | 


Once again, the odd n terms vanish. 





How does the first-order correction alter the wavefunction? Recall that the perturbation raises the potential 
energy near the top of the box (near L) much more than near the bottom (near x = 0); therefore, we 
expect the probability of finding the particle near the bottom to be enhanced compared with that of 
finding it near the top. Because the zero-order ground-state wavefunction is positive throughout the 
interior of the box, we thus expect the wavefunction itself to be raised near the bottom of the box and 
lowered near the top. In fact, the correction terms do just this. First, note that the basis wavefunctions 
with odd n are symmetric with respect to the center of the box; therefore, they would have the same 
effect near the top of the box as near the bottom. The coefficients of these terms are zero: they do not 
contribute to the correction. The even-n basis functions all start positive near x = 0 and end negative 
near x = L; therefore, such terms must be multiplied by positive coefficients (as the result provides) to 
enhance the wavefunction near the bottom and diminish it near the top. 


Solutions to theoretical problems 


The text defines the transmission probability and expresses it as the ratio of АТ / ГАР, where the 
coefficients A and A’ are introduced in eqns 9.14 and 9.17. Eqns 9.18 and 9.19 list four equations for 
the six unknown coefficients of the full wavefunction. Once we realize that we can set B’ to zero, these 
equations in five unknowns are: 


(a) A+B=C+D, 
(b) Ce + De А, 
(с) ikA — ikB = KC — kD, 
(d) «Ce — kDe^*. = ikA'ek-, 
We need A' in terms of A alone, which means we must eliminate B, C, and D. Notice that B appears 
only in eqns (a) and (c). Solving these equations for B and setting the results equal to each other yields 
kC кр 
B=C+D-A=A-—+—. 
T ik T ik 
Solve this equation for C: 
к 
2A & D(. - 1) | 2Aik + (к — ik) 


K : 
d] kK ik 
EU 


C= 


Now note that the desired A’ appears only in (b) and (d). Solve these for A’ and set them equal: 


| ke ikl 
A = e IK (ce. + ре“) = 


x (Сек — De-*L), 
i 
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Solve the resulting equation for C, and set it equal to the previously obtained expression for C: 


К -xL 
(6+1) 067280 tiet 2k + Dl — ik) 


E ok к —ik K +ik 


ik 


C= 





Solve this resulting equation for D in terms of A: 


(к + ik) eL — (c — ik)? | 2Aik 
(к — ik) (c + ik) (Kcd 
2Aik(k — ik) 


50 





D = . 
(к + ik)?e?*L — (к — ik)? 
Substituting this expression back into an expression for C yields 


_ 2Aik(k  ik)e ?*- 
© (к cike-2L — (к — ik)? 





Substituting for C and D in the expression for A' yields 





A’ - e "L(cekL + De^*.) ын 2Aike №! [( + ik) —kL 4 ( E ik) =) 
= (к Fike 21 (к ik T e коме h 
4Aikke™“Le-ikL 4Aikke Е 





— (к + 10)2е 21 — (к — 10)2 (Fie L (x — ike” 


The transmission coefficient is 


T АТ 4Aikke kL -4Айке! Г 
“ГАРТ \ (к еэ — (к — ik)2e*- | \ (к — ik)2e-*- — (к + kek |” 


The denominator is worth expanding separately in several steps. It is 





(к + ik)? (к — ik)? e ?7** — (к — ik) — (к + 1А) + (к — i? (x + ik) e™! 
= (к? + KY (ее кВ) — (к? — Dick — К?)? — (к? + 2ікк — Ky? 
= (кё + 2к?? + К) (ед! peL) = (264 — 12? X? + 22). 


If the 12к?К? term were —4x?K? instead, we could collect terms still further (completing the square), 
but of course we must also account for the difference between those quantities, making the denominator 


(^ + 2K 7? + K*) (e?*- — 2 + e 7L) 416242 = (к? + К2)2 (CRE — Uy? + 167K? 
So the coefficient is 


fes 162 
он (к2 3k. к2)2 (е2к1. ын е-2«Г)?2 + 16K2k2° 





We are almost there. To get to eqn 9.20a, we invert the expression 


Эн pe + 22 eL — e72xLy2 + cry = + yel е-2к12 А ) 








1642к2 16122 
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Finally, we try to express (к? + k2)/k?? in terms of a ratio of energies, e = E/V. Eqns 9.14 and 9.16 
define k and к. The factors involving, 2, h, and the mass cancel leaving к e (V — Е)!/2 and k сх Е!/?, 
so 


«+P? [E+(V-EP Ww — 1 
kk? | E(V—E) | ЕҮУ-Е) el-e) 





which makes the transmission coefficient 

(е2к1. _ е-2у ) 
Т-1-------41 

( 16=(1 — €) 

We assume that the barrier begins at x = 0 and that the barrier extends in the positive x direction. 
оо N2 

(а) P= | у?ат = 1 Ne dy =| — | 
Barrier 0 2k 
oo со | №2 №2 

b (х) = х Par =n? | xe dy = =|— |. 
(b) ( ) [ у М x (2к)? 4к2 


Question. Is N a normalization constant? 














+00 os "e" P . hd 
(Ек) = (Т) = w*T фах with T = — and р=-—. 
—65 2m i dx 
А п а? od ls d? а R 
= = = 3 x= эа = — 
2т ах? 2те? dy? 2 dy? шан: mw 


which implies that 


We then use у = мне”, and obtain 


d^y 


d? 2 р j 
eo ga m^ 2) = мн" — 2yH' — Н + y!Hje^ 2, 


From Table 9.1 


H, — 2yH, = —2vH,, 


1 1 1 
УН, = y Gaze + үн) =5 (5н + (У + он.) Tv (5% + (У = 28 


1 1 
- д! + v(v — 1)Н,—2-+ ( + z) Ay. 





1 1 Е 
Непсе, EE =N ES + v(v — 1)Н,—2 (» + 2) d en. 
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Therefore, 


2 1 +оо 1 1 E 
(Т) = № -3ho H, 2992 +v(v— ПН,-2 — {у + 5 Н, |e” dx 


—© 


[dx = ady] 


= aN* C Mw) [0+0 — w + 22] 


+00 5 
| H,Hye " dy 20 Ну 5 v, Comment 92] 


—0o0 


1 1 " 1 
= 2 ( + 3) hw [м = axi/22»y'* Example 93] ? 


L (2 M nix 2 ын. nux 
P9.15 (a) (x) -| (2) sin (98): (2) sin (—) ax 





(8) (8) 





() (5 xsin2ax cos =) 
= 5€ — — 
L 4 4a 8a? 
E 
2 [by symmetry also]. 

2 re 2 3 2 | 2ax |" 
EMI х? sin? ax dx = {2 | x мы. эии ida 

L Jo L 6 4a Заз 4a? 0 

(2 (5 12 ) E^ i 1 

= x = — =m |. 
L 6 4na 3 6n? x2 

12 1 py? 1 1 1/2 

7 | 3 ( sus) 4 | (5 zu) 


(p) — 0 [by symmetry, also see Exercise 9.2(a)], 








(7) = i! h^ /AL? [from E = p? /2m, also Exercise 9.2(а)]. 


Биг n^n? ын E nh 
а) UII 
1 1 nh 1 


nh 1/2 12 р 
p= нр аа am a 
ee Se (5 538) 248 ( us) “3 


+00 
(b) (x) 2o | vy dy [x = ay] = 0 [by symmetry, у is an odd function]. 
—oo 


i) Elbe) =F 
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since 2 (Т) = b (V) [9.35, (Т) = Ex] = 2(V) [v = ax? 


Ш 
Ni- 
1 
© 
I 
ы 
— 


(x) = (v+ 5) x (2) = (v+ 3) х (=) = (v+ 5) x ey [9.32]. 
[Г 


(р) = 0 [by symmetry, or by noting that the integrand is an odd function of x]. 


ог (У) = (Т) = : ("+ 5) hw [Problem 9.13]. 


(7) = 2т (Т) = (2m) x (5) x (+ z) х һе [Problem 9.13]. 


1/2 

1 h 

брбх ={v+—)h> -. 
рёх (5+5) 25 


COMMENT. Both results show a consistency with the uncertainty principle in the form ApAq > 5 as given 
in Section 8.6, eqn 8.36a. 





P9.17 Use the first two terms of the Taylor series expansion of cosine: 
3 2 
V = Vo(1 — cos 39) 5% (1 2g 50 ) = ce. 


The Schródinger equation becomes 


Иа 


21 993 > Фу = Ey [9.40 with a non-zero potential energy]. 


This has the form of the harmonic-oscillator wavefunction (eqn 9.24). The difference in adjacent energy 
levels is: 


эуе \ !? 
E, — Ep = ho [9.26] where w = (2) [adapting 9.25]. 


If the displacements are sufficiently large, the potential energy does not rise as rapidly with the angle as 
would a harmonic potential. Each successive energy level would become lower than that of a harmonic 
oscillator, so the energy levels will become progressively closer together. 

27% 
C y, Treat this as 


a perturbation to the harmonic oscillator wavefunction and compute the first-order correction to the 
energy. 


Question. The next term in the Taylor series for the potential energy is — 


Р9.19 


Р9.21 
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5 
её 
У = — 





1 
<-[10.4уйһ7 =1]=ax? withb=-1 [x г] 
4neo r 


Since 2 (T) = b (У) (9.35, (T) = Ек], 


2 (T) =- (V). 
Therefore, | (Т) = —- (V) |. 


The elliptical ring to which the particle is confined is defined by the set of all points that obey a certain 
equation. In Cartesian coordinates, that equation is 


x y? 


p'g 


as you may remember from analytical geometry. An ellipse is similar to a circle, and an appropriate 
change of variable can transform the ellipse of this problem into a circle. That change of variable is most 
conveniently described in terms of new Cartesian coordinates (X, Y) where 


X —x and Y = ay/b. 
In this new coordinate system, the equation for the ellipse becomes 


2 2 2 2 
x^ у ХҮ 2, y2_ 2 
+5 =1 => + 5 = 1 => Х + Ү =a’, 
a b а! а? 
which we recognize as the equation of a circle of radius a centered at the origin of our (Х, Ү) system. 
The text found the eigenfunctions and eigenvalues for a particle on a circular ring by transforming from 
Cartesian coordinates to plane polar coordinates. Consider plane polar coordinates (R, Ф) related in the 


usual way to (X, Y): 
X = КсозФ and Y = Rsin®. 


In this coordinate system, we can simply quote the results obtained in the text. The energy levels are 


т? 


Е- 17 (0,384) 
ын os 


where the moment of inertia is the mass of the particle times the radius of the circular ring 


I = та?. 


The eigenfunctions are 
im, ® 


у =з (2x)!2 [ 


9.38b]. 


It is customary to express results in terms of the original coordinate system, so express Ф in terms first 
of X and У, and then substitute the original coordinates: 


Y Y j 
— = tan 50 Ф = (апт! — ааг! ЗЕ 
Х Х bx 
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P9.23 The Schródinger equation is 


n 
— —V’*y = Ey [9.48 with V = 0]. 
2m 


12? І 
= 1# 09) T A24 [Table 8.1). 
дг r 





Vw 


Since r = constant, the first term is eliminated and the Schrédinger equation may be rewritten 


Ж s E 5 3 j 2IEy 
go y = Ey or cg дахиад Her] we pea 
1 2 
where A? = : Ld ава” 





+ — = sind—. 
51209 89? * sind 30 ^" 26 
Now use the specified у = Үл, from Table 9.3, and see if they satisfy this equation. 


(a) Because Yoo is a constant, all derivatives with respect to angles are zero, so A?Yoo = [о] implying 
that E = [о] and angular momentum = (0| [from (101 + 1) 7281, 














2y. 1 8 ду _ | 
(b) 2 == Е Р. 2-1 (2-9 sino where У 1 = Мсоз@ sin де. 
Е ЫТ di 
92-1 = Ме-ї#(со$” Ө — sin? 0). 
99 
1 98 , д9Ү ‚ЖЕ. ОИ -3ф 2 . 2 
— — — = —— — sin ĝNe соѕ Ө — sin“ Ө 
йй 4 ^ masas ( ) 
-1ф 
= Ме (sin 6(—4 cos Ө sin Ө) + cos 0 (cos? 0 — sin? 0) 
sin Ө 
А ө . 
= Ме ® (s cos 0 sin 0 + =t) [cos? Ө = соѕ0(1 — sin? Ө)]. 
sin Ө 
1 92 _ —Ncos@ sin be? _-М cos 9e ® 
sing 3$? sin? sin Ө 
so Л2У 1 = Ne~#(—6cos@ sin) = —6 01 = —2(2 + 1) 0-1 і.е. 1 = 2] 
and hence 


2IE ORENT 3n? 
—6¥2-1 = — 5 implying EI 


and the angular momentum is (2(2 + 1)}!/?һ = [en] 


1 3?Yji i 80 . 3s . 3 3ib 
2 = S + —_— біп Ө —= where Үз з = Nsin' Өе”. 
© 4155-2126 09? Табе 20 эй 


dY33 


2238 = 3N sin? 0 cos 0e?) 
00 
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1-9 ðY: 1-9 : 
- di = - 3N sin? Ө cos de?” 
sin Ө 00 дө sin 0 90 





_ З№е?Ф 





29 sin? 0 cos? 0 — sin* 9) = 3№ $ sin 09 (3 cos? 6 — sin 20) 
= 3Ne?? ѕіпӨ(3 — 4sin^ 0) [cos? Ө = соѕ0(1 — sin? )]. 


1 39? yi,  —9Nsin? де"? 


— = =з = —9N sin бе?! 
ѕіп= Ө 0$* sin“ Ө 











so A2Y43 = —12N sin? 0 е?ї® = —12¥33 = —3(3 + 1)¥33 [i.e. 1 = 3] 
апа hence 


2IE m 6n? 
—]2Ya3 = E m implying that | E = T 
y 


and the angular momentum is (3(3 + 1)} Hh = 2./31| 








P9.25 From the diagram in Fig. 9.2, cos @ = mj/(I(I + 1)}!/? and hence | Ө = arccos ОЕ р 
m, У 
S 
N 
Figure 9.2 
1 1 
For ап o electron, т; = +5, $ = 5 and (with m; > ms, 1 — s) 
1 
= 2. b eean 
Ө = arccos n d = | 54°44 | 
i) 
The minimum angle occurs for m; = l: 
pm Ө aa arccos ( = lim arcco : l= [0] 
= ———> s- = -10| 
тїп кт Па + Dy eed 1 arccos 
" ij К 
P9.27 l=rx p= x $ 2 | [see any book treating the vector product of vectors] 
Px Ру Р: 


= УР: dim 2) + j(Zpy хэн Xp.) T Кр, = уру) 
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Therefore, 





А һ д А А ANO GE 
We have used p, — 138 etc. The commutator of /, and /, is (1х1, — Ll). We note that the operations 
always imply operation on a function. We form 


^^ 9 д 9 д 
МЫ == [у | [а 
М ( д: 53) ( дх 237 


af af 92; 927 927 
= —һ (yz I —ух——у—@-—— + , 
( 9:9х "y дх " 9:2 дудх t 5355) 








т 9 9 ð ə 
d hlf =- |(z— -x> | (y— -z> 
and М i ( dr 3) (> 5) 





Р We А + 


( rf оду ау Df 7) 
= — (гу ды x | 
Oxdz дхду 925 9:9у ду 


Since multiplication and differentiation are each commutative, the results of the operation Li, and Li 
differ only in one term. For /,/,f. x(8f /ду) replaces y(89f /dx). Hence, the commutator of the operations, 


COMMENT. We also would find 


AGO A Ks mà o hs 
di - bp = -7h and (ely М2) = – ті. 


We are to show that [/2,].] = [2 + р = 2,1] = (2. 1.] t (2.11 + TAA =0 


The three commutators are: 


02,1] = 21-12 = B В = 
(E =- E= РЕ hle hh 8 


-14-4М) + СЪ = іл, + Ы,) [9.56a], 


P9.31 
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Therefore, (2,1,|--410,), + М) +1Һ@ + Л) + 0 = 0. 


We may also conclude that (2, 14 = 0 and (2, iy] = 0 because Б |, апа 1, occur symmetrically іп Р, 


Solutions to applications 


(a) The energy levels are given by 


k?n? 
En = 8 127 


and we are looking for the energy difference between п = 6 and n = 7: 


"m pM = 62) 
|». 8mL? 


Since there are 12 atoms on the conjugated backbone, the length of the box is 11 times the bond 
length, 


L = 11(140 х 107 m) = 1.54 x 107? m, 


(6.626 x 10-34 J s)? (49 — 36) 
АЕ = — ———————————3zz330x10 7] 
ЗЕ 8. x 1073 kg)(1.54 x 10-9 m)? х 


The relationship between energy and frequency is 


m" и ДЕ 3.30 x 10-1 is zm 
= v ›=——-—— = Ч, х 8 |. 
h — 6.626 x 10-3475 


(c) Look at the terms in the energy expression that change with the number of conjugated atoms, N. The 
energy (and frequency) are inversely proportional to L and directly proportional to (п + 1)? — n? = 
2n + 1, where n is the quantum number of the highest occupied state. Since n is proportional to 
N (equal to N/2) and L is approximately proportional to N (strictly to N — 1), the energy and 
frequency are approximately proportional to N~!. So the absorption spectrum of a linear polyene 
shifts to frequency as the number of conjugated atoms | increases | 


(b 


х 


In effect, we are looking for the vibrational frequency of an О atom bound, with a force constant equal 
to that of free CO, to an infinitely massive and immobile protein complex. The angular frequency is 


-(07 
т 


where т is the mass of the О atom, 


т = (16.00)(1.66 x 10-27 крит!) = 2.66 х 10-26 kg, 
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апа К is the same force constant as in Problem 9.2, namely, 1902 N m7!: 


1/2 


1902N m7! SE Ig V 
@ = SS үл = . Ж 
2.66 x 10-26 кв зав 


РЭ.35 The angular momentum states are defined by the quantum number m; = 0, +1, +2, etc. By rearranging 
eqn 9.42, we see that the energy of state mj is 


т? n 
MEE 1 


and the angular momentum is 


lL = mjh 


(a) If there are 22 electrons, two in each of the lowest 11 states, then the highest occupied state is 


m, = +5, so 
z = £5h = +5 х (1.055 x 1073475) =| 5.275 х 10-3415 
2512 
Е+ = —. 
апа +5 21 


The moment of inertia of an electron on a ring of radius 440 pm is 


I = mr? = 9.11 x 1077! kg x (440 х 107? т)? = 1.76 х 107? kg m?. 


25 x (1.055 x 10-34 J s)? 
H Е+ = а =| 7.89 x 10-9 J | 
ence “45 = 9 x (01.76 х 10—49 kg m2) х 
(b) The lowest unoccupied energy level is m; = +6, which has energy 


36 x (1.055 x 10-34 J s)? 


= = = 1.14 x 10715]. 
2 x (1.76 x 10-49 kg m^) 





Ex6 


Radiation that would induce a transition between these levels must have a frequency such that 


AE (114 — 7.89) x 1071? J [52 x юм нэ | 
hv = АЕ = = =|5.2 x 10!4 Hz |, 
л шини” 6.626 х 10:35 Js = = 


This corresponds to a wavelength of about 570 пт, a wave of visible light. 





P9.37 The Coulombic force is 


_ 9 4142 4142 
dr 4neor 4negr2 





For two electrons 2.0 nm apart, the force is 


1.60 х 107!9 С)2 
Ё = С ) = | 5.8 x 10-1 N| 
4n x (8.854 x 10-12 C2 J-1 m-1) x (2.0 x 10-9 m)? 
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(a) In the sphere, the Schrédinger equation is 


h(a 29 
2m \ ðr? rər 


1 
- 3^) y — Ev [9.51a] 
72 
where Л? is an operator that contains derivatives with respect to 0 and ф only. 
Let y (r0, $9) = Х(г)У(0,$). 
Substituting into the Schródinger equation gives 


¥ (voa 2YOX X 
2m 


— — AY | = EXY. 
дг? r or Ы r2 ) 
Divide both sides Бу ХҮ: 


2m 





m (18X 28€. 1 Y) 
= — — + 5 АҮ | = Е. 
(s дг? T Xr дг T Yr? 
The first two terms in parentheses depend only on r, but the last one depends on both r and angles; 
however, multiplying both sides of the equation by r? will effect the desired separation: 


ТҮРХ 2X 1.5 ) 2 
ai et [сзсз emet Y Jim BI 

2m [s дг? + Хдг Y 
Put all of the terms involving angles on the right-hand side and the terms involving distance on the 
left: 


2 2 92 2r ax 3 n 
LIE Хэ? Хэ) 8 NY. 
2m ХХ д2 Х Or 2mY 


Note that the right side depends only on Ө and ф, while the left side depends оп г. The only way 
that the two sides can be equal to each other for all r, 0, and $ is if they are both equal to a constant. 
Call that constant —(h7/(/ + 1))/2m (with Г as yet undefined) and we have, from the right side of 
the equation, 





№, (+ 1) : 
— MY =-— ЛУ = —1(1+ 1)Y. 
2mY 2m ia aid 


From the left side of the equation, we have 





m (rx 2rX RI + 1) 
- > + Er = ==, 
2m ХХ àr* X дг 2m 


After multiplying both sides by X /r? and rearranging, we get the desired radial equation 


В? (3X 29Х В+ 1 
( a) 0х = EX. 


2т (д2 "ран 2mr? 

Thus the assumption that the wavefunction can be written as a product of functions is a valid one, 
for we can find separate differential equations for the assumed factors. That is what it means for a 
partial differential equation to be separable. 
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(b) The radial equation with / = 0 can be rearranged to read 


3X 29Х 2mEX 


ar? rar Ы n? 


Form the following derivatives of the proposed solution: 


ax _ —1/2 | cos(nmr/R) (nx sin(nxr/R) 

ЭМЭГ" 
32X i sin(nxr/R) (nm)? _ 2cos(nmr/R) (nx | 2sin(nmr/R) 
225322 —1/2 | 5іп(плл/К) (nm)? _ 2cos(nmr/R) (nx 

апа ar (2xR) | а ( Е ) z ( R ) + = | 


Substituting into the left side of the rearranged radial equation yields 


сүр зто (nm? сокот) (их), 2зифил,/® 
QxR) | : (5) ^ (=)+ ^ 
-1/2 | 2с08(плг/Ё) уплу — 2sin(nnr/R) 
1/2 [2cos(nnr/R) уплу _ 28ш(плг/К) 
+ (27А) | E Е 3 | 
_ _onp-2Snanr/R) үлтү? (mx 
Бера r (=) = (5) Х 


Acting on the proposed solution by taking the prescribed derivatives yields the function back 
multiplied by a constant, so the proposed solution is in fact a solution. 


(c) Comparing this result to the right side of the rearranged radial equation gives an equation for the 
energy 


плу 2mE вЫ = n2 _ mx? h 7 Ж n^n? 
к = " , 2m 2mR2\2n) | 8mR? 


010.1 


010.3 


() Atomic structure and 
atomic spectra 





Answers to discussion questions 


The Schrédinger equation for the hydrogen atom is a six-dimensional partial differential equation, three 
dimensions for each particle in the atom. One cannot directly solve a multidimensional differential 
equation; it must be broken down into one-dimensional equations. This is the separation of variables 
procedure. The choice of coordinates is critical in this process. The separation of the Schrodinger 
equation can be accomplished in a set of coordinates that are natural to the system, but not in others. 
These natural coordinates are those directly related to the description of the motion of the atom. The 
atom as a whole (center of mass) can move from point to point in three-dimensional space. The natural 
coordinates for this kind of motion are the Cartesian coordinates of a point in space. The internal motion 
of the electron with respect to the proton is most naturally described with spherical polar coordinates. So 
the six-dimensional Schródinger equation is first separated into two three-dimensional equations, one 
for the motion of the center of mass, the other for the internal motion. The separation of the center of 
mass equation and its solution is fully discussed in Section 9.2. The equation for the internal motion is 
separable into three one-dimensional equations, one in the angle ф, another in the angle Ө, and a third 
in the distance r. The solutions of these three one-dimensional equations can be obtained by standard 
techniques and were already well known long before the advent of quantum mechanics. Another choice 
of coordinates would not have resulted in the separation of the Schrédinger equation just described. For 
the details of the separation procedure, see Sections 10.1 and 9.7. 


The selection rules are 
Ап= +1,+2,..., АГ- +1, Ат = 0, +1. 


In a spectroscopic transition the atom emits or absorbs a photon. Photons have a spin angular momentum 
of 1. Therefore, as a result of the transition, the angular momentum of the electromagnetic field has 
changed Бу +1h. The principle of the conservation of angular momentum then requires that the angular 
momentum of the atom has undergone an equal and opposite change in angular momentum. Hence, the 
selection rule on A/ = +1. The principal quantum number n can change by any amount since n does 
not directly relate to angular momentum. The selection rule on Ат is harder to account for on basis 
of these simple considerations alone. One has to evaluate the transition dipole moment between the 
wavefunctions representing the initial and final states involved in the transition. See Justification 10.4 
for an example of this procedure. 


010.5 


010.7 


E10.1(b) 


E10.2(b) 
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See Section 10.4(d) of the text and any general chemistry book, for example, Sections 1.10-1.13 of 
P. Atkins and L. Jones, Chemical principles, 2nd edn, W. H. Freeman, and Co., New York (2002). 


In the crudest form of the orbital approximation, the many-electron wavefunctions for atoms are repres- 
ented as a simple product of one-electron wavefunctions. At a somewhat more sophisticated level, the 
many-electron wavefunctions are written as linear combinations of such simple product functions that 
explicitly satisfy the Pauli exclusion principle. Relatively good one-electron functions are generated by 
the Hartree—Fock self-consistent field method described in Section 10.5. If we place no restrictions on the 
form of the one-electron functions, we reach the Hartree—Fock limit which gives us the best value of the 
calculated energy within the orbital approximation. The orbital approximation is based on the disregard 
of significant portions of the electron—electron interaction terms in the many-electron Hamiltonian, so we 
cannot expect that it will be quantitatively accurate. By abandoning the orbital approximation, we could 
in principle obtain essentially exact energies; however, there are significant conceptual advantages to 
retaining the orbital approximation. Increased accuracy can be obtained by reintroducing the neglected 
electron-electron interaction terms and including their effects on the energies of the atom by a form of 
perturbation theory similar to that described in Further information 9.2 and Section 10.9. For a more 
complete discussion consult the references listed under Further reading. 


Solutions to exercises 


The energy of the photon that struck the Xe atom goes into liberating the bound electron and giving it 
any kinetic energy it now possesses 


Ephoton = [ + Exinetic I = ionization energy 


The energy of a photon is related to its frequency and wavelength 


he 
Éphoton = hv = X 


and the kinetic energy of an electron is related to its mass and speed, s 


1 2 
Exinetic = 2Те5 





he 1 he 1i , 
So = -1- ges —1- - ges 
(6.626 x 10-3415) x (2.998 x 10% тв!) 1 e 
- = (9.11 x 107! k 
: 584 x 10-9 m 2 ( s) 


x (1.79 x 10° ms!) 


-1194 x 10-18 J|2 12.1 eV 


The radial wavefunction is [Table 10.1] 





2Z | 
R39 =A (s – 2р + 59) e^?/Ó where p= =, and A is a collection of constants. 
3, di 


[Note: р defined here is 3 x р as defined in Table 10.1] 
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Differentiating with respect to р yields 


dR3o 1 » 1 —p/6 ( 2 ) —p/6 
- = ВЕР = Sa 222 сэн Ае 
d -0-А(6 20+ gp х 6 е - +52 





This is a quadratic equation 


1 
0=ap +bp+c wherea = — 54, В=у, and с = —3. 


The solution is 


= d 1/2 
DIO ta) _ 1543/7] 
а 





Un do 


Numerically, this works out to р = 7.65 and 2.35, so г = | 11.5ao/Z | and | 3.53ao/Z | Substituting 
Z = 1 and ао = 5.292 х 107!! m, ғ =| 607 pm | and | 187 pm 


The other maximum in the wavefunction is at [r- 0] It is a physical maximum, but not a calculus 
maximum: the first derivative of the wavefunction does not vanish there, so it cannot be found by 
differentiation. 


The complete radial wavefunction, R4 is not given in Table 10.1; however in the statement of the 
exercise we are told that it is proportional to 


2Z 
(20 — 10p + pp where p = = [Note: p defined here is n x p as defined in Table 10.1] 
ао 
The radial nodes occur where the radial wavefunction vanishes, namely where 
(20 — 10p + p*)p = 0. 


The zeros of this function occur at 


and when 


(20 — 10р + р?) = 0, with roots р = 2.764, and р = 7.236 


_ pag pao _ 2.76440 _ 7.236a9 _ 
then r = 57 = 3 = 02 = 1.382а0 апа 2 = 3.618ao 
orr 2|7.31 x 107!! m | and | 1.917 x 107 !9 m 
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Normalization requires 


со л 2л 
| lv 4:-1- | | | [№02 — ғ/ао)е7"/2%]2 аф sin д0 r? dr 
0 Jo Jo 
„ р л 2л 
1= № | e '/^ (2 — r/ag)?r? dr | sin 0 40 | do 
0 0 0 
Integrating over angles yields 
„ [> 
1 = 4л№ 1 е””/90(2 — r/ag?r? dr 
0 
oo 
= 4nN? | е””/90(4 — 4r Jao + г? Јад)? dr = Ax №? (840) 
0 


In the last step, we used 


оо оо оо 
1 e", dr = 2k, | e"/* 3 dr = 6k*, and f e™7/krt dr = 2465, 
0 0 0 





The average kinetic energy is 


(Ex) = | ү*Ёкү ат 





4 3 


1/2 
dE ot 1( zy Zr 
where y = №2 — p)e~?/? with N = – and p = — here 
2ла) ад 


x В а 
Ек =-—V 
K 2m 


аур? sin Ө dp 40 4ф 


dr = r° sin 8 dr dô d$ = 73 


In spherical polar coordinates, three of the derivatives in У? are derivatives with respect to angles, so 
those parts of V2. vanish. Thus 


ve S Ер исе (nt) 
7 0r rər dp? (ər? pao Хдр Л дг  Nao др? pp 
2 -М(2-р)х (-}) e ^? — Ме-2/2 =N (40 -2) e^? 

92у 1 1\ .-p/2 ү 1a7.—p/2 31 —p/2 


У?у = (2) меаи + 5/2 — р/4) 
0 
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and 


ын Г [veo (5) (58) 
лан о Jo JO ao 2m 


ap, аф sin 40 р? dp 


x Ne~’/?(—4/p + 5/2 — p/4) 23 


The integrals over angles give a factor of 47r, so 


2 oo 
EA em 2 ( 80 _ ess ыг 5 23 2 -P d 
(Ек) = 4r N (2) x( £) А (2 px ( 4+ 52 1° Jee” dp 


oo 
The integral in this last expression works out to —2, using | е0 р" dp =n! for n = 1,2, and 3. So 
0 


^ 73 ао n 


The average potential energy is 











ze Ze 
M= f угураг where V = — = 
4л eor 4л єрарр 
oo л 2л 2.9 3.9 
2 sin Ө dp dod 
and vy = [^ [ [^ ne- pe (- 22) wa- рене int dped 
0 40 40 Az одор 7: 


The integrals over angles give a factor of 4л, so 
2 3 
Z 2 а; со 
(V) 24nN? 5 х 2 | (2 — p)! pe^? dp 
4л egag Z^ 0 


oo 
The integral in this last expression works out to 2, using | e ? p" dp =n! forn = 1, 2, 3, and 4. So 
0 


73 7? 2 3 2,2 
V) = 47 | 3 «(- - ) x S sies. 
322a, 4л Е0а0 73 167 дао 


The radial distribution function is defined as 








Р=4л!?у? so Ps, = 4n r° (Yo oR30)?, 


1 1 7 
eme (д) Ga) Gene 














па) Зао 
But we want to find the most likely radius, so it would help to simplify the function Бу expressing it in 
terms either of г or p, but not both. To find the most likely radius, we could set the derivative of Рз; 
equal to zero; therefore, we can collect all multiplicative constants together (including the factors of 
ao/Z needed to turn the initial r?° into p?) since they will eventually be divided into zero 


Py, = С?р?(6 — 6p + р?) e? 
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Note that not all the extrema of P are maxima; some are minima. But all the extrema of (P5,)!? 
correspond to maxima of Рз,. So let us find the extrema of (P3,)!? 


d (P3,)!? d 
d (Ps) * -0---Ср(6-6р- pe’ 
dp dp 


= Clo(6 — 6p + р?) х (-3) + (6— 12р + 3р2) 


о=с(6- 15р + 602 — 10%) 27 so 12 — 30p + 12p? — p? =0 


Numerical solution of this cubic equation yields 


p — 0.49, 2.79, and 8.72 


corresponding to 


r = |0.74а0/2, 4.19а0/2, and 13.08a9/Z 


COMMENT. If numerical methods are to be used to locate the roots of the equation which locates the 
extrema, then graphical/numerical methods might as well be used to locate the maxima directly. That is, the 
student may simply have a spreadsheet compute Рз; and examine or manipulate the spreadsheet to locate 
the maxima. 


The most probable radius occurs when the radial wavefunction is a maximum. At this point the derivative 
of the function wrt either r or p equals zero. 


d ((4 — PNE 2 
(28) 0 (26-95) = (+-40+5) eo 
do / max dp "x 2 


The function is a maximum when the polynomial equals zero. The quadratic equation gives the roots 
p=4+ 24/2 = 6.89 and p = 4 — 24/2 = 1.17. Since p = (2Z/nag)r and n = 3, these correspond to 


R31 (01) Кзі (1.17) 
= = T. Z.H Эй | = aan or 
г = 10.3 x 40/7 and r = 1.76 х ао/ owever. Rai (рэ) Ry, (10.3) 


that the function is a maximum at р = 1.17 which corresponds to | r = 1.7бао/7. 


= 4,90. So, we conclude 











Orbital angular momentum is 
(12)? = nad + 1))'? 


There are / angular nodes and n — / — 1 radial nodes 


(à п=4,1= 2, so (2)? = 6'/?h = | 2.45 x 10-3415 [2] angular nodes [ 1 | radial node 
(b) п = 2,1 = 1, so (Ї?)!/? = 2!/?һ = | 1.49 х 10-34 Js [1] angular nodes [0] radial nodes 
(с) п = 3,1 = 1, so (Ё?)!/? = 2!/?һ = | 1.49 x 10-34 Js [1 Јапршаг node гайїа1 поде 
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For l > 0, j = l+ 1/2, so 


(a) 1-1, 80 / = [122 or 3/2] 

(b) =5, 80)- 

Use the Clebsch-Gordan series in the form 
J=jth, Л +-—1,...,|й —/2 


Then, with jı = 5 and j2 = 3 


J =) 8, 7, 6,5, 4,3,2 





The degeneracy g of a hydrogenic atom with principal quantum number л is g = п?. The energy Е of 
hydrogenic atoms is 
лс22Кн лс72Кн 
Е = — 2 =—.-——— 
п g 
so the degeneracy is 
_ hcZ? Ru 
Е Е 
he (2)? Ru 
a == 
т pe n 
hc (4)? Ён 
W. xm 
—ihcRu 


hc(5)?Rg 
(c) 8 —hcRy 


The letter F indicates that the total orbital angular momentum quantum number L is 3; the superscript 3 
is the multiplicity of the term, 25 + 1, related to the spin quantum number 5 = 1; and the subscript 4 
indicates the total angular momentum quantum number J. 


The radial distribution function varies as 
2122 4 2,-2г/а 
Р = 4nr y = ге Гао 
ау 


The maximum value of Р occurs at r = ар since 


dP 2r? Ais 
dr S (» Е A 9-0 are ар and Pmax = —e ^ 
r ао ао 


Р falls to a fraction f of its maximum given by 


" (4r? /aj)e ?'/ao _ г? S 
^. d/aype? ад 


—2r/ag 
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and hence we must solve for r in 


p. LL 
e ао 
(а) f=0.50 
0.260 = ы solves to r = 2.08а0 = and to r = 0.38040 = 
(b =f =0.75 
0.319 = aad solves to r = 1.6340 = and to г = 0.55540 = 


In each case the equation is solved numerically (or graphically) with readily available personal computer 
software. The solutions above are easily checked by substitution into the equation for f. The radial 
distribution function is readily plotted and is shown in Figure 10.1. 


0.15 


0.10 


P/ (4n N?) 


0.05 | 


0.00 Ё 





r/do | i Figure 10.1 


(а) 5d — 2s is an allowed transition, for Al = —2 (Al must equal +1). 


(b) 5p > 3s is | allowed | since Al = —1. 


(c) 5p > 3f is allowed, for AJ = +2 (Al must equal +1). 
(d) 6h : | = 5; maximum occupancy = 
V2+ : 1522522р63523рб343 = [Ar]3d? 


The only unpaired electrons are those in the 34 subshell. There are three. 


s=|3| and 1-1-11| 


for S = $, Ms =| +4 


E10.16(b) 
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(a) Possible values of 5 for four electrons in different orbitals аге | 2, 1, and 0 |; the multiplicity is 2S + 1, 


so multiplicities are | 5, 3, and 1 | respectively. 
(b) Possible values of S for five electrons in different orbitals are | 5/2, 3/2 and 1/2 |, the multiplicity is 
25 + 1, so multiplicities are | б, 4, and 2 | respectively. 


The coupling of a p electron (/ = 1) and a d electron (/ = 2) gives rise to L = 3 (F), 2 (D), and 1 (P) 
terms. Possible values of 5 include 0 and 1. Possible values of J (using Russell-Saunders coupling) are 
3, 2, and 1 (S — 0) and 4, 3, 2, 1, and 0 (S — 1). The term symbols are 








1 F3; 3F4, ЗЕз, “Ер: 102; 203, 302,301; ПР, ЗР»,ЗР1,ЗРо | 





Hund's rules state that the lowest energy level has maximum multiplicity. Consideration of spin-orbit 
coupling says the lowest energy level has the lowest value of J(J + 1) — L(L + 1) — S(S + 1). So the 


lowest energy level is [Зв | 


(а) °D has 5 = 1 and = 2, so J = | 3, 2, and 1 |аге present. J = 3 has 7 | states, with M; = 0, +1, +2, 


ог £3; J = 2 ваз [5 | states, with Му = 0, +1, ог +2; J = 1 Ваз [3 | states, with My = 0, or +1. 


(b) *D has 5 = 3/2 апа L = 2, so J = | 7/2, 5/2, 3/2, апа 1/2 are present. J = 7/2 has possible 
states, with My = +7/2,45/2,4+3/2 ог 1/2; J = 5/2 has [6] possible states, with Му = 
35/2, +3/2 or +1/2; J = 3/2 has [4 | possible states, with M; = +3/2 or 1/2; J = 1/2 has 
possible states, with My = +1/2. 





(с) ?G has S= 1/2 and L=4, so J =9/2 and 7/2 are present. J = 9/2 has | 10 | possible states, with 
M; = + 9/2,47/2,+5/2,+3/2, or 1/2; J=7/2 has possible states, with Mj = + 7/2, 
+5/2, +3/2, or +1/2. 


Closed shells and subshells do not contribute to either L ог 5 and thus are ignored in what follows. 


? 3, so the terms аге 2р; апа 2”3 | 


(b) Br[Ar]3d 0452455. We treat the missing electron in the 4p subshell as equivalent to a single “electron” 


with [ = 1, s = į. Hence L = 1, S=4,andJ = 3. 5. so the terms are | “Р ур and 2Рүү | 


(a) 5с|Аг|341452:5--1,1,--2:7- 


міл 


Solutions їо problems 


Solutions to numerical problems 


All lines in the hydrogen spectrum fit the Rydberg formula 


I 72 


1 1 1 1 
= = Кн | —— | |10.1, with ?—-| Ry = 109677 cm™!. 
А п А 


Р10.3 
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Find n; from the value of Алах, which arises from the transition лү + 1 > nj. 


1 1 1 2п +1 





AmaxR пт (Qu) иә + 1?” 


2 2 
ni(ni +1 
ИЕА 9. мий (12 368 x 107? т) х (109677 х 102 m^!) = 135.65. 
2п +1 
Since n, = 1,2,3, and 4 have already been accounted for, try пу = 5,6,.... With nj = 6 we get 
2 2 
пү(пү + 1 
oe = 136. Hence, the Humphreys series is and the transitions are given by 


1 d 1.1 
i = (109677 ст KESH] n) =7,8,... 


and occur at 12 372 nm, 7503 nm, 5908 nm, 5129 nm,..., 3908 nm (at из = 15), converging to 3282 
nm as 7 — оо, in agreement with the quoted experimental result. 


A Lyman series corresponds to n, = 1; hence 


= 1 1 
VIR (1-5). 3.2.3. osx [б=;]. 


а 15752 
Therefore, if the formula is appropriate, we expect to find that v ( - 2) is a constant (Кү ;2+). 


We therefore draw up the following table. 


n 2 3 4 
v/em— 1 740747 877924 925933 
-1 
у (1 - 2) / cm7! 987663 987665 987662 
n 
Hence, the formula does describe the transitions, and | К 2+ = 987 663 стт! |, The Balmer transitions 
lie at 


` 1 1 
9-888(1-2) i= 34 аах 


= (987 663 cm7!) x (; - =) =| 137 175 стт! | | 185 187 стт! |... 


The ionization energy of the ground-state ion is given by 


1 
= (1-3). n — oo 
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and hence corresponds to 


$ = 987663cm—!, ог | 122.5eV|. 


The 7p configuration has just one electron outside a closed subshell. That electron has / = 1, s = 1/2, 
апа j = 1/2 or 3/2, so the atom has L = 1, S = 1/2, and Л = 1/2 or 3/2. The term symbols 


are [Риз and Ру | of which the former has the lower energy. The 6d configuration also has just one 
electron outside a closed subshell; that electron has | = 2, s = 1/2, and j = 3/2 or 5/2, so the atom 
Ваз L = 2, 5 = 1/2, and J = 3/2 or 5/2. The term symbols are | руу and 203/2 | of which the 
former has the lower energy. According to the simple treatment of spin—orbit coupling, the energy is 
given by 


Еу = 4hcAUG + 1) — + 1) — sG + 1)] 
where A is the spin-orbit coupling constant. So 
ECP 1/2) = 1сА[1(1/2 + 1) 2 10. + 1) — 1(1/2+1)] = —hcA 


and Е(2"3/2) = 4hcA[} 3/2 + 1) – 2(2 + 1) — 1(1/2 + 1)] = — 3h. 


This approach would predict the ground state to be | рэг | 


COMMENT. Тһе computational study cited finds the 2р, /2 level to be lowest, but the authors cau- 
tion that the error of similar calculations on Y and Lu is comparable to the computed difference between 
levels. 


Кн = Кин, Rp = Кир, R= ku [10.16] 


where А corresponds to an infinitely heavy nucleus, with и = me. 





5 тетк 
Since и = ———— [N =p ог d], 
ые» [М =р 1 
К 
Ry = кин = = = R Я 
1+ (те/тр) 1+ (me/mp) 
: : R : 
Likewise, Кр = ———————— where ть is the mass of the proton and mg the mass of the deuteron. 


(1 + Gne /ma)) 
The two lines in question lie at 


1 гү 3 1 їр 3 
—=R 1 = R =R 1-- = - 
Ён «( i) a № »( 1) дк 


and hence 





Ry _ АБ Ун 


Кр is Ан Vp. 
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Then, since 


Ru = 1 + (те/та) яаг те 
Rp 1+(me/mp)’ ° (14 (me/mp))(Ru/Rp) — 1 





and we can calculate та from 











mg = ——— Me 
(1 + (me/mp)) (Ap/An) = 1 (1+ (me/mp)) Gu/Sp) — 1 
_ 9.10939 x 10?! kg 
( 9.1039 х 10?! kg 82259.098 ст! ү? 
1.67262 х 10-27 kg 82281.476 cm7! 
-|33409 x 10-27 kg | 
Since J = Rhc, 
їр Rp p  82281476cm^! 
Ty Ry УН 82259.098 cm-! 
P10.9 (a) The splitting of adjacent energy levels is related to the difference in wavenumber of the spectral lines 
as follows: 


ивВ (9.274 х 10-24 J T- (2 T) 


МИ АВ: а АВЕ мез AN ee И 
Vaca Иво, 80 AV he = (6626 x 10-34 15) (0.998 x 1019 cm s-1) 


АР = [091] 


(b) Transitions induced by absorbing visible light have wavenumbers in the tens of thousands of recip- 
rocal centimeters, so normal Zeeman splitting is compared to the difference in energy of 
the states involved in the transition. Take a wavenumber from the middle of the visible spectrum as 
typical: 





шаг Й 1 к 
T= 


LA Ч 4-1 
1^ BE ) 17 x lO em. 


10? cm m7! 


Or take the Balmer series as an example, as suggested in the problem; the Balmer wavenumbers are 
(eqn 10.1): 


" 1 1 

0 = Ry (5 - =) s 
The smallest Balmer wavenumber is 

9 = (109677 cm7!) x (1/4 — 1/9) = 15233 cm7! 
and the upper limit is 


$ = (109677 cm7!) x (1/4 — 0) = 27 419 cm™!. 
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Solutions to theoretical problems 
P10.11 Consider эр, = 1,0 which extends along the z-axis. The most probable point along the z-axis is where 


the radial function has its maximum value (for у? is also a maximum at that point). From Table 10.1 
we know that 


Ro, « pe 2/4 


dR 1 
and so — = (1 р) =0 when р = 4. 
40 4 


2 2 
Therefore, r* = > and the point of maximum probability lies at z = + = +106 pm | 


COMMENT. Since the radial ро оп of a 2p function is the same, the same result would have been obtained 
for all of them. The direction of the most probable point would, however, be different. 


P10.13 (a) We must show that / IVa, I dt — ]. The integrations are most easily performed in spherical 
coordinates (Fig. 8.22). 


5 2n л oo 54 
| нь, ёас- f 1 | узр, | r^ sin(8) dr d0 аф 
o Jo Jo 
ГГ 


where р = 2r/ao, г = pao/2, dr = (ao/2) dp. 


1 2л л оо ад 3 1 1 3/2 1 
=- — Ed = —p/6 
5) | | (2) |) (2) ( 21 
3 \ 1/2 2 
х (=) 2 sin(@) соѕ(ф) 
8л 


р? sin(9) dp 40 do 
1 2л л оо | 4 2 
= ——— DS —p : | 
46 656л 1 1 | | ( 3 р) pe sin(@) сов(ф) 


2 


1 ын 5 т 3 x 1 4 /3 
= — e Sm "e -р 
цав cos Фа | sin wae | ( о) pe dp 


| 
® 4/3 34992 


Y P 2 
= r? sin(0) dr 40 d$ [Table 10.1, eqn 10.24] 





ДЕ 











p? sin(0) dp dé аф 





-01 Thus, ys, is normalized tol. 


We must also show that j W3,, W3d, Чт = 0. 
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Using Tables 9.3 and 10.1, we find that 


1 jy 1 гийг 
узр, = 540? (2) (4 - 4?) pe °/® sin(8) соѕ(ф) 


Y?) — Yo 
Уза„ = R32 ша 
" 421 


1 1 3/2 : 
= 3201)? (5) p^ e ?/6 їп? (0) ѕіп(2ф) 


where р = 2r/ag, г = pao/2,dr = (а0/2) dp. 


| V3p, W3dyy dr = constant x 1 


oo 2л л 
ође? ар [ соз(ф) ѕіп(2ф) dp 1 sin’ (0) 40 
0 0 0 
————— 
0 

Since the integral equals zero, уз», and V34,, are orthogonal. 
(b) Radial nodes are determined by finding the p values (р = 2r/ao) for which the radial wavefunction 

equals zero. These values are the roots of the polynomial portion of the wavefunction. For the 3s 


orbital, 6 — бо + p? = 0, when | Prode = 3 + V3 and Prode =3 — v3 |. 








The 3s orbital has these two spherically symmetrical modes. There is no node at p = 0 so we 
conclude that there is a finite probability of finding a 35 electron at the nucleus. 


For the 3p, orbital, (4 — р)(р) = 0, when | рподе = 0 and pnode = 4 |. 


There is a zero probability of finding a 3p, electron at the nucleus. 


For ће 3dyy orbital is the only radial node. 


(c) ды = тою rac = f monet г? sin(0) dr 40 аф 


со 2л л 
= [ уза | f |Yool? sin(@) 10 аф 
0 0 0 
М 


1 





ao i ИЕ 
== 6-2 9 PB ар. 
wal, | p р?/9) pre р 
М 
52488 
27ад 
Cia 2 р 


(4) The plot Fig. 10.2 (a) shows that the 3s orbital has larger values of the radial distribution function 
for r < ао. This penetration of inner core electrons of multielectron atoms means that a 3s electron 
experiences a larger effective nuclear charge and, consequently, has a lower energy than either a 3p 
or 34,, electron. This reasoning also leads us to conclude that a 3p, electron has less energy than a 
34,, electron. 


Ез; < Esp, < Esas. 
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Radial distribution functions of atomic hydrogen 
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Figure 10.2(a) 


(е) Polar plots with Ө = 90°. 


The х orbital The p orbital 
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Figure 10.2(b) 


Р10.15 
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Boundary surface plots. 


s-orbital boundary surface p-orbital boundary surface 





d-orbital boundary surface f-orbital boundary surface 





Figure 10.2(c) 


The general rule to use in deciding commutation properties is that operators having no variable in 
common will commute with each other. We first consider the commutation of /. with the Hamiltonian. 
This is most easily solved in spherical polar coordinates. 


~ ha 
p= i эф [Problem 9.28 and Section 9.6 and eqn 9.46]. 
n? ze 





H=-—V*4+V [Further information 10.1] У=- 
2u 4n£9r 
Since V has no variable in common with /,, this part of the Hamiltonian and L commute. 
2 


V? = terms in r only + terms in Ө only + ——~— — 
4 7 r2 sin? Ө дф? 


[Justification 9.7] 


2 
The terms іп r only and Ө only necessarily commute with /. ( only). The final term in V? contains —~ 


092 


А ddr Д, : 7 
which commutes with эф” since an operator necessarily commutes with itself. By symmetry we can 


Р10.17 
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deduce that, if H commutes with 1, it must also commute with [А апа 1 since they are related to each 
other by a simple transformation of coordinates. This proves useful in establishing the commutation of 
I? and Н. We form 


В=1.1= (ily + jiy + КЇ). (ile +, +) =Ё+Ї +. 


If H commutes with each of /,, L. and /, it must commute with m B. and E. Therefore it also commutes 
with Р. Thus Н commutes with both Р and [ы 


COMMENT. As described at the end of Section 8.6, the physical properties associated with non-commuting 
operators cannot be simultaneously known with precision. However, since Н,?, and Ё commute we may 
simultaneously have exact knowledge of the energy, the total orbital angular momentum, and the projection 
of the orbital angular momentum along an arbitrary axis. 


oo 2n л 
и = f r” | ши ат = | | | r"*? IR, Yjo|? sin(8) 40 аф dr 
0 0 0 
оо 2л л оо 
= | "+? Rail? ar f | [Ую[ sin(@) 40 dọ = 1 "+? Rul? dr. 
0 0 0 0 
With r = (пао/22)р and т = — 1, the expectation value is 


= паоү2 [° 
(г w= (2) | р В? ар. 


(а) wt = (=). р ("7r ре ? dp [Table 10.1] 


7 oo 
=|— | because | рое””?4р--1. 
ад 0 


5 аг2| 1 (23/2)? po 
^ (he BY | (2) | eeoa meon 


z oo 
= — (2) because | p (2 — py) e^? dp = 2. 
8ao 0 


лан” = Z| 
2 
© (= [os D] өслөө meron 


Z о 
— = 6 b Pug == 
2400 (6) ecause [ pe Рар = 6. 


25E 
r =| — | 
2р 4а0 


The general formula for а hydrogenic orbital is (ам? ‚= = 


n?^ag | 
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The trajectory is defined, which is not allowed according to quantum mechanics. 


The angular momentum of a three-dimensional system is given by {/(/ + 1)} "2, not by nh. In the Bohr 
model, the ground state possesses orbital angular momentum (nh, with n = 1), but the actual ground 
state has no angular momentum (/ = 0). Moreover, the distribution of the electron is quite different in 
the two cases. The two models can be distinguished experimentally by (a) showing that there is zero 
orbital angular momentum in the ground state (by examining its magnetic properties) and (b) examining 
the electron distribution (such as by showing that the electron and the nucleus do come into contact, 
Chapter 15). 


Justification 10.4 noted that the transition dipole moment, ид, had to be non-zero for a transition to 
be allowed. The Justification examined conditions that allowed the z component of this quantity to be 
non-zero; now examine the x and y components. 


Myf = -e f yřxýidt and иу = -e f угу ат. 


As in the Justification, express the relevant Cartesian variables in terms of the spherical harmonics, Y; m. 
Start by expressing them in spherical polar coordinates: 


x=rsin@cos@ and у = rsinð ѕіп ф. 


Note that Y; ; and Y; —1 have factors of sin Ө. They also contain complex exponentials that can be related 
to the sine and cosine of ¢ through the identities 


cos = 1/2(е® Кеті) and sing = 1/2i(e? — e 9) 


These relations motivate us to try linear combinations Үүл + Yj,-1 and У — Y1,-1 (from Table 9.3; 
note c here corresponds to the normalization constant in the table): 


Үл Уф = —c sin Ө(е'® +е №) = —2c sin 0 созф = —2cx/r, 
so х= —(Yii + Yi -ir/2c; 
Yia — Yi = csin 0 (ef — e79) = 2icsin sing = 2icy/r, 


so y= (у = Yi )r/2ic. 


Now we can express the integrals in terms of radial wavefunctions А, у and spherical harmonics Ү/ ур, 


е со р л р2л | 
“хв = = | Ки "Ки, r ar | " Vie mi, (Үүд T Y» ) m, sin Ө 40 49. 
0 0 0 


2c 


The angular integral can be broken into two, one of which contains У1.1 and the other У; |. According 
to the ‘triple integral’ relation in Comment 9.6, the integral 


л 2л 
| | Yi my, т sin dé do 
0 0 


vanishes unless Їр = J; + 1 and m; = т + 1. The integral that contains Үг, introduces no further 
constraints; it vanishes unless / = Jj + 1 and mj, = m; + 1. Similarly, the y component introduces no 
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further constraints, for it involves the same spherical harmonics as the x component. The whole set of 
selection rules, then, is that transitions are allowed only if 





[Ar = +1 and Am = 0 or +1 | 





Р10.23 (a) The Slater wavefunction [10.32] is 





Va(Do(1) wWal2)a(2) үа(3)0(3) +++ Wa(N)a(N) 

Wal) BO) wWal2)B(2)  VaQ)BQ) > үа(№)ВОМ) 

(1,2, 3,.a05N) = уъ(1)е(1) (2) (2) Wha) --- УМ) (М) 
щл (N92 ; | : : | 

WDE) PDP) 9ч.:(3)8(3) = УМ) 


Interchanging any two columns or rows leaves the function unchanged except for a change in sign. 
For example, interchanging the first and second columns of the above determinant gives: 





Wa(2)a(2) Waal) Yal3)a(3) --- PaN)a(N) 
Wal2)B(2) Wal) BU) Wal3)B3) > vaQN)BQN) 
V(1,2,3,...,N) = —— 4ь(2)%(2) WDA) PBOB) --- үь(№)о (М) 
хашин (N})!/2 : Я . , : 
WDE WDB) WDO) > МВ) 
==1/(2,1,3;,...› М). 


This demonstrates that a Slater determinant is antisymmetric under particle exchange. 


(b) The possibility that 2 electrons occupy the same orbital with the same spin can be explored by 
making any two rows of the Slater determinant identical, thereby, providing identical orbital and 
spin functions to two rows. Rows | and 2 are identical in the Slater wavefunction below. Interchanging 
these two rows causes the sign to change without in any way changing the determinant. 


Waal) Ya(2)a(2) үа(3)0(3) --- Wa(N)a(N) 

| уа(1)е(1) 4 (2)а(2) Va(3)e(3) -- Va(N)a (N) 

w(1,2,3,...,N) = Nun Yoel) (2)0(2) фь(3)а(3) --- ҹұь(№)о (№) 
WDA) PDP) WOBO) --- VOD BOT) 


=—4(2,1,3,...,М№) = —V(1,2,3,..., N). 


Only the null function satisfies a relationship in which it is the negative of itself so we conclude 
that, since the null function is inconsistent with existence, the Slater determinant satisfies the 
Pauli exclusion principle [Section 10.4 b]. No two electrons can occupy the same orbital with the 
same spin. 
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Solutions to applications 


The wavenumber of a spectroscopic transition is related to the difference in the relevant energy levels. 
For a one-electron atom or ion, the relationship is 


"T Z unet | Zyuweé | Тине (1 1 
32x? 2n? 32л262Н22 327222 n п? 


Solving for v, using the definition A = Л/2т and the fact that = 2 for He, yields 


= инее“ 1 1 
d= ie] 
2ephic п; ni 


Note that the wavenumbers are proportional to the reduced mass, which is very close to the mass of 
the electron for both isotopes. In order to distinguish between them, we need to carry lots of significant 
figures in the calculation. 





А ине(1.60218 х 10-19С)4 
pe 2(8.85419 х 10-12 J-! C? m- 1? x (6.62607 х 10-34 J s)? x (2.99792 х 1010 cm s-!) 


1 1 
"T [ые 3 
mom 


E. 3 
V/cm^! = 4.81870 x 10? (инс/Ке) (a - >) : 
x m 





The reduced masses for the “Не and ?He nuclei are 
p= MeMnuc 
те + Mnuc 
where тпис = 4.00260 u for 4He and 3.01603 u for ЗНе, or, in kg 
^He mnuc = (4.00260 u) х (1.66054 x 10727 kg u^!) = 6.64648 x 10777 kg, 


3He тс = (3.01603 и) х (1.66054 x 10727 kg u^!) = 5.00824 х 107?" kg. 


The reduced masses are 


ар (9.10939 x 10-31 kg) х (6.64648 x 10727 кв) _ 9.10814 х 10-31 kg 
CH = (9.10939 х 10-31 + 6.64648 х 10-7) ка — 


(9.10939 x 10-31 kg) x (5.00824 х 10:27 kg) 


= 9.10773 х 1077! кв. 
(9.10939 х 10-3! + 5.00824 х 10-27) kg е 


ЗНед = 


Finally, the wavenumbers for п = 3 — n = 2 are 


^He ў = (4.81870 x 1035) x (9.10814 х 1073!) x (1/4 — 1/9) стт! =| 60957.4 стт! | 
3He } = (4.81870 х 1035) х (9.10773 х 10-31) x (1/4 — 1/9) стг! =| 60954.7 cm™! | 
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The wavenumbers for = 2 — п = | are 


4He $ = (4.81870 х 1035) x (9.10814 x 107?!) x (1/1 — 1/4) cm^! =| 329 170cm™! | 
3He $ = (4.81870 х 1035) x (9.10773 x 1073!) x (1/1 — 1/4) ет”! = | 329 155 ет” ' | 


P10.27 (a) Compute the ratios Vstar/v for all three lines. We are given wavelength data, so we can use: 


Учаг _ А 








у Astar 
The ratios are: 


438.392 nm 440.510 nm 441.510 nm 
SEM ttl ИА _ 0008689, and ——>—™ =0.998846. 
Gti, - ЛБ на and 442.020 nm 


The frequencies of the stellar lines are all less than those of the stationary lines, so we infer that 
the star is from earth. The Doppler effect follows: 





mE А -(Н Е 
Vreceding = Vf W ere f = 1 s/c $ 
2 | 241 21-08 1-f? 
Га + s/c) = (0 s/0, (f° +1)s/e=1-f", Lf 


Our average value of f is 0.998873. (Note: the uncertainty is actually greater than the significant 
figures here imply, and a more careful analysis would treat uncertainty explicitly.) So the speed of 
recession with respect to the earth is: 


‚— (10997147 1128 х [1.128 x 10c] м [3.381 х 105 тв?! х [3.381 х 105 тв?! 
1+0.997747 


(5) One could compute the star’s radial velocity with respect to the sun if one knew the earth’s speed 
with respect to the sun along the sun-star vector at the time of the spectral observation. This 
could be estimated from quantities available through astronomical observation: the earth's orbital 
velocity times the cosine of the angle between that velocity vector and the earth-star vector at 
the time of the spectral observation. (The earth-star direction, which is observable by earth-based 
astronomers, is practically identical to the sun-star direction, which is technically the direction 
needed.) Alternatively, repeat the experiment half a year later. At that time, the earth's motion with 
respect to the sun is approximately equal in magnitude and opposite in direction compared to the 
original experiment. Averaging f values over the two experiments would yield f values in which the 
earth's motion is effectively averaged out. 


P10.29 See Figure 10.3. 
Trends: 


(i) Л < h < В because of decreased nuclear shielding as each successive electron is removed. 
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First three ionization energies of group 13 


35 
30 





Ionization energy / eV 
һә N 
Sa 
1 














15 
| 
СО вм” *—— —— —— нь 
о т т 2-4 
0 20 40 60 80 100 
Atomic number, 7. Figure 10.3 


(ii) The ionization energies of boron are much larger than those of the remaining group elements because 
the valence shell of boron is very small and compact with little nuclear shielding. The boron atom 
is much smaller than the aluminum atom. 


(iii) The ionization energies of Al, Ga, In, and Т1 are comparable even though successive valence shells 
are further from the nucleus because the ionization energy decrease expected from large atomic 
radii is balanced by an increase in effective nuclear charge. 


| 1 Molecular structure 


D11.1 


D11.3 


Answers to discussion questions 


Our comparison of the two theories will focus on the manner of construction of the trial wavefunctions 
for the hydrogen molecule in the simplest versions of both theories. In the valence bond method, the 
trial function is a linear combination of two simple product wavefunctions, in which one electron resides 
totally in an atomic orbital on atom A, and the other totally in an orbital on atom B. See eqns 11.1 
and 11.2, as well as Fig. 11.2. There is no contribution to the wavefunction from products in which both 
electrons reside on either atom A or B. So the valence bond approach undervalues, by totally neglecting, 
any ionic contribution to the trial function. It is a totally covalent function. The molecular orbital function 
for the hydrogen molecule is a product of two functions of the form of eqn 11.8, one for each electron, 
that is, 


y = [А(1) + В(1)][А(2) + B(2)] = A(1)A(2) + В(1)В(2) + А(1)В(2) + В(1)А(2). 


This function gives as much weight to the ionic forms as to the covalent forms. So the molecular orbital 
approach greatly overvalues the ionic contributions. At these crude levels of approximation, the valence 
bond method gives dissociation energies closer to the experimental values. However, more sophisticated 
versions of the molecular orbital approach are the methods of choice for obtaining quantitative results 
on both diatomic and polyatomic molecules. See Sections 11.6-11.8. 


Both the Pauling and Mulliken methods for measuring the attracting power of atoms for electrons seem 
to make good chemical sense. If we look at eqn 11.23 (the Pauling scale), we see that if D(A—B) 
were equal (о 1/2LD(A—A) + D(B—B)] the calculated electronegativity difference would be zero, as 
expected for completely non-polar bonds. Hence, any increased strength of the A—B bond over the 
average of the A—A and B—B bonds, can reasonably be thought of as being due to the polarity of the 
A—B bond, which in turn is due to the difference in electronegativity of the atoms involved. Therefore, 
this difference in bond strengths can be used as a measure of electronegativity difference. To obtain 
numerical values for individual atoms, a reference state (atom) for electronegativity must be established. 
The value for fluorine is arbitrarily set at 4.0. 


The Mulliken scale may be more intuitive than the Pauling scale because we are used to thinking of 
ionization energies and electron affinities as measures of the electron attracting powers of atoms. The 
choice of factor 1/2, however, is arbitrary, though reasonable, and no more arbitrary than the specific 
form of eqn 11.23 that defines the Pauling scale. 


011.5 


011.7 
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The Hiickel method parameterizes, rather than calculates, the energy integrals, a and 8, that arise 
in molecular orbital theory. They are considered to be adjustable parameters; their numerical values 
emerge only at the end of the calculation by comparison to experimental energies. The overlap integral 
is neglected, set equal to zero. Three other rather drastic approximations, listed in Section 11.6(a) of 
the text, eliminate many terms from the secular determinant and make it easier to solve: all diagonal 
terms of the determinant are set equal о — Е; nearest-neighbor terms (that is, between bonded atoms) all 
have the same value, 8; and all other terms are zero. (Ease of solution was important in the early days 
of quantum chemistry before the advent of computers, and without the use of these approximations, 
calculations on polyatomic molecules would have been difficult to accomplish.) 


The simple Hückel method is usually applied only to the calculation of z -electron energies in conjugated 
organic systems. The simple method is based on the assumption of the separability of the o- and 
7z-electron systems in the molecule. This is a very crude approximation and works best when the 
energy level pattern is determined largely by the symmetry of the molecule. (See Chapter 12.) 


The ground electronic configurations of the valence electrons are found in Figures 11.31-11.33 and 
11.37. 


№ 102102174202 b=3 25+1=0 
Оз 1921022021741л2 5-2 25+1=3 
МО 10220230214424! b=2} 25-1-2 


The following figures show HOMOs of each. Shaded vs. unshaded atomic orbital lobes represent oppos- 
ite signs of the wavefunctions. A relatively large atomic orbital represents the major contribution to the 
molecular orbital. 


№ 20 molecular orbital 





NO 2л 





Dinitrogen with a bond order of three and paired electrons in relatively low energy molecular orbitals is 
very unreactive. Special biological, or industrial, processes are needed to channel energy for promotion 
of 2c electrons into high energy, reactive states. The high energy 1zz; LUMO is not expected to form 
stable complexes with electron donors. 


Molecular nitrogen is very stable in most biological organisms, and as a result the task of converting 
plentiful atmospheric № to the fixed forms of nitrogen that can be incorporated into proteins is a difficult 
one. The fact that № possesses no unpaired electrons is itself an obstacle to facile reactivity, and the 


E11.1(b) 


E11.2(b) 


E11.3(b) 
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great strength (large dissociation energy) of the № bond is another obstacle. Molecular orbital theory 
explains both of these obstacles by assigning № a configuration that gives rise to a high bond order 
(triple bond) with all electrons paired. (See Fig. 11.33 of the text.) 


Dioxygen is kinetically stable because of a bond order equal to two and a high effective nuclear charge 
that causes the molecular orbitals to have relatively low energy. But two electrons are in the high energy 
Їл, HOMO level, which is doubly degenerate. These two electrons are unpaired and can contribute to 
bonding of dioxygen with other species such as the atomic radicals Fe(II) of hemoglobin and Cu(II) of 
the electron transport chain. When sufficient, though not excessively large, energy is available, biological 
processes can channel an electron into this HOMO to produce the reactive superoxide anion of bond 
order 13. As a result, O» is very reactive in biological systems in ways that promote function (such as 
respiration) and in ways that disrupt it (damaging cells). 


Although the bond order of nitric oxide is 24, the nitrogen nucleus has a smaller effective nuclear 
change than an oxygen atom would have. Thus, the one electron of the 2x HOMO is a high energy, 
reactive radical compared to the HOMO of dioxygen. Additionally, the HOMO, being anti-bonding and 
predominantly centered on the nitrogen atom, is expected to bond through the nitrogen. Oxidation can 
result from the loss of the radical electron to form the nitrosyl ion, NO*, which has a bond order equal 
to 2. Even though it has a rather high bond order, NO is readily converted to the damagingly reactive 
peroxynitrite ion (ONOO-) by reaction with О; —without breaking the NO linkage. 


Solutions to exercises 


Use Figure 11.23 for H5 , 11.33 for Мо, and 11.31 for Оо. 


(a) Н, (3 electrons) : b = 0.5 


(b) № (10electrons): |1o?2e?1z?3e6?| b=3 
(c) O»(12electrons) : | 10220*23021л42л*2| b=2 


CIF is isoelectronic with Ео, CS with №. 














(a) CIF(14 electrons) : 19220*23021л42л*4| b=1 
(b) CS(10 electrons) : 10220*1л4302| b=3 
(©  Oz(3elecron): (1022023021л9217| b= 1.5 





Decide whether the electron added or removed increases or decreases the bond order. The simplest 
procedure is to decide whether the electron occupies or is removed from a bonding or antibonding 
orbital. We can draw up the following table, which denotes the orbital involved 








№ МО О» C5 F2 CN 

(а) АВ” 2n* 2л* 2л" 30 4c * За 
Change in bond order —1/2 —1/2 —1/2 +1/2 — 1/2 +1/2 

(b) AB* Зо 27" 2л" їл 2л* 30 


Change in bond order —1/2 +1/2 +1/2 —1/2 +1/2 —1/2 








E11.4(b) 


E11.5(b) 


E11.6(b) 


E11.7(b) 
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(a) Therefore, | Со and CN | are stabilized (have lower energy) by anion formation. 
(b) | NO, О» and F; | are stabilized by cation formation; in each of these cases the bond order increases. 


Figure 11.1 is based on Figure 11.31 of the text but with Cl orbitals lower than Br orbitals. BrCl is likely 
to have a shorter bond length than BrCl; it has a bond order of 1, while ВГСГ- has a bond order of 1/2. 


4s 


Figure 11.1 


Oj(ülelectons): 10220"23021л 27"! b= 5/2 
O»(I2electrons):  10220"23021л227”? b=2 
05 (I3electron) : 10220723021л 27”) b = 3/2 
O2-(I4electron) : 10220*23021л2л* Ь=1 


Each electron added to о? is added to an antibonding orbital, thus increasing the length. So the sequence 
e, 05, О, o has progressively longer bonds. 


Гаа | omae =1 =n? од xti e Ayar =1 


= М?(1 +A? +245) | Wawpdrt -3| 


1 1/2 
aucun оды (m) 


We seek an orbital of the form aA + bB, where a and b are constants, which is orthogonal to the orbital 
N(0.145A + 0.844B). Orthogonality implies 








| а + bB)N(0.145A + 0.844B) ат = 0 


N | [0.145аА? + (0.145b + 0.844а)АВ + 0.844bB7] dt = 0 


E11.8(b) 


E11.9(b) 


E11.10(b) 


E11.11(b) 
E11.12(b) 
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The integrals of squares of orbitals are 1 and the integral f AB dr is the overlap integral 5, so 





0.1455 + 0.844 


0 = (0.145 + 0.8445)a + (0.1455 + 0.844)b ЯН г? ад 
dnd pit анал wk 4 0.145 + 0.8445 








This would make the orbitals orthogonal, but not necessarily normalized. If 5 = 0, the expression 
simplifies to 


0.844 
a=-~——b 
0.145 


and the new orbital would be normalized if a = 0.844N and b = —0.145N. That is 


N(0.844A — 0.145B) 


The trial function y = x?(L — 2x) does not obey the boundary conditions of a particle in а box, so it is 
| not appropriate | In particular, the function does not vanish at x — L. 


The variational principle says that the minimum energy is obtained by taking the derivative of the trial 
energy with respect to adjustable parameters, setting it equal to zero, and solving for the parameters: 








За? ey a ү аш 32 211 Vy? 
Errial = -2(53) so == - n = 
2u єр \2л° 4а 2u 250 \2л?а 
Solving for a yields: 





an? e ( 1 1/2 a ие? d pet 
— = — ——— a = — =, 
2u 280 \2л3За 312в0 273 18л 31460 


Substituting this back into the trial energy yields the minimum energy: 


2 1/2 
4 3n wet г ule / рий 
ia = So SSS мм :1--0-т:2-т | 
ша Su 18л 31462 £0 \ 181342 . 273 12л 3єдн2 


Energy is conserved, so when the photon is absorbed, its energy is transferred to the electron. Part of 
it overcomes the binding energy (ionization energy) and the remainder is manifest as the now freed 
electron’s kinetic energy. 





Ephoton =1+ Exinetic 
he " (6.626 x 10-3 J s) x (2.998 x 108 m s7!) 


SO Exinetic = Eph реа == 
ПРЕ УНИ X (584 x 10-12 m) x (1.602 х 10-19 JeV-1) 


-[2u8ev] = [339 х 10719 j| 





- 4.69eV 








The molecular orbitals of the fragments and the molecular orbitals that they form are shown in Figure 11.2. 


We use the molecular orbital energy level diagram in Figure 11.41. As usual, we fill the orbitals starting 
with the lowest energy orbital, obeying the Pauli principle and Hund's rule. We then write 


E11.13(b) 


Р11.1 
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Figure 11.2 


(a) С6Н, (7 electrons) : 42,616), 


Е = 2a +28) +400 + В) + (a — В) = |70 +78] 


(b) CoH? (5 electrons) : азе} 4 


E = 2(« +28) +3 + В) = [5e +78] 


The secular determinants from E11.13(a) can be diagonalized with the assistance of general-purpose 
mathematical software. Alternatively, programs specifically designed for НисКе! calculations (such 
as the one at Australia’s Northern Territory University, http://www.smps.ntu.edu.au/modules/mod3/ 
interface.html) can be used. In both molecules, 14 zr-electrons fill seven orbitals. 


(a) In anthracene, the energies of the filled orbitals are o + 2.414 218, о 4- 2.000008, о + 1.414216 
(doubly degenerate), o + 1.000 008 (doubly degenerate), and a + 0.414 21 f, so the total energy is 


14 + 19.313 688 and the л energy is | 19.313 686 |. 


(b) For phenanthrene, the energies of the filled orbitals are o + 2.434768, о + 1.950638, a + 
1.516278, œ + 1.305 806, о + 1.142388, о 4- 0.769 05B, о + 0.605 236, so the total energy is 


140 + 19.448 24 and the л energy is | 19.448 248 |. 


Solutions to problems 
Solutions to numerical problems 


Wa = cos kx measured from A, ув = cos k'(x — R) measuring x from A. 
Then, with y = VA + VB, 


V = cos kx + cos k'(x — R) = cos kx + cos k'R cos kx + sin kR sin kx 
[cos(a — b) = cosa cos b + sin a sin b]. 
(a) k=k = = cos КК = cos 5 —0; sink R= sin E. 


"T xx Y 2 OX 
= cos — + sin —. 
2К 2R 


Р11.3 
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1 1 1 1 
For the midpoint, х = 56. so у (58) = cos 2л + sin "= 2!/? and there is constructive 


interference (V > Wa, Wp). 
Э 3 
(b k= 28 к = ЭЕ” cos К = cos = =0, sink'R=-1. 
= лх din 3лх 
= 008 56 81 2 | | : 
For the midpoint, x = j^ so vy (58) = cos 17 - sin i? = 0 and there is destructive 


interference (Y < Wa, Wp). 


The s orbital begins to spread into the region of negative amplitude of the p orbital. When their centers 
coincide, the region of positive overlap cancels the negative region. Draw up the following table. 


Ка) 0 1 2 3 4 5 6 7 8 9 10 
5 0 0429 0.588 0.523 0.379 0241 0.141 0.078 0.041 0.021 0.01 





Figure 11.3 


The points are plotted in Fig.11.3. The maximum overlap occurs at |R = 2.1ao | 


We obtain the electron densities from р+ = 42 and p_ = ү? with алаг as given in Problem 11.4. 


1/2 

Va = № d (e 11/40 + ег! Ка, 

ла) 
5 


| 1/2 1 1/2 
where N4 = | ——— ml Гэх нээн = 
ы (zi +) (= озы) 0561 


1 1/2 l 1/2 
and N_ = | ——— = {| oe = 9 
(z; = 5) (= = ox) чыш 


1 " 
Hence ps = № —4 (e 11/40 4 e7Iz-Rl/aoy2. 
ла) 


Р11.7 
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We evaluate the factors preceding the exponentials in Y+ and y... 


1/2 
| 1/2 
ла} л х (52.9 pm)3 1216 pm3/2 





EV | 
Likewise, N_ | —~ e 
ла) 621 pm3/2 
1 
Тһеп fe 0000 —|z—R|/ao 2 
Pep T> ! 


and p- (e 9/0 — e 1/4 }2. 


= (621)? pm? 
The ‘atomic’ density is 


1 ] 1 

P = 5 Uas (AY + yis (BY) = 5х | — | {е-?/^/®% --е—?з/) 
2 2 ла) 
e 2ТА/40 + вг-2/в/40 e 2l/ao 4 e-2Iz-RI/ao 


9.30 х 105pm? ^ 930xl10pm? ` 
The difference density is др+ = p+ — p. 


Draw up the following table using the information in Problem 14.4. 








рт —100 —80 —60 —40 —20 0 20 40 
p+ X 107 /рш-3 0.20 0.42 0.90 1.92 4.09 8.72 5.27 3.88 
p- x 107 /рт-3 0.44 0.94 2.01 4.27 9.11 19.40 6.17 0.85 
p х 107 /pm? 0.25 0.53 1.13 2.41 5.15 10.93 5.47 3.26 
80, х107/рт 3 —005 -011  —023 —049 —105 -220  —020 0.62 
бо x 107 /pm? 0.19 0.41 0.87 1.86 3.96 8.47 070 | —240 

z/pm 60 80 100 120 140 160 180 200 
p+ х 107 /pm? 3.73 471 7.42 5.10 2.39 1.12 0.53 0.25 
p- x 107 /pm? 0.25 402 1441 11.34 5.32 2.50 1.17 0.55 
p x 107 /pm? 3.01 4.58 8.88 6.40 3.00 1.41 0.66 0.31 
ёр. x 107 /pm? 0.70 013  —146 -129 -061 -029 -014  —0.06 
ёр х 107/рт-3 —2.76 —0.56 5.54 4.95 2.33 1.09 0.51 0.24 





The densities are plotted in Fig. 11.4(а) and the difference densities are plotted in Fig. 11.4(b). 


P= || йг = |y ôt, ôt = 1.00pm? 
(a) From Problem 11.5 





ү? (с = 0) = p = 0) =8.7 x 1077 pm. 
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Figure 11.4(a) 





рт Figure 11.4(b) 


Therefore, the probability of finding the electron in the volume ёт at nucleus A is 


P = 8.6 x 1077 pm? x 1.00pm? =|8.6 x 1077 | 


(b) By symmetry (or by taking z = 106pm) Р = | 8.6 x1077 
: 2(! = -7 
(c) From Fig. 11.4(a), V2 (25) = 3.7 x 1077 pm, so P = 


(d) From Fig. 11.5, the point referred to lies at 22.4 pm from A and 86.6 pm from B. 





B Figure 11.5 


e—22.4/52.9 + е 86.6/52.9 в 0.65 + 0.19 
1216 pm3/2 ^ 1216pm3/2 


y? 249 x 1077 рт, so Р = 14.9 x107 |, 


Therefore, у = 





= 6.98 x 107* pm~3/?. 


Р11.9 
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For the antibonding orbital, we proceed similarly. 


(а) V? (z = 0) = 19.6 x 1077 pm [Problem 11.5], so P = |2.0 х10-6 | 
(b) By symmetry, P = [2.0 x10-5| 

1 
(c) v? (55) -0, so Р = [o]. 


(d) We evaluate y... at the point specified in Fig. 11.5. 


y. = 065 - 0.19 
727 621 pm? 


у? = 5.49 х 10-7 pm, so P = |5.5 х10-7 | 


Ен = Еу = —hcRy [Section 10.2(b)]. 


= 7.41 х 107* рш-3/2. 


Draw up the following table using the data in question and using 


е? е? ао е? ao 





= —— X Ap ee ee л 
4neoR 41500 К 4meg x (Anegh? /тее?) В 


4 4 
тее ао ао тее 
= —— x — = Ер х — Ер = ———— = 2hcR 
16л2502 R "К | ^ 16л2єд he 1 
2 /4лс0Ё 
so that $ /4лг08) Азов) = X 
En R 
Draw up the following table. 

R/ao 0 1 2 3 4 
(e? /4пвоК)/Еь со 1 0.500 0.333 0.250 
(Vi — V2)/En 0 —0.007 0.031 0.131 0.158 
(E — Ен)/Еһ со 1.049 0.425 0.132 0.055 





0 
0 
0 


The points are plotted in Fig. 11.6. The contribution V2 decreases rapidly because it depends on the 


overlap of the two orbitals. 


The internuclear distance (r), ^ п2ао, would be about twice the average distance (А 1.06 х 106 pm) 
of a hydrogenic electron from the nucleus when in the state n — 100. This distance is so large that each 


of the following estimates is applicable. 
Resonance integral, В ~ —ó (where à 5-0). 


Overlap integral, S ~ = (where = ~ 0). 
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(E — Eg) Ey 





1 2 3 + 5 
R/ag Figure 11.6 


Coulomb integral, a © E,=\00 for atomic hydrogen. 


Binding energy = 2{Е+ — En=100} 
E | а + В 





15 -E-w| 


= 2{а — E,=100} 
x 0. 
Vibrational force constant, К ^: 0, because of the weak binding energy. 
Rotational constant, В = h?/2hcl = R? /2hcurig = 0 because ris is so large. 
The binding energy is so small that thermal energies would easily cause the Rydberg molecule to break 


apart. It is not likely to exist for much longer than a vibrational period. 


P11.13 In the simple Hiickel approximation 


:О: » lo л о Е 
ll l4 | 
Жэ a 73, 
0. 0: о о о о 
` 2 3 
ао – Е 0 0 В 
0 ао —Е 0 В 20 
0 0 ао = Е В мас 
В В В an — E 


(E — оо)? x {(Е — ao) x (E — ox) — 382) = 0. 
Therefore, the roots are 


Е — ао = 0 (twice) and (E-— оо) х (E – ом) — 3g? -0. 
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Each equation is easily solved (Fig. 11.7(a)) for the permitted values of E in terms of ар, ow, and В. 
The quadratic equation is applicable in the second case. 


m 


ao+an+{(ao—an) он (оон 12 
он (оон 


ао 


т energy with resonance 


аофам— [etm о өн +127) —ам)? 428? 1/2 
[etm о men] 


Figure 11.7(a) 


In contrast, the л energies in the absence of resonance are derived for just one of the three structures, 
i.e. for a structure containing a single localized л bond. 


ао —E B 


B PR = 0. 








Expanding the determinant and solving for E gives the result in Fig.11.7(b). 


Delocalization energy = 2 (E. (with resonance) — E. (without resonance)} 


= (ао — an)? + 1267}""" — {ао — an)? +48? | 


E, ао+ом+{ (ао-ам)2+482 pue 
2 


7 energy without resonance 


ao--ox- ((ao-aw) 48217 
2 
E. Figure 11.7(b) 


If В? < (ao — an)”, then 


^ 48? 
Delocalization energy ~ їс 
ао — an 


P11.15 (a) The transitions occur for photons whose energies are equal to the difference in energy between the 
highest occupied and lowest unoccupied orbital energies: 


Ephoton = ELuMo — Ёномо. 


If N is the number of carbon atoms in these species, then the number of т electrons is also N. These 
М electrons occupy the first N/2 orbitals, so orbital number N/2 is the HOMO and orbital number 
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1 + N/2 is the LUMO. Writing the photon energy in terms of the wavenumber, substituting the 
given energy expressions with this identification of the HOMO and LUMO, gives 


І | 
5М-1)л 5Nn 
к= (в apo EEDE) - (u + 280s т 











N+1 N+1 
GN +1)л 5Nx 
=2 RO DAP dup. ы 
12 Nil NAT 
Solving for 8 yields 
B= hev 
' GN + Dx INR V 
——————— — cos 
05 NI N+! 


Draw up the following table 


Species М v/cm-! estimated B/eV 
C2H4 2 61500 —3.813 
C4H6 4 46080 —4.623 
C6Hg 6 39750 —5.538 
CgHio 8 32900 —5.873 


(b) The total energy of the л electron system is the sum of the energies of occupied orbitals weighted 
by the number of electrons that occupy them. In CgHjo, each of the first four orbitals is doubly 
occupied, so 


4 4 
Кл kn 
Ex t2 -1Y («+ 2800s) = 80 цаг ug = 8a + 9.5186. 


The delocalization energy is the difference between this quantity and that of four isolated double 
bonds, 


Едеюс = Ex — 8(a + B) = 80 + 9.5188 — 8(а + В) = 1.158 £ | 


Using the estimate of В from part (a) yields Еда = | 8.913 eV | 


(c) Draw up the following table, in which the orbital energy decreases as we go down. For the purpose 
of comparison, we express orbital energies as (Ех — a)/B . Recall that В is negative (as is o for that 
matter), so the orbital with the greatest value of (Ех — a)/B has the lowest energy. 





Energy Coefficients 
Orbital (Ех —a)/B 1 2 3 4 5 6 
6 -1.8019 02319 —04179 0.5211 -0.5211 0.4179 —0.2319 
5 -1.2470 04179 -0.5211 0.2319 0.2319 -05211 0.4179 
4 -0.4450 0.5211 —0.2319 -04179 0.4179 0.2319 -0.5211 
3 0.4450 0.5211 0.2319 —0.4179 —0.4179 0.2319 0.5211 
2 1.2470 0.4179 0.5211 0.2319 —0.2319 —0.5211 —0.4179 
1 1.8019 0.2319 04179 0.5211 0.5211 0.4179 0.2319 
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The orbitals are shown schematically in Fig. 11.8, with each vertical pair of lobes representing a p 
orbital on one of the carbons in hexatriene. Shaded lobes represent one sign of the wavefunction (say 
positive) and unshaded lobes the other sign. Where adjacent atoms have atomic orbitals of the same 
sign, the resulting molecular orbital is bonding with respect to those atoms; where adjacent atoms 
have different sign, there is a node between the atoms and the resulting molecular orbital is antibond- 
ing with respect to them. The lowest energy orbital is totally bonding (no nodes between atoms) 
and the highest-energy orbital totally antibonding (nodes between each adjacent pair). Note that the 
orbitals have increasing antibonding character as their energy increases. The size of each atomic 





Figure 11.8 


Р11.17 
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p orbital is proportional to the magnitude of the coefficient of that orbital in the molecular orbital. 
So, for example, in orbitals 1 and 6, the largest lobes are in the center of the molecule, so electrons 
that occupy those orbitals are more likely to be found near the center of the molecule than on the 
ends. In the ground state of the molecule, there are two electrons in each of orbitals 1, 2, and 3, 
with the result that the probability of finding a л electron in hexatriene is uniform over the entire 
molecule. 


Mathcad may be used to demonstrate the power of matrix diagonalization techniques. The function 
eigenvals() performs diagonalization to find the eigenvalues of a matrix while the function eigenvecs() 
finds the eigenvectors. To show use of the technique, the л conjugated systems of both benzene and 
hexatriene are analyzed below with the Hiickel approximation. The energy levels are reported as x values 
where x = (E — a)/B. The molecular orbital for a level is identified by counting nodal planes. Energy 
increases with the number of nodal planes in the wavefunction. Modern mathematic software makes it 
very easy to check both normalization of a wavefunction and the orthogonality of two wavefunctions so 
this is demonstrated for benzene. 


Writing the Hückel secular matrix as M (x), the functions eigenvals() and eigenvecs() use M(0) as their 
arguments. The transpose operator (T) is used to place the coefficients of each eigenfunction along a 
row. Eigenvalues are sorted with the sort() function. The sum of the squares of the p orbital coefficients 
equals 1 when the eigenfunction is normalized. When two eigenfunctions are orthogonal, the sum of 
their multiplied coefficients equals zero. 


For benzene: 


x 1:0:0 0.1 —2\ х4 
тух ро ар -1 | хз 
0 1 x-1 0-90 : 1 | хз 
M = = 
(x) oO к sort(eigenvals(M(0))) 1 |x 
0 0 0 1:x-1 1 [xe 
10.00 1-x 2 /хү 
0.569 0.201 —0.368 -0.569 —0.201 0.368\ va 
—0.096 -0541 -0445 0.096 0.541 0.445 | Wop 
eigenvecs(M(0)" = 0.508 -0491 —0.017 0.508 —0491 —0.017 | уза 
-0274 —0.303 0.577 -0274 —0.303 0.577 | wap 
0408 0.408 0408 0408 0.408 0.408] y 
-0408 0.408 -0408 0.408 -0408 0.408/ v4 
5 2 
Checking the normalization of ура : HE |(eigenvecst oy), | -1 
1 
i=0 : 


5 
Checking the orthogonality of узаапа уза : V ^ | (eigenvecstvoy) 


2, : (eigenvecs(m(o))"), | -0 


0,i 
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Placing a total of 6 л electrons of benzene into the three lowest energy levels gives a total x term energy: 


5 
2- У | sort(eigenvals (M(0)); 2 8 
i=3 


Ex = ДЕ + Ра + Erp} = 2{(a + Bxi) + (а + Входа) + (о + Вхэь)} 
= бо + 2(x1 + xoa + xop) В = ба + 8p. 
Edeloc = Ex — 6(0 + В) = 2p. 


For hexatriene 


x1 0 0.0 0 —1.802 Eg 
Ех 900 —1.247 Es 
О х 12020 : —0.445 Е, 
М(х) = = 4 
(x) апл тух тб sort(eigenvals(M(0))) 0.445 Es 
0.0 Di x4 1.247 Eo 
0.0 0:0 1 x 1802) Е 
0.418 0.521 0.232  —0.232 —0.521 —0.418 Yo 
-0.521 -0.232 0.418 0418 —0.232 —0.521 уз 
eige (мо) = —0.232 —0.418 —0.521 —0.521 -0418 —0.232 V1 
—0.521 0.232 0.418  —0.418 —0.232 0.521 ул 
-0418 0521 -0232 -0232 0521 -0418| vs 
—0.282 0.418 -0521 0.521 -0418 0.232) ұқ 
5 
2. У sort(eigenvals(M(0))); = 6.988 
i=3 


Ех = ДЕ) + E2 + E3} = 2((a + Вх) + (е + Вх) + (o + Вхз)} 
= бо + 20 +22 + хәй = [61 69887] 
Edeloc = Ex — 6(@ + В) = [0.9886 | 


Remembering that the resonance integral is negative, we see that the delocalization energy stabilizes 
the z orbitals of the closed ring conjugated system (benzene) to a greater extent than what is observed 
in the open chain conjugated system (hexatriene). The unusually large stabilization energy of benzene 
also demonstrates the validity of the Hückel 4л + 2 rule for planar, cyclic conjugated л systems. 


In all of the molecules considered, the HOMO is bonding with respect to the carbon atoms connected 
by double bonds, but antibonding with respect to the carbon atoms connected by single bonds. (The 
bond lengths returned by the modeling software suggest that it makes sense to talk about double bonds 
and single bonds. Despite the electron delocalization, the nominal double bonds are consistently shorter 
than the nominal single bonds.) The LUMO had just the opposite character, tending to weaken the 
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C=C bonds but strengthen the C—C bonds. To arrive at this conclusion, examine the nodal surfaces 
of the orbitals. An orbital has an antibonding effect on atoms between which nodes occur, and it has a 
binding effect on atoms that lie within regions in which the orbital does not change sign. The 7* < л 
transition, then, would lengthen and weaken the double bonds and shorten and strengthen the single 
bonds, bringing the different kinds of polyene bonds closer to each other in length and strength. Since 
each molecule has more double bonds than single bonds, there is an overall weakening of bonds. 
(See Fig. 11.9.) 


oh 


HOMO LUMO 
HOMO 








Figure 11.9 
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Solutions to theoretical problems 


P11.21 Since 


1. ғау р ре 
= RyYo = — (| — 2--)е 2/4 x | — 
Vos = Roo Yoo (2) *[ AL (8) [Tables 10.1, 9.3] 
| \!? т ү3? 
atp a кы _ Р\.-р/4 
=) (2) х (2-5) = и, 


Vop, = Ra ("1,1 — Y1,-1) [Section10.2] 


| 
ай 


3 \ 1/2 | ' 
== 5 (= ) Be ^ (=) sin Ө(е'® + е!) [Tables 10.1, 9.3] 
3 1/2 
дага — 8110 cos Ф 
-5(2) (ы) 
ТА рау о 
ы 2 E PIA ss 
1 (5) х (2) 36 sin Ó cos ф, 


1 
фор, = zc Ri (^ia + 1,1) [Section10.2] 


1/1 NP 7\32 
=; (5) х (2) A вА sin Ө sin ф [Tables 10.1, 9.3]. 
л ао 


Therefore, 


" p. 1412 Ay 
—-—x-xl- х | — 
з 4 л ао 
1 рү 1р. 436... ом 
ЕГЕТЕ С е 
iry fz" 1 3 
= (=) (=) х 2- $- 755 sind cos + 55 sind sing e ^/4 
YER /z2ye 1 3 
-4(8) «(£) x 2-5 1+ 7; ea eng = 5 sind sing е_ 2/4 
1/1\' 3/2 E : 
= - (=) х (2) х 2 = B 1 + [cos ф — УЗ sing] sin e724, 
4 Х6л ao 2 42 


The maximum value of y occurs when sin 0 has its maximum value (+1, when 0 = 90°; that is, in the 
xy plane), and the term multiplying р/2 has its maximum negative value (—1, when ф = 120°). 
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P11.23 The normalization constants are obtained from 


[ 9» -1, у= Мул + ув), 


м | ча + yg) dt = № fos + y? + 2фдүв)йт = №2(1+1+25) = 1. 


Therefore, N? 





“Л +5)” 
Feo uan 6 1 € 17 e 1 
2т 4neg ra 4neo тв 4150 R 


Hy = Ew implies that 


x e 1 e | e | 
Vy -—y- у + y = Еу. 


4120 РА 4150 тв 4те R 








Multiply through by ү*(= ү) and integrate using 








n? e 1 
— IV |— VA = Eua, 
2 47£0 TA 
Б.» e 1 
^om Vp — usn — Vp = Ёнұв. 
NEO в 


Then for y = N(Wa + Wp) 











й 
е 1 е? 1 е? 
М Eua + Енүв — .— yg — ; 
fe HVA + En Vp du 5; iu m ^ t Anas 212) 
hence Ен | Wor + 5—2 sf" м [у (в) а т= Е 
ГА rB 
E NE NE DER n I + ie n da 
REP GU E dai AT vB Vn 7 Vn + Van n va) т-Ё. 


1 1 
Тһеп иве | VA — Vpdr = | ув Улат [by symmetry] = У /(е? /4л=0) 
А 


1 1 
and | Ул Wade = [ Yez Vndr [by symmetry] = V; /(е? /4n&9) 





2 
е 1 1 
which gives Ен + .— | —— + = 
хашин 4лєр К (тт) хи VW =Е 
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Vi Vo её 1 


or E= Ey s 
1+5 4neg R 











as in Problem 11.8. 


The analogous expression for E_ is obtained by starting from 


V = МА — Ув) 


E 
2(1— 5) 


and following through the step-wise procedure above. The result is 


with №2 = 


ү — V e? 
1 ЖА 


Е = Eg — та: 
Weg Але 








as in Problem 11.9. 


P11.25 (a) Expanding the determinant yields 


ад — Е В 


8 pt = 0 = (ад — Е) (ав — E) — B? = E? — (од + ов)Е + «дов — B^. 


This is a quadratic equation in E where a = 1, b = — (од d-og), and c = адов — 8° . The solution is 


_ 26 Ve —4ас _ -(вд tan) , (01 + 2алав + ag — одов + 482)? 











Е 
5 2а 2 2 
—(@л +ов) , [ea — ов)? + 4821/2 
Е 2 2 
ид + ов aa — Ов 48? Y 
=| 1 
2, 2 (од — ов)? 











(b) By hypothesis, (од — ap) > 8°, so the term in parentheses can be expanded: 


24 48? 
OA d- OB , QA — QB (1+ В ) 


Е = ——— | — 
= 2 2 2(aa — ag)? 


OA Бов «А—ов ээ 46? ) =las В? 


E, ЭМ He 
ОНЫ 2 2 2 Ain ны 


QA — OB 





ОА БОВ AA—aAaB AA – аВ 
4 Е х 
7 2 2 2 ( 





4g? ) Р 8° 


———; ав — ——— | 
2(aa — og)? QA — “в 
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Solutions to applications 


P11.27 The secular determinant for a cyclic species Hy has the form 


1 2 ЭУ amm des ne МТ N 








where x = (а — E)/B ог Е = - fx. 


Expanding the determinant, finding the roots of the polynomial, and solving for the total binding 
energy yields the following table. Note that a < 0 and В <0. 




















Species Number Permitted x (roots) Total binding 
of e~ energy 
H4 4 —2,0,0,2 40 + AB 
1 1 1 1 
+ 3 
н} 4 22 (1 “п ses eee а sold ane 
Hs 5 =2, 5 (1=5)45 (1- ¥5).5 (14+-V3).5 (14-45) sa + 5 (5+3V5) в 
" I 1 1 1 
н: 6 2,5 (1 %5). 5. (1 V3). (1+5), 5 (19 5) ба + (2 +2V5) в 
Hg 6 -2,-1,-1,1,1,2 ба +88 
HT 6 —2, —1.248, — 1.248, 0.445, 0.445, 1.802, 1.802 ба + 8.992 В 
H4 — 2H» ArU = 4(a + B) — (40 + 4B) = 0. 
Hi > Н +H} AU = 2(a + В) + (2a + 28) — (40 + 5.2368) 
= 0.7648 < 0. 


The above A,U values indicate that H4 and Hi can fall apart without an energy penalty. 
Н; > Н +9; ArU = 2(а + В) — (4a +28) — (ба + 6.4728) 
= —2.472B > 0. 


Hs > ЗН› AU = 6(a + B) — (ба +88) 
= —28 > 0. 


Ну > 29 +H} A,U =4(w + В) + Qa + 48) — (ба + 8.9928) 
= —0.9928 > 0. 
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The A.U values for H; , Ho, and iy suggest that they are stable. 





Satisfies Hiickel 4n + 2 low energy rule 








Species Correct number e Stable 
H4, 4e7 No No 
Hz. 4e^ No No 
Н; ,6e7 Yes Yes 
Hg, бе Yes Yes 
HF ,6e7 Yes Yes 





Hiickel’s 4n + 2 rule successfully predicts the stability of hydrogen rings. 


This question refers to six 1,4-benzoquinones: the unsubstituted, four methyl-substituted, and a dimethyl- 
dimethoxy species. The table below defines the molecules and displays reduction potentials and 
computed LUMO energies. 


О 
R6 R2 


R5 R3 


Species R2 R3 R5 R6 E?/N | Eyuwo/eV* 


1 Н Н Н Н -0.078 —1.706 
2 СН, Н Н Н -0.023 —1.651 
3 CH; 4H CH3 H —0.067 —1.583 
4 CH3 CH3 CH3 H —0.165 =1.371 
5 СНз CH; CH; СНз —0.260 -1.233 
6 CH; СН, CH30 CH30 -1.446 





* Semi-empirical, РМЗ level, PC Spartan Pro™, 


(a) The calculations for the species 1—5 are plotted in Fig. 11.10. The figure shows that a 
between the reduction potential and the LUMO energy is consistent with these 
calculations. 

(b) The linear least-squares fit from the plot of Ej uwo vs. E? is 


Evumo/eV = —1.621 — 1435E?/V (r? = 0.927). 
Solving for E? yields 


Е° /У = —(Eyuwo/eV + 1.621)/1.435. 





(с 


(а 


) 


хи 
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Figure 11.10 


Substituting the computed LUMO energy for compound 6 (a model of ubiquinone) yields 


E? = [—(—1.446 + 1.621)/1.435] = |-0122У| 


The model of plastoquinone defined in the problem is compound 4 in the table above. Its experimental 
reducing potential is known; however, a comparison to the ubiquinone analog based on Ej умо ought 
to use a computed reducing potential: 


E? = [—(—1.371 + 1.621)/1.435] =| 0.174 V | 


The better oxidizing agent is the one that is more easily reduced, the one with the less negative 
reduction potential. Thus we would expect compound 6 to be a better oxidizing agent than compound 
4, and | ubiquinone a better oxidizing agent than plastiquinone | 








Impact 17.2 states that coenzyme Q (which is another name for ubiquinone) acts as ап oxidizing 
agent (oxidizing NADH and FADH») in respiration (i.e. in the overall oxidation of glucose by 
oxygen). Plastoquinone, on the other hand, acts as a reducing agent (reducing oxidized plastocyanin) 
in photosynthesis (Impact 123.2). Respiration involves the oxidation of glucose by oxygen, while 
photosynthesis involves a reduction fo glucose and oxygen. It stands to reason that the better oxidizing 
agent, ubiquinone, is employed in oxidizing glucose (i.e. in respiration), while the better reducing 
agent (that is, the poorer oxidizing agent) is used in reduction, i.e. in photosynthesis. (Note, however, 
that both species are recycled to their original forms: reduced ubiquinone is oxidized by iron (III) 
and oxidized plastoquinone is reduced by water.) 


012.1 


012.3 


012.5 


012.7 


2 Molecular symmetry 





Answers to discussion questions 


The point group to which a molecule belongs is determined by the symmetry elements it possesses. 
Therefore the first step is to examine a model (which can be a mental picture) of the molecule for all its 
symmetry elements. All possible symmetry elements are described in Section 12.1. We list all that apply 
to the molecule of interest and then follow the assignment procedure summarized by the flow diagram 
in Figure 12.7 of the text. 


The dipole moment is a fixed property of a molecule and as a result it must remain unchanged through any 
symmetry operation of the molecule. Recall that the dipole moment is a vector quantity; therefore both 
its magnitude and direction must be unaffected by the operation. That can only be the case if the dipole 
moment is coincident with all of the symmetry elements of the molecule. Hence molecules belonging 
to point groups containing symmetry elements that do not satisfy this criterion can be eliminated. 
Molecules with a center of symmetry cannot possess a dipole moment because any vector is changed 
through inversion. Molecules with more than one C, axis cannot be polar since a vector cannot be 
coincident with more than one axis simultaneously. If the molecule has a plane of symmetry, the dipole 
moment must lie in the plane; if it has more than one plane of symmetry, the dipole moment must lie 
in the axis of intersection of these planes. A molecule can also be polar if it has one plane of symmetry 
and no C,,. Examination of the character tables at the end of the Data section shows that the only point 
groups that satisfy these restrictions are Cs, Сп, and C,y. 


A representative is a mathematical operator (usually a matrix) that represents the physical symmetry 
operation. The set of all these mathematical operators corresponding to all the operations of the group 
is called a representation. See Section 12.4(a) for examples. 


Selection rules tell us which transition probabilities between energy levels are non-zero, namely, which 
spectroscopic transitions will have a non-zero intensity. The intensities are given by the transition moment 
integral, eqn 12.9, which has the form of the integral of the product of three functions as described by 
eqn 12.8. Without actually having to perform the integrations involved, group theory can tell us which 
of these integrals will be non-zero, and hence tell us which are the allowed transitions. Such integrals 
will be non-zero only if the representation of the triple product in the point group of the molecule spans 
А | or contains a component that spans A4. In practice, it is usually sufficient to work with the product of 
the characters of the representations, rather than the matrix representatives themselves. See Examples 
12.6 and 12.7. 


Е12.1(Ь) 


Е12.2(Ь) 


E12.3(b) 


E12.4(b) 


E12.5(b) 
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Solutions to exercises 


ССЦ has (each С—С1 axis), (bisecting CI—C—CI angles), (the same 
as the C» axes), and | 6 dihedral mirror planes | (each С1—С—С1 plane). 


Only molecules belonging to Cs, Си, and C,, groups may be polar, so... 


(а) CH3CI(C3,) | may be polar | along ће С--С1 bond; 
(b) HW»5(CO)10(D4n) | may not be polar 
(c) SnCl4(Ta4) | may not be polar 


The factors of the integrand have the following characters under the operations of Обь 


E 26% 2€; С ЗО 3Cj i 253 256 Oh Зоа Зо, 





Px 2 1 -1 -2 0 0 -2 -l 1 2 0 0 
7 1 1 1 1 1 1 1 1 1 —1 1 1 
p: NE | 1-4 4 44444401 | 
Integrand 2 1 -1 -2 0 0 -2 -1 1 2 0 0 





The integrand has the same set of characters as species Ели, so it does not include Aj,; therefore the 


integral | vanishes |. 


We need to evaluate the character sets for the product AjgE2uq, where 4 = x, у, or z 


E 206 2С; C) ЗС, 3C] i 2$, 256 on 304 3oy 





Aig 1 1 1 1 1 1 1 1-1 1 1 1 
Eo, 2 up =] 2 0 D — 1 1 -à 8 0 
(х,у) 2 Loo xo 4) @ =й -4 4 2 0 0 
Integrand 4  —1 i «4 0 0 4 ы і -4 0 0 


То see whether the totally symmetric species А | is present, we form the sum over classes of the number 
of operations times the character of the integrand 


c(Aig) = (4) + 2(—1) + 2(1) + (—4) + 3(0) + 3(0) + (4) 
+ 2(- 1) + 2(1) + (74) + 3(0) + 3(0) = 0 


Since the species Ат» is absent, the transition is | forbidden | for x- or y-polarized light. A similar 
analysis leads to the conclusion that A; is absent from the product AjgE2uz; therefore the transition is 


forbidden. 


The classes of operations for Dz are: E,C2(x), C2(y), and С (х). How does the function xyz behave 
under each kind of operation? E leaves it unchanged. C2(x) leaves x unchanged and takes y to —y 
and z to —z, leaving the product xyz unchanged. Сә (у) and C2(z) have similar effects, leaving one 


E12.6(b) 


E12.7(b) 


E12.8(b) 


E12.9(b) 
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axis unchanged and taking the other two into their negatives. These observations are summarized as 
follows 


E Ca) COY) O) 


xyz 1 1 1 1 
A look at the character table shows that this set of characters belong to symmetry species [A] 


A molecule cannot be chiral if it has an axis of improper rotation. The point group Та has 
S4 axes | and | mirror planes (= $1) , which preclude chirality. The Th group has, in addition, а 


center of inversion (= 52) |. 


The group multiplication table of group Ca, is 











E C; e^ C; ovx) 0,0) — оду) б4(-ху) 
E E CT Cy C; оү (Xx) оү (у) са(ху) | са(—ху) 
С ^ С Ч Сэ Е Cy Oa(xy) | са(—ху) ау(у) oy (x) 
С; & E С Сү оа(—ху) oa(xy) оу(х) | ov) 
С С e e E 0,0) ox) | б4(-ху) oa (xy) 
ovx) | 0,(5) oal) оа(ху) o) Е C C, с 
Ky) 0,0) aay) ова(-х) о) O Е cf ©; 
оа(ху) ба(ху) olx) оу(У) са(—ху) c Cy E Сэ 
да(-ху) оч(—ху) оуу) о) oa) Су er C2 E 





See Figure 12.1. 


(a) Sharpened pencil: E, Со, oy; therefore | Су 





(b) Propellor: E, Сз, 3C»; therefore 
(c) Square table: E, C4, 40y; therefore | C4, |, Rectangular table: E, Сә, 20у; therefore 





(d) Person: E, oy (approximately); therefore [c] 


We follow the flow chart in the text (Figure 12.7). The symmetry elements found in order as we proceed 
down the chart and the point groups are 


(a) Naphthalene: E, C2, C}, C7, 30h, i; 
(b) Anthracene: E, C2, C}, СУ, Зоъ, i; | Dan | 


(c) Dichlorobenzenes: 


(1) 1,2-dichlorobenzene: E, C2, оу, оу; | Cry 


(ii) 1,3-dichlorobenzene: E, C2, бу, оу; | Cay 





(iii) 1,4-dichlorobenzene: E, C2, C}, СУ, 3n. i; | Don | 
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Gs, 
(а) (2 (b) 
17 
(с) с, @ ^| 


Figure 12.1 


E12.10(b) (а) H-F С. 
(b) 


(e) 





The following responses refer to the text flow chart (Figure 12.7) for assigning point groups. 


(a) HF: linear, no 7, so 


(b) IF;: nonlinear, fewer than 2C, with n > 2, Cs, 5С, perpendicular to C5, op, so 

(c) XeO5F»: nonlinear, fewer than 2C, with n > 2, C2, no C; perpendicular to C2, no оъ, 20y, so 
(d) Fe2(CO)o: nonlinear, fewer than 2C, with n > 2, Сз, ЗС perpendicular to Сз, би, so | Dan 
(e) cubane (CgHg): nonlinear, more than 2С, with n > 2, i, no C5, so 

(f) tetrafluorocubane (23): nonlinear, more than 2C, with n > 2, no i, so [Ta] 
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E12.11(b) (a) Only molecules belonging to C,,C,. and Си, groups may be polar. In Exercise 12.9(b) 





| ortho-dichlorobenzene Јапа| meta-dichlorobenzene | belong to C», and so may be polar; in Exercise 


12.6(b),| HF and XeO2F> | belong to Cry groups, so they may be polar. 


(b) A molecule cannot be chiral if it has an axis of improper rotation — including disguised or degenerate 
axes such as an inversion centre (52) or a mirror plane (51). In Exercises 12.5(b) and 12.6(b), all the 
molecules have mirror planes, so can be chiral. 





E12.12(b) In order to have nonzero overlap with a combination of orbitals that spans E, an orbital on the central 
atom must itself have some E character, for only E can multiply E to give an overlap integral with a totally 


symmetric part. A glance at the character table shows that orbitals available to a bonding N 


atom have the proper symmetry. If d orbitals are available (as in SO), | all d orbitals except d.» | could 


have nonzero overlap. 


E12.13(b) The product Г; x I (u) x Ti must contain A; (Example 12.7). Then, since Г; = В, Г(и) = Г(у) = B2 
(Сәу character table), we can draw up the following table of characters 





E С» бу а! 


2 у 





В› E. wp s І 
В| г = Eo 
ВВ 1 | = = = 


Hence, the upper state is | Аз |, because Аэ х A2 = Aj. 


E12.14(b) (a) 


Anthracene 
ннн 


OOQ » 


H 
н нн 


The components of и span B3, (x), B24 (у), and В. (2). The totally symmetric ground state is Ag. 
Since Ag x Г = Г in this group, the accessible upper terms are (x-polarized), (y- 


polarized), and (z-polarized). 


(b) Coronene, like benzene, belongs to the Обь group. The integrand of the transition dipole moment 
must be or contain the А у, symmetry species. That integrand for transitions from the ground state 
is Aiggf, where 4 is x, y, or z and f is the symmetry species of the upper state. Since the ground 
state is already totally symmetric, the product gf must also have Ajg symmetry for the entire 
integrand to have Ajg symmetry. Since the different symmetry species are orthogonal, the only 
way qf can have Aig symmetry is if д and f have the same symmetry. Such combinations include 


zA2u,xXEjy, and yE;,. Therefore, we conclude that transitions are allowed to states with 
symmetry. 


E12.15(b) 


P12.1 


P12.3 


P12.5 
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E 2C3 Зо, 
А| 1 1 1 
A2 1 1 —1 
Е 2 -1 0 
sin Ө 1 Linear combinations of 1 
cos 6 1 sin Ө and cos ð -1 
Product 1 1 —1 


The product does not contain Ат, so the integral vanishes. 


Solutions to problems 


(a) Staggered СНзСН: : Е, 


(b) Chair СН): E, Сз, C2, Зод; | Daa |. 


Boat СН): E, C2, бу, 


C3, C», 304; | Рза | [see Fig. 12.6(b) of the text]. 

















ву; | Cx | 


(©) B2He: Е, C». 2С, on; | Dan | 


(d) [Со(еп)з РТ: E, 2C3, 3С; | D3 | 
(e) Crown Sg: E, Са, Со, 4C5, 40a, 288:| Daa | 


Only boat CH,» may be po 








lar, since all the others аге D point groups. Only [Co(en)3]** belongs to a 


group without an improper rotation axis (51 = o), and hence is chiral. 


Consider Fig. 12.2. The effect of оъ on a point P is to generate ox P, and the effect of C2 on оъР is to 


generate the point C20pP. The same point is generated from P by the inversion i, so C205 P = iP for all 


points P. Hence, | Coop = i 








‚ and i must be a member of the group. 


Figure 12.2 


We examine how the operations of the C3, group affect [. = xp, — yp, when applied to it. The 
transformations of х, y, and z, and by analogy px, py, and р, are as follows (see Fig. 12.3) 
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E(x,y,z) — (х,у, 2), 
оу(х, у, <) > (—х,у, 2), 
Oy (x, yz) > (х,—у,2), 


oy (x,y,z) > (x,y, —2), 


v3y,—3V3x 
ы 


N 
pm 


"d 


СУ (х,у, =) > (-3x+ 


ES 


С; (х,у, <) > (-3x- 


5 -— 
ае 
= 





Figure 12.3 
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The characters of all o operations are the same, as are those of both C3 operations (see the Cs, character 
table); hence we need consider only one operation in each class. 


El; = xpy — уру = lz, 


оу, = —хру + уру = -4, [(x,y,z) > (х, у, 2)], 
Chl. = (—}х + 349) x Cp — Зру) — C3 — 39) x (Зри 3p) 


Го, у, 2) > (—1х + 4V3y, - 33x — fy, z)] 


1(/3xpy + дру — Зурх — МЗуру — МЗхрх + Зхру — урх + V3ypy) 


= хру — уру = lz. 


The representatives of E, о’, and С *i are therefore all one-dimensional matrices with characters 1, —1, 
1 respectively. It follows that l; is a basis for A» (see the Сз, character table). 


P12.7 The multiplication table is 


1 Ox оу о; 
1 1 Ox Oy Oz 
Ox Ox 1 idx -40у 
Oy Oy —ioc; 1 іс 
с; о; ioy —io; 1 





The matrices | do not form a group | since the products io;, ісу, io, and their negatives are not among the 





four given matrices. 


P12.9 (a) In Сз, symmetry the Н15 orbitals span the same irreducible representations as in NH3, which is 
A; + A; +E. There is an additional A, orbital because a fourth Н atom lies on the Сз axis. In 
Сзу, the d orbitals span A; + Е + E [see the final column of the Cs, character table]. Therefore, 


all five d orbitals | may contribute to the bonding. 


(b) In C», symmetry the H1s orbitals span the same irreducible representations as in H20, but one 
*H20' fragment is rotated by 90° with respect to the other. Therefore, whereas in H20 the Н15 
orbitals span Aj + B2 [Hi +H2, Ну — Hz], in the distorted CH4 molecule they span Aj + B? + A, + 
B; [Hi + H2, Hı — H2, H3 + Н, H3 — H4]. In C», the d orbitals span 2A; + By + B2 + A2 [Coy 


character table]; therefore, | all except A2(d,y) | may participate in bonding. 


P12.11 (a) We work through the flow diagram in the text (Fig. 12.4). We note that this complex with freely 
rotating CF3 groups is not linear, it has no C, axes with n > 2, but it does have С» axes; in fact 
it has two C» axes perpendicular to whichever C? we call principal, and it has a он. Therefore, the 
point group is [Dx] 

(b) The plane shown in Fig. 12.4 below is a mirror plane so long as each of the CF3 groups has a CF bond 
in the plane. (i) If the CF3 groups are staggered, then the Ag-CN axis is still a C» axis; however, 
there are no other C2 axes. The Ag—CF3 axis is an 52 axis, though, which means that the Ag atom 


Р12.13 
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МС 


(а) 


(5) 


(с) 


(4) 


is at an inversion center. Continuing with the flow diagram, there is a он (the plane shown in the 
figure). So the point group is | C» |. (ii) If the CF3 groups are eclipsed, then the axis through the 


Ag and perpendicular to the plane of the Ag bonds is still a С» axis; however, neither of the Ag 
bond axes is а C» axis. There is no оъ but there are two oy planes (the plane shown and the plane 


perpendicular to it and the Ag bond plane). So the point group is [cs] 





CF3 | cN 


Figure 12.4 


C». The functions x?,y?, and z? are invariant under all operations of the group, and so 
z(5z? — 3r?) transforms as z(A1), у(5у2 — 3r?) as y(B2), х(5х2 — 312) as х(В1), and likewise for 
z(x? — у2), у(х? — 52), and x(z2 — у2). The function xyz transforms as Bj x B2 x Aj = A». 


Therefore, in group Coy, f — | 2A; + A» +2В| + 2B2 |. 


Cay. In C3y, z transforms as Ay, and hence so does z?. From the C зү character table, (х2 — y^ xy) 
is a basis for E, and so (xyz, 2(х2 — у2)) is a basis for Aj x E = E. The linear combinations 
у(5у2 — 312) + 5у(х2 — 52) x y and х(5х2 — 312) + 5х(22 — y?) ох x are a basis for E. Likewise, the 
two linear combinations orthogonal to these are another basis for E. Hence, in the group Cay, f > 


[A +36] 


Та. Make the inspired guess that the f orbitals are a basis of dimension 3 + 3 + 1, suggesting the 
decomposition T + T + A. Is the A representation A; or Аз? We see from the character table that 
the effect of S4 discriminates between A, and A». Under S4, x > y, y > —x, z — —z, and so 
xyz — xyz. The character is x = 1, and so xyz spans Ат. Likewise, (х,у, 22) > (уЗ, —x3, -23) 
and x = 0 + 0 — 1 = —1. Hence, this trio spans T». Finally, 


(022 — у?), у —x5, zo? — у?)} > p^ — х2), —х@? — y^), (уг —x^)) 


resulting in x = 1, indicating Ту. Therefore, in Та, f — | Ay +Т + Т |. 


Оһ. Anticipate an A + T + T decomposition as in the other cubic group. Since x, y, and z all have 
odd parity, all the irreducible representatives will be и. Under S4, xyz — xyz (as in (c)), and so 
the representation is x = —1 (see the character table). Under S4, (2,52, 23) > (у?, =, —23), 
as before, and x = —1, indicating Тү. In the same way, the remaining three functions span T2y. 


Hence, in On. f > [Azu + Tiu + Tou | 


(The shapes of the orbitals are shown in /norganic Chemistry, 3rd edn, D. F. Shriver, and P. W. Atkins, 
Oxford University Press and W. H. Freeman & Co (1999).) 

The f orbitals will cluster into sets according to their irreducible representations. Thus (a) f —> 
А, +T 4- To in Та symmetry, and there is one nondegenerate orbital and two sets of triply degenerate 
orbitals. (b) f — Ар + Ты + Тод, and the pattern of splitting (but not the order of energies) 
is the same. 


Р12.15 


Р12.17 


We begin Бу drawing up the following table. 


N2s N2p, № р, 


Е №25 N2p, N2p, 
Сә N2s —N2p, —N2py 
oy N2s N2p, —N2p, 
o, N2s —N2p.  NOp, 


N2p: O2px 
N2p- O2p, 
N2p. —O'p, 
№ р. О’2 ру 
М2р, —O2p, 


O2p, 


O2p, 
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О?р: О'2р; 


O2p- Op, 


—O'2p, O'2p. —O2p. 
—O2p, O'2p.  O2p, 


O2p, 


O2p. —О'2р, 





О?р, О?р: 
О?р, O?7p. 
-О2р, O2p- 
—O2p, О?2р; 
О?р, О’2р. 


RNOS 


The character set (10, 0, 2, 4) decomposes into | 4A, + 2B, + 3B» + A» |. We then form symmetry- 
adapted linear combinations as described in Section 12.5. 


V (A1) = №25 
V (A1) = N2p: 
V (A1) = О2р. + O'2p. 
V (A1) = O2p, + Op, 
V (B1) = N2py 


(column 1) 
(column 4) 
(column 7) 
(column 9) 
(column 2) 





V (Bi) 
v (B2) 
v (B2) 
V (A2) 
V (A2) 


(The other columns yield the same combinations.) 


= O2p, + O'2p, 
= N2p, 

= О2р, + O'2p, 
= O2p. + Op. 
= O2p, + OOp, 


Consider phenanthrene with carbon atoms as labeled in the stucture below. 





(column 5) 
(column 3) 
(column 6) 
(column 7) 
(column 5) 


(a) The 2p orbitals involved in the л system аге the basis we are interested in. To find the irreproducible 
representations spanned by this basis, consider how each basis is transformed under the symmetry 
operations of the C», group. To find the character of an operation in this basis, sum the coefficients 
of the basis terms that are unchanged by the operation. 





To find the irreproducible representations that these orbitals span, multiply the characters in the 
representation of the orbitals by the characters of the irreproducible representations, sum those 
products, and divide the sum by the order Л of the group (as in Section 12.5(a)). The table below 
illustrates the procedure, beginning at left with the C», character table. 








The orbitals span |7А: +В, | 


бу о, | product Е Cy бу of | sum/h 
1 1 14 0 0 -11410 

ТЭР 140 0 14|7 
1-1 14 0 0 14 17 

=l 1 14 0 0 —14|0 
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(b) 


(с) 


To find symmetry-adapted linear combinations (SALCs), follow the procedure described in Sec- 
tion 12.5(c). Refer to the table above that displays the transformations of the original basis orbitals. 
To find SALCs of a given symmetry species, take a column of the table, multiply each entry by the 
character of the species’ irreproducible representation, sum the terms in the column, and divide by 
the order of the group. For example, the characters of species A, are 1, 1, 1, 1, so the columns to be 
summed are identical to the columns in the table above. Each column sums to zero, so we conclude 
that there are no SALCs of A; symmetry. (No surprise here: the orbitals span only A» and В|.) An 
A» SALC is obtained by multiplying the characters 1, 1, —1, —1 by the first column: 


i(a—a' —a' +a) = 1 (а — a’). 


The Аз combination from the second column is the same. There are seven distinct A»? combinations 


in all: 





Ха — а”), ib —b^,..., ig — g^) |. The B, combination from the first column is 


1(а++а'+а'+а) = (a +a’). 


The B, combination from the second column is the same. There are seven distinct Bj combinations 
in all: Ма +a’), 10 +b’),..., ig + g’) | There аге no B? combinations, as the columns sum to 





Zero. 


The structure is labeled to match the row and column numbers shown in the determinant. The Hückel 
secular determinant of phenanthrene is: 


a b c d e f g g p е’ 4 d b a’ 
а|а-Е В 0 0 0 0 0 0 0 0 0 0 0 B 
b| В —Е В 0 0 0 В 0 0 0 0 0 0 0 
с|0 В a—E p 0 0 0 0 0 0 0 0 0 0 
410 0 В а-Е В 0 0 0 0 0 0 0 0 0 
e| 0 0 0 B а-Е В 0 0 0 0 0 0 0 0 
10 0 0 0 В а-Е В 0 0 0 0 0 0 0 
g| 0 B 0 0 0 B a—E В 0 0 0 0 0 0 
g| o 0 0 0 0 0 В a—E В 0 0 0 0 0 
{|0 0 0 0 0 0 0 В а-Е В 0 0 0 0 
е'| 0 0 0 0 0 0 0 0 В a—E p 0 0 0 
d'| 0 0 0 0 0 0 0 0 0 B «—Е f 0 0 
c'| 0 0 0 0 0 0 0 0 0 0 В a—E В 0 
b’| 0 0 0 0 0 0 0 B 0 0 0 B а-Е В 
а’| В 0 0 0 0 0 0 0 0 0 0 0 В а-Ё 


This determinant has the same eigenvalues as in exercise 11.13b(b). 


The ground state of the molecule has A1 symmetry by virtue of the fact that its wavefunction is the 
product of doubly occupied orbitals, and the product of any two orbitals of the same symmetry has 
A character. If a transition is to be allowed, the transition dipole must be non-zero, which in turn can 
only happen if the representation of the product V? илр, includes the totally symmetric species A1. 
Consider first transitions to another A; wavefunction, in which case we need the product А А. 
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Now АА! = Aj, and the only character that returns A; when multiplied by A; is A, itself. The 
z component of the dipole operator belongs to species A1, so z-polarized A; < А! transitions are 
allowed. (Note: transitions from the A; ground state to an A, excited state are transitions from an 
orbital occupied in the ground state to an excited-state orbital of the same symmetry.) The other 
possibility is a transition from an orbital of one symmetry (A2 or Ві) to the other; in that case, 
the excited-state wavefunction will have symmetry of АВ = B» from the two singly occupied 
orbitals in the excited state. The symmetry of the transition dipole, then, is Aj LB? = Bo, and the 
only species that yields A; when multiplied by B? is B2 itself. Now the y component of the dipole 
operator belongs to species B», so these transitions are also allowed (y-polarized). 


Solutions to applications 


P12.19 The shape of this molecule is shown in Fig. 12.5. 





B Figure 12.5 


(a) Symmetry elements | E, 2C3, 3C», оъ, 253, Зо, |. 
Point group | Dan | 


(b) D(E) = 


| 
0]. D(C) = D*(C3) = 
0 


- о © 
oor 
om © 


D(S3) = D(C3), D(Sj) = D*(S3) = D(C}). 


С, and 5; are counter clockwise rotations. 
oy is through A and perpendicular to B-C. 
a; is through B and perpendicular to A-C. 
0, is through C and perpendicular to А-В. 


0 
0 
1 


— 


0 
D(oy) = ‚ D(o,) = |0 
1 


or © 
© 


D(o,) = 


or © oo = 
= © © о = © 


D(C) = D(o), D(C)-D(o), D(Cj) = Бо’). 
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(c) Example of elements of group multiplication table 


0 0 1 1 0 0 
D(C3)D(C2)= |1 0 0110 0 I 
0 1 0 0 1 0 
0 1 0 
-11 0 о] =D). 
0 0 1 
0 0 1 1 0 0 
р(о,)р(оу)- {0 1 0| [0 0 1 
1 0 0/ \O 1 0 
0 1 0 
-10 0 1|2D(C) 
1 0 0 
D3h C3 С бу 6, Oh 
E C3 С» бу ol ор 
C3 С, oy, oy Oy C3 
C2 с; Е Е Сз C2 
Oy с; Е Е Сз Oy 
с; оү C3 C3 Е с! 
Oh C3 C5 Oy ai E 





(d) First, determine the number of s orbitals (the basis has three s orbitals) that have unchanged positions 
after application of each symmetry species of the D3), point group. 





Dan E 2С» 3С› on 253 3o, 
Unchanged basis members 3 0 1 3-0 1 


This is not one of the irreducible representations reported in the D3, character table but inspection 


shows that it is identical to A| +E’. This allows us to conclude that the three s orbitals span |[A +2" | 


COMMENT. The multiplication table in part (с) is not strictly speaking the group multiplication; it is instead 
the multiplication table for the matrix representations of the group in the basis under consideration. 


P12.21 (a) Following the flow chart in Fig. 12.4 of the text, note that the molecule is not linear (at least not in 
the mathematical sense); there is only one C, axis (a C2), and there is a оъ. The point group, then, 
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b d f h j к i' gl e' c а 
Z IEN ININ INS 72 ~~ 2 2 22 


a c e g i k 3 h' p d' b' 


(b) The 2р; orbitals are transformed under the symmetry operations of the C2, group as follows. 





b c c! j j' k k’ Х 
b’ с 4 1 
b c j 

-b =č  -c -) 

-bð -c е -) 





To find the irreproducible representations that these orbitals span, we multiply the characters of 
orbitals by the characters of the irreproducible representations, sum those products, and divide the 
sum by the order h of the group (as in Section 12.5(a)). The table below illustrates the procedure, 
beginning at left with the Cop character table. 


E С i op | product E С, i 








Apli 43 1 1 2 0 0 
Alie 1-1-4 22 0 0 
в,|ї -1 1-4 22 0 0 
В, |1 -i =i d 220 0 


The orbitals span | 11A, + ПВ, | 


To find symmetry-adapted linear combinations (SALCs), follow the procedure described in 
Section 12.5(c). Refer to the table above that displays the transformations of the original basis 
orbitals. To find SALCs of a given symmetry species, take a column of the table, multiply each 
entry by the character of the species’ irreproducible representation, sum the terms in the column, 
and divide by the order of the group. For example, the characters of species A, are |, 1, 1, 1, so 
the columns to be summed are identical to the columns in the table above. Each column sums to 
zero, so we conclude that there are no SALCs of A, symmetry. (No surprise: the orbitals span 
only A, and Bg.) An Ay SALC is obtained by multiplying the characters 1, 1, — 1, —1 by the first 
column: 


}а+а'+а'+а) = lara). 


The A, combination from the second column is the same. There are 11 distinct Ay combinations in 





all: (а +a’), 10 +b’),... ЦС +k’) | The By combination from the first column is 





Ма—-а'—а'+а) = $(a—a’). 


The Bg combination from the second column is the same. There аге 11 distinct В, combinations 
in all: | Ja a), 16 — 6)... 1k - K) 
zero. 





. There are no B, combinations, as the columns sum to 
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(c) 


(4) 


The structure is labeled to match the row and column numbers shown in the determinant. The Hiickel 
secular determinant is: 


а 
=. 
о. 
© 


> f j k a 

а-Е В . 0 0 0 0 0 0 0 0 

B а-Е В . 0 0 0 0 0 0 0 0 

c | 0 B а-Е ... 0 0 0 0 0 0 0 0 

|0 0 0 . a-E В 0 0 0 . 0 0 0 

j | 0 0 0 B а-Е В 0 0 . 0 0 0 

ко 0 0 0 В 0-Е В 0 0 . 0 0 0 

ко 0 0 0 В а-Е В 0 . 0 0 0 

110 0 0 0 В а-Е В . 0 0 0 

i | 0 0 0 0 0 B а – 1 0 0 0 

с 0 0 0 0 0 0 -Е В 0 

b| 0 0 0 P 10 0 0 0 0 0 ay Ë а-Е В 
а |0 0 0 2.0 0 0 0 0 0 20 B a—E 








The energies of the filled orbitals are a + 1.98137, a + 1.925836, o + 1.834428, œ + 1.708846, 
а + 1.551428, м + 1.36511, o + 1.153368, a + 0.920138, a + 0.669768, a + 0.406919, and 
а + 0.136488. The л energy is 27.30729В. 


The ground state of the molecule has Ag symmetry by virtue of the fact that its wavefunction is the 
product of doubly occupied orbitals, and the product of any two orbitals of the same symmetry has 
Ag character. If a transition is to be allowed, the transition dipole must be non-zero, which in turn can 
only happen if the representation of the product YF Wj includes the totally symmetric species Ag. 
Consider first transitions to another Ag wavefunction, in which case we need the product AgwAg. 
Now AgAg = Ag, and the only character that returns Ag when multiplied by Ag is Ag itself. No 
component of the dipole operator belongs to species Ag, so no Ag < Ag transitions are allowed. 
(Note: such transitions are transitions from an orbital occupied in the ground state to an excited- 
state orbital of the same symmetry.) The other possibility is a transition from an orbital of one 
symmetry (Ay or Bg) to the other; in that case, the excited-state wavefunction will have symmetry 
of А,В, = B, from the two singly occupied orbitals in the excited state. The symmetry of the 
transition dipole, then, is Ag#By = “By, and the only species that yields Ag when multiplied by Bu 
is By itself. The x and y components of the dipole operator belongs to species By, so these transitions 
are allowed. 


Molecular spectroscopy 1: 


1 3 rotational and vibrational 


D13.1 


D13.3 


D13.5 


spectra 


Answers to discussion questions 


(1) Doppler broadening. This contribution to the linewidth is due to the Doppler effect, which shifts the 
frequency of the radiation emitted or absorbed when the atoms or molecules involved are moving 
towards or away from the detecting device. Molecules have a wide range of speeds in all directions in 
a gas and the detected spectral line is the absorption or emission profile arising from all the resulting 
Doppler shifts. As shown in Justification 13.3, the profile reflects the distribution of molecular 
velocities parallel to the line of sight which is a bell-shaped Gaussian curve. 


(2 


< 


Lifetime broadening. The Doppler broadening is significant in gas phase samples, but lifetime 
broadening occurs in all states of matter. This kind of broadening is a quantum mechanical effect 
related to the uncertainty principle in the form of eqn 13.18 and is due to the finite lifetimes of the 
states involved in the transition. When т is finite, the energy of the states is smeared out and hence 
the transition frequency is broadened as shown in eqn 13.19. 


(3 


хэ 


Pressure broadening or collisional broadening. The actual mechanism affecting the lifetime of 
energy states depends on various processes, one of which is collisional deactivation and another of 
which is spontaneous emission. Lowering the pressure can reduce the first of these contributions; 
the second cannot be changed and results in a natural linewidth. 


(1) Rotational Raman spectroscopy. The gross selection rule is that the molecule must be anisotropically 
polarizable, which is to say that its polarizability, с, depends upon the direction of the electric field 
relative to the molecule. Non-spherical rotors satisfy this condition. Therefore, linear and symmetric 
rotors are rotationally Raman active. 


(2 


— 


Vibrational Raman spectroscopy. The gross selection rule is that the polarizability of the molecule 
must change as the molecule vibrates. All diatomic molecules satisfy this condition as the molecules 
swell and contract during a vibration, the control of the nuclei over the electrons varies, and the 
molecular polarizability changes. Hence both homonuclear and heteronuclear diatomics are vibra- 
tionally Raman active. In polyatomic molecules it is usually quite difficult to judge by inspection 
whether or not the molecule is anisotropically polarizable; hence group theoretical methods are 
relied on for judging the Raman activity of the various normal modes of vibration. The procedure 
is discussed in Section 13.17(b) and demonstrated in /llustration 13.6. 


The exclusion rule applies to the benzene molecule because it has a center of symmetry. Consequently, 
none of the normal modes of vibration of benzene can be both infrared and Raman active. If we wish to 
characterize all the normal modes we must obtain both kinds of spectra. See the solutions to Exercises 
13.25(a) and 13.25(b) for specific illustrations of which modes are IR active and which are Raman active. 
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Solutions to exercises 


E13.1(b) The ratio of coefficients А/В is 





А _ 8mh? | 8л(6.626 x 10—37 s) x (500 x 1057! 








== p 

* zm. —32 -3 
T 7 e (2.998 x 108 m s- 1)? [7 73 х 10-25 Jm s 
(9) The frequency is 


A 8h  8z(6.626 x 10—375) p сы 
s 35560104 =162х10 m?s 


Ez 
АЗ (3.0 x 10-2 т )? 


-1^ 


E13.2(b) А source approaching an observer appears to be emitting light of frequency 


) 


Y 
Vapproaching — $ [13; 15, Section 13.3] 





0 
ў 1 
Since v х 5х Хор, = (1 — s/c) А 


For the light to appear green the speed would have to be 


А 5 
в [1 — Ме Yee 998 х Ий mai) (1-22255 ү. (66: 10 me 
3 660 nm 


or about 1.4 х 108 m.p.h. 








(Since s ~ c, the relativistic expression 


"o 1+ (s/c) T 
obs — les (s/c) 
should really be used. It gives 5 = 7.02 x 107 m s^.) 


E13.3(b) Тһе linewidth is related to the lifetime т by 


5.31 са! 5.31 стт! 
ia ЭЭН He of ee 
т/рь ду 


(a) We аге given a frequency rather than a wavenumber 


(5.31 стт!) x (2.998 x 1010 cm s7!) 


100 x 106 5-1 ps = 1.59 х 10° ps 


pD=v/c 80 Т = 
ог[1.59 ns. 
(b) _ 531 стт! s = [2.48 ps 
555 ав ee 


E13.4(b) The linewidth is related to the lifetime т by 


_ 53lcm^! (5.31 ст с 
ё0------806/------- 
т/рв r/ps 
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(a) If every collision is effective, then the lifetime is 1/(1.0 x 10? s7!) = 1.0 x 107°? = 1.0 x 10? ps 


31cm7! 2.998 x 1010 Pl 
хус В үх es oe 05) ва e [I6 MER 


1.0 x 103 


(b) If only one collision in 10 is effective, then the lifetime is a factor of 10 greater, 1.0 x 10* ps 


5.31 стт! 2.998 x 1019 = 
55 — O31em ) х (2.998 x 10" cms ) | үс, 107 s-! = 16 MHz 
1.0 x 104 


E13.5(b) The frequency of the transition is related to the rotational constant by 
hv = AE = hc AF = hcB[J(J + 1) — (J — ПЛ] = 2hcBJ 
where J refers to the upper state (J — 3). The rotational constant is related to molecular structure by 


2 h х һ 
^ 4лсЇ 4лсте КЁ? 


where / is moment of inertia, те is effective mass, and R is the bond length. Putting these expressions 
together yields 


AJ 


y = 2cBJ = ———— 
2л m, R? 


The reciprocal of the effective mass is 


visi ПИЕ ee (12и)! + (15.9949 u)! 
= т ocon 
diit. O 7 1.66054 x 10-27 kg u^! 


(8.78348 х 1025 кв!) x (1.0546 x 10734 J s) х (3) 
ын 2л (112.81 х 10-22 ARA а 


E13.6(b) (a) The wavenumber of the transition is related to the rotational constant by 


= 8.78348 x 10? кв”! 


hev = AE = hcAF = hcB[J( + 1) — (J — ПЛ] = 2hcBJ 


where J refers to the upper state (J — 1). The rotational constant is related to molecular structure by 


_ h 
^ 4лс] 





where / is moment of inertia. Putting these expressions together yields 


hJ (1.0546 х 10-34 J s) x (1) 


=з so [= Е Е KM a 
2лс1 cU 2л(2.998 x 1010 cm s-!) х (16.93 cm-!) 


I 213.307 x 10-47 kg m? 


(b) The moment of inertia is related to the bond length by 


1/2 
[=т so R= ( 1 ) 
те 


в = 2BJ 
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—1 _ (1.0078 u) ! + (80.9163 и)-! 


c 1 26 ,5—1 
mz = тн! + та! = = 6.0494 х 1026 к 
шан жан... 1.660 54 х 10-27 kg u`! 5 5 


and R = ((6.0494 х 1029 кет!) x (3.307 х 10747 kg m2)}!/2 


= 1414 x 107m = 


E13.7(b) The wavenumber of the transition is related to the rotational constant by 
hc = AE = hcAF = hcB[J(J + 1) — (J — ПЛ] = 2hcBJ 


where J refers to the upper state. So wavenumbers of adjacent transitions (transitions whose upper states 
differ by 1) differ by 


h 
= sol = - 
2л с1 2лсА? 





Av = 2B 





where / is moment of inertia, те is effective mass, апа R is the bond length. 


(1.0546 х 10-34 J s) 
So [= = | 5.420 x 10746 kg m? 
° 25 21 (2.9919 x 1010 cm s-1) x (1.033 cm- 1) B gm 


The moment of inertia is related to the bond length by 


= 2 = pa 
= meg R^ so К = 
те 











ad MT (18.9984 ш)! + (34.9688 uw)! 
m =т т = 
шан. ч 1.66054 х 10-27 kg u^! 





= 4.89196 х 10? кв”! 


and R = ((4.89196 x 1025 кет!) x (5.420 х 10—46 kg m?)}!/2 


= 1.628 x 10770 m = [162.8 pm| 


E13.8(b) The rotational constant is 


h h к x 
В -———-———————— 80 R= (2) 
4лс| | Anc(2moR2) 8r cmoB 


where / is moment of inertia, mer is effective mass, and К is the bond length. 


1/2 





Ш ( (1.0546 х 10-415) ) 
~~ Хл(2.9979 х 1019 cm 871) x (15.9949 u) х (1.66054 х 10-27 kg и-!)(0.39021) 


= 1.1621 x 107^ m = | 116.21 pm 
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E13.9(b) This exercise is analogous to Exercise 13.9(a), but here our solution will employ a slightly different 
algebraic technique. Let А = Кос, R' = Rcs, O =!60, С =! С. 


h 
ў = [Comment 13.4] 


1.054 57 х 10-3475 
(4л) х (6.0815 х 109 8:1) 
1.054 57 х 10725 18 
(4л) х (5.9328 x 109 s-!) 


1(0C**S) = = 1.3799 х 10755 kg m? = 8.3101 x 10777 um? 


ОС?) = = 1.4145 x 1079 kg m? = 8.5184 х 10777 u m? 


The expression for the moment of inertia given in Table 13.1 may be rearranged as follows. 


Іт = mamR? + тстК? — (mR — тсК’)? 
= mamR? + тстК? — mR? + 2mamcRR’ — тё? 


= ma(mg + mc)R? + mc(ma + mg)R? + 2mamcRR’ 


Let mc = ma», and тс = тэ 





Im ТА ә n , 
— = — (mg + тс)Ё* + (тд + тв)Ё + 2mARR (а) 
тс тс 
I'm тд reed р " 
— = — (mg + me)R^ + (ma + mg)R^ + 2mARR (b) 
тє тє 
Subtracting 
Іт I'm ТА ТА / 2 
— — — = || — |(тв+тс)— ~ | (тв + тс) | Ёс 
тс тс тс тс 
Solving for R? 
(2 - г) , ЖЕ, 
BH mc mc _ тст — тсГт 





[(2) (тв + mc) — (24) (mg + mo] mgma (mç — mc) 


7 
те 


Substituting the masses, with ma = то, тв = тс, тс = шээс, and те. = 01345 


m = (15.9949 + 12.0000 + 31.9721) u = 59.9670 u 
m' = (15.9949 + 12.0000 + 33.9679) и = 61.9628 и 


p2 — (33.9679 u) x (8.3101 x 10-19 u m?) x (59.9670 и) 
(12.0000 u) x (15.9949 и) x (33.9679 и — 31.9721 u) 
(33.9721 и) x (8.5184 х 10:19 u m?) x (61.9628 и) 
~ (12.0000 и) x (15.9949 и) x (33.9679 и — 31.9721 и) 
51.6446 x 10719 m?) 


2 = 2 -20 22 
383.071 1.3482 х 10 ^ m 


К = 1.1611 х 107 m =| 116.1 pm | = Roc 





E13.10(b) 


E13.11(b) 


E13.12(b) 


E13.13(b) 


E13.14(b) 


E13.15(b) 
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Because the numerator of the expression for R? involves the difference between two rather large numbers 
of nearly the same magnitude, the number of significant figures in the answer for R is certainly no greater 
than 4. Having solved for R, either equation (a) or (b) above can be solved for R’. The result is 


R' = 1.559 х 10710 т =| 155.9 pm | = Rcs 


The wavenumber of a Stokes line in rotational Raman is 
Vstokes = Vj — 2B(2J + 3) [13.42a] 


where J is the initial (lower) rotational state. So 
Dstokes = 20623 ст! — 2(1.4457 ст!) x [2(2) + 3] =| 20603 ст"! 


The separation of lines is 4B, so В = І х (3.5312 стт!) = 0.882 80 стт! 
1/2 
Then we use А = | ————— [Exercise 13.8(a)] 
Az тьнсВ 


with mett = 1т(9Е) = 1 x (18.9984 и) x (1.6605 х 10-27 kg u^!) = 1.577342 х 10:29 kg 


5 


( 1.0546 х 10-34 J s ) 
~ \4л(1.577342 х 10-26 kg) x (2.998 x 1010 cm s-!) x (0.88280 ст!) 


= 1.41785 x 107? m = | 141.78 pm 


Polar molecules show a pure rotational absorption spectrum. Therefore, select the polar molecules based 
on their well-known structures. Alternatively, determine the point groups of the molecules and use the 
rule that only molecules belonging to Си, Cnv, and C, may be polar, and in the case of C, and Слу, that 
dipole must lie along the rotation axis. Hence all are polar molecules. 





Their point group symmetries are 
(a) H20, Сәу, (b) H202, C2, (c) NH3, Сзу, (d) №0, Cooy 


show a pure rotational spectrum. 


A molecule must be anisotropically polarizable to show a rotational Raman spectrum; all molecules 


except spherical rotors have this property. So | CH2Cl |, | СН3СН, |, and can display rotational 


Raman spectra; SFg cannot. 


The angular frequency is 


1/2 
Ф = (=) =2ль so k= (2ль)2т — (2л)? х (3.0 8-1) x (2.0 х 10-3 kg) 


= [on Nn] 


k MD k M 
w= ( ) а = ( : ) [prime = ?H?"CI] 
те Morr 
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The force constant, k, is assumed to be the same for both molecules. The fractional difference is 


к \!? к \!? | \!? pU 
"Ec dts Ge) (a) (зар | 

















ПИ ы № 
тең те 


1/2 1/2 
о = w (жт) / i= | mumc (тон + тзта) |" 
тү тн +та (тэн x тзт) 








-1 








_ | 0.0078 u) х (34.9688 и) (20140) + (36.9651 u) P. _ 
~ [4.0078 u) + (34.9688 и) (2.0140 и) х (36.9651 и) 


= —0.284 


Thus the difference is | 28.4 percent 


E13.16(b) The fundamental vibrational frequency is 





к \ 12 
w= ( ) —2mv-2zc) so К=(2лс?)?тет 


Meff 


We need the effective mass 


т = тү! + ту! = (78.9183 u)™! + (8091630)! = 0.025 029 8 u^! 


‚ 1270.998 x 10'9 cms!) x (323.2 em ОР x (1.66054 х 10777 Кри!) 


0.025 029 8 u^! 
=| 245.9 N m7! 


E13.17(b) The ratio of the population of the ground state (No) to the first excited state (Л) is 





No 


==) я —hcv 
= ех —— = ех 
м ©Р\ т PUT 











No —(6.626 x 10-34 J s) x (2.998 x 1010 cm s7!) x (321 cm7!) 

(a) — —ex ( ) = | 0.212 
МТ (1.381 х 10-23 J K-!) х (298K) [0212] 
No —(6.626 х 107—3 J s) x (2.998 x 1010 ств 1) х (321 cm7!) 

(b — =ех ( )= 0.561 
M P (1.381 x 10-23 J КІ) x (800K) [0.561] 





E13.18(b) The relation between vibrational frequency and wavenumber is 


p xus 1 k xu km A2 
°=( ) = 2лу=2лсў so xí ) ш ma 
те те 2лс 








The reduced masses of the hydrogen halides аге very similar, but not identical 


"TE ii 
Hg = mp + ту 


E13.19(b) 
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We assume that the force constants as calculated in Exercise 13.18(a) are identical for the deuterium 
halide and the hydrogen halide. 


For DF 


m=! _ 20140 ш)! + (18.9984 уу?! 
ш 1.66054 х 10:27 kg u^! 


.  ((8.3071 х 1026 кот!) x (967.04 kg s~2)}!/2 
TA. BI - gs} = | 3002.3 стт! 
2л (2.9979 х 1010 стѕ-!) 


For ОС! 





= 3.3071 х 1026 кв”! 





-1_ (2.01404) 1+ (34.9688 u) "! 
“ 1.66054 х 10-27 kg u™! 


_ _ {(3.1624 х 1026 kg!) х (515.59kgs~?)}!/? 
Se egos x ites —— 71: 


For DBr 


= 3.1624 х 1026 кв?! 


Е 2.0140 и)-1 + (80.9163 и)! 
rr E E TI 2 = 3.0646 x 1026 кв”! 
1.66054 х 10-27 kg u7 








2616-1 231/2 
"Эн {(3.0646 х 10^ kg") х (411.75Квв-2)) — [1885.8 саг! 
27 (2.9979 x 1019 cms!) 
For DI 


mat _ (20140 u) + (126.9045 шу”! 
eff 166054 x 10-27 kg u^! 





= 3.0376 х 1026 кв”! 





.  ((8.0376 х 1026 крт!) x (314.21 kgs~?)}!/2 -i 
= = | 1640.1 cm 
2л(2.9979 х 1010 cm s-!) 
Data on three transitions are provided. Only two are necessary to obtain the value of v and хе. The third 
datum can then be used to check the accuracy of the calculated values. 
AG(v = 1 < 0) = $ — 25 = 2345.15 стг! [13.57] 


AG(v = 2 < 0) = 20 — бїх, = 4661.40 ст! [13.58] 


Multiply the first equation by 3, then subtract the second. 


р = (3) x (2345.15 cm!) — (4661.40 ст!) =| 2374.05 cm! 


Then from the first equation 


$—2345.15cm^! _ (2374.05 — 2345.15)cm™! 
25 — Q) х (2374.05 ст!) 


=| 6.087 х 10-3 


Хе = 


E13.20(b) 


MOLECULAR SPECTROSCOPY 1: ROTATIONAL AND VIBRATIONAL SPECTRA 267 


Xe data are usually reported as xev which is 
xe = 14.45 ст! 


AG(v = 3 < 0) = 30 — I2vx, = (3) х (2374.05 стг!) — (12) х (14.45 ст!) 
= 6948.74 cm! 


which is close to the experimental value. 


AGy41/2 = v — 2(v + 1)хер [13.57] where АС, у = G(v + 1) — G(v) 


Therefore, since 
AGy41/2 = (1 — 2хе)в — 2vxed 


a plot of AG,+1/2 against v should give a straight line which gives (1 — 2x.) from the intercept at 
и = 0 and —2x,V from the slope. We draw up the following table 


v 0 1 2 3 4 





G(v)/cm-! 1144.83 3374.90 5525.51 7596.66 9588.35 
^G,41/2/cm-! 2230.07 2150.61 2071.15 1991.69 





The points are plotted in Figure 13.1. 


AGy41/2/em™! 


2000 





v Figure 13.1 


The intercept lies at 2230.51 and the slope = —76.65 cm^ ! ; hence x,» = 39.83 cm7!. 
Since в — 2xe) = 2230.51 cm! it follows that 9 = 2310.16 ст! 


The dissociation energy may be obtained by assuming that a Morse potential describes the molecule and 
that the constant D, in the expression for the potential is an adequate first approximation for it. Then 


5? ^ (2310.16 ст)” 
4хь0 (4) х (39.83 cm7!) 





р 
Ре = х [13.55] = = 33.50 х 107 ст”! = 4.15 еу 
ле 
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However, the depth of the potential well De differs from Do, the dissociation energy of the bond, by the 
zero-point energy; hence 


1. 
Do = De — 55 = (33.50 x 10° стт!) — (3) x (2310.16 ст”) 


=| 3.235 х 104 стт! | = | 4.01 eV 


E13.21(b) The wavenumber of an R-branch IR transition is 





DR = V+ 2B(J + 1) [13.62c] 


where J is the initial (lower) rotational state. So 


ўв = 2308.09 ст”! + 2(6.511 ст!) x (2+1) = | 2347.16 ст! 


E13.22(b) See Section 13.10. Select those molecules in which a vibration gives rise to a change in dipole moment. 
It is helpful to write down the structural formulas of the compounds. The infrared active compounds are 


(a) СНзСНз; (b) CH4; (с) CH3 CI 


COMMENT. Amore powerful method for determining infrared activity based on symmetry considerations is 
described in Section 13.15. 


E13.23(b) A nonlinear molecule has 3N — 6 normal modes of vibration, where N is the number of atoms in the 
molecule; a linear molecule has 3N — 5. 


(а) CgHg has 3(12) — 6 =| 30 | normal modes. 
(b) С6Н6СН, has 3(16) — 6 =| 42 | normal modes. 
(© HC=C—C=CH is linear; it has 3(6) — 5 = [13 | normal modes. 


E13.24(b) (a) A planar AB3 molecule belongs to the D3, group. Its four atoms have a total of 12 displacements, 
of which 6 are vibrations. We determine the symmetry species of the vibrations by first determining 
the characters of the reducible representation of the molecule formed from all 12 displacements and 
then subtracting from these characters the characters corresponding to translation and rotation. This 
latter information is directly available in the character table for the group D3n. The resulting set of 
characters are the characters of the reducible representation of the vibrations. This representation can 
be reduced to the symmetry species of the vibrations by inspection or by use of the little orthogonality 


theorem. 

Dan E on 2C3 25 3C; 3o, 
X (translation) 3 1-0 -2 -l 1 
Unmoved atoms 4 4 1 1 2 2, 
X (total, product) 12 4 0 -2 -2 2 
Х (rotation) 3 -1 0 2 -1 —1 
Х (vibration) 6 4 0 -2 0 2 


E13.25(b) 


E13.26(b) 


P13.1 


(b 


— 


(b) 


(a) 
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x (vibration) corresponds to А! + A7 + 2E". 


Again referring to the character table of Озь, we see that Е’ corresponds to x and y, А> to z; hence 





A; and Е’ are IR active |. We also see from the character table that E' and А! correspond to the 








quadratic terms; hence | A1 and Е’ are Raman active |. 











A trigonal pyramidal AB3 molecule belongs to the group C3,. In a manner similar to the analysis 
in part (a) we obtain 


Су, Е 2C3 Зао; 


х (total) 12 0-2 
х (vibration) 6 -2 2 


X (vibration) corresponds to 2A; + 2E . We see from the character table that are IR 


active and that are also Raman active. Thus all modes are observable in both the IR and 
the Raman spectra. 


The boat-like bending of a benzene ring clearly changes the dipole moment of the ring, for the 
moving of the C—H bonds out of the plane will give rise to a non-cancelling component of their 


dipole moments. So the vibration is [IR active | 


Since benzene has a centre of inversion, the exclusion rule applies: a mode which is IR active (such 


as this one) must be | Raman inactive | 


The displacements span Aig + Alu + Aog + 2Е + Eig. The rotations Ry and Ry span Е, and the 


translations span Eju + Аџи. So the vibrations span | Aig + Aog + Еш 


Solutions to problems 





Solutions to numerical problems 


Use the energy density expression in terms of wavelengths (eqn 8.5) 


8лЛс 


ec pdr where p= АЗ (ehe/ART — py 


Evaluate 


700 х 107?m 8c 
E= 5(ehc/AkT da 
400 х 10-9 т А?(е”</5АТ — 1) 


at three different temperatures. Compare those results to the classical, Rayleigh-Jeans expression 
(eqn 8.3). 


8nkT 


Eclass = class ЧА where Pelass = CM 





700 x 107? m 8:54Т 8nKT (700 х 10-9 т 
80 Ectass = 1 di = —-— 
4 


00 x 10-9 т л ЗАЗ 1400 х 10-9 m` 


270 STUDENT'S SOLUTIONS MANUAL 


Т/К £/Jm^? Ectass/J m? 
(a) 1500 2.136 x 10-6 2.206 
(b) 2500 9.884 x 1074 3.676 
(c) 5800 3.151 x 107! 8.528 


The classical values are very different from the accurate Planck values! Try integrating the expressions 
over 400 — 700 um or mm to see that the expressions agree reasonably well at longer wavelengths. 


P13.3 On the assumption that every collision deactivates the molecule we may write 


1 kT 1/2 


For НСІ, with m = 36 и, 


К (1.381 x 1073 J K7!) x (298K) 
(4) x (0.30 x 10-18 m?) х (1.013 х 105 Pa) 


: л х (36) х (1.661 х 10727 кв) ) 


(1.381 x 10-23 J K7!) х (298 К) 


& 2.3 x 107s. 


h 
ôE ғ hóv = = [13.18]. 


The width of the collision-broadened line is therefore approximately 


1 | 
TPE. E. x [700 MHz} 
ле Ол) x Q3 x 10-195) 


The Doppler width is approximately 1.3 MHz (Problem 13.2). Since the collision width is proportional 
1.3 
to p [v ос 1/t and t ос 1/p], the pressure must be reduced by a factor of about 700 = 0.002 before 


Doppler broadening begins to dominate collision broadening. Hence, the pressure must be reduced to 
below (0.002) х (760 Torr) = | 1 Torr | 


P13.5 wo [13.24]; I= тенВ?; В? = В 
: “Айй Т CES — AnxcmegB- 


mcmo (sso x (15.9949 u) 
те = = 


Se с 1.66054 x 10727 кеит! 
owe russa)" 4 e 


mc 4 mo i 


= 1.13852 х 10-26 kg. 
h —44 
—— = 2.79932 x 107 kg m. 
4лс 


2 2.79932 х 1074 kgm 


R = = 1.27303 x10? m, 
0 = (1.13852 x 10-26 кв) х (1.9314 х 102m—!) а 
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Ro = 1.1283 x 107 m = | 112.83 pm | 
-44 
R = ______ 279932 x № kgm = 1.52565 х 10729 m?, 


177 (1.13852 х 10-26 kg) х (1.6116 x 10? m~!) 


R, = 1.2352 х 107 m =| 123.52 pm | 


COMMENT. Тһе change in internuclear distance is roughly 10 per cent, indicating that the rotations and 
vibrations of molecules are strongly coupled and that it is an oversimplification to consider them independently 
of each other. 


P13.7 The separations between neighboring lines are 
20.81, 20.60, 20.64, 20.52, 20.34, 20.37, 20.26 mean: 20.51 ст. 
Hence В = ($) x (20.51 с^!) = 1026 em-' and 


"NE NA 1.05457 x 10-34 Js a an 
= 4ucB — (4x) x (2.99793 x 10 cm s-! x (10.26 cm-1) = 12728 x 107” kgm? | зай, 


1/2 
R= ( ) [Table 13.1] with meg = 1.6266 x 10777 kg [Exercise 13.6(a)] 
те 








2 
2.728 x 10747 кеш2ү!/ 
—[—————— =| 129.5 pm |. 
Goes, 
COMMENT. Ascribing the variation of the separations to centrifugal distortion, and not just taking a simple 


average would result in a more accurate value. Alternatively, the effect of centrifugal distortion could be 
minimized by plotting the observed separations against J, fitting them to a smooth curve, and extrapolating 


, 1 1 

that curve to J = 0. Since В « 1 and сх тен, В x c: Hence, the corresponding lines in ?H95CI will lie 
ff 

at a factor 4 


тен('НЗ2СІ j 
ен ) _ 1.6266 _ ажил 
Mert(2H35Cl) ^ 3.1624 








to low frequency of ! H99CI lines. Hence, we expect lines at | 10.56, 21.11, 31.67,... om“ | 








h 1/2 
P13.9 R= ( ) and v —2cB(J--1) (1337, with v = ci]. 
4тисВ 


(63.55) х (79.91) 
Wi CuBr) 5 ———— ——— u = 35. 
e use (CuBr) (63.55) + (79.91)" 35.40 и 


and draw up the following table. 





J 13 14 15 





v/MHz 84421.34 90449.25 96476.72 


v 
B-———— 
| 2с(7 + т] 
B/cm^! 0.10057 0.10057 0.10057 





P13.11 


P13.13 
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н 1.05457 х 10-3 J s Li 
ence, R — 
(4л) х (35.40) x (1.6605 х 10-27 kg) x (2.9979 x 1019 cm s7!) x (0.10057 cm7!) 


—|218pm, 


Plot frequency against J as in Fig. 13.2. 





260000 








ды } 11у =8300.2+8603.2x i 1} 1281 
2 : 
250000 |----- 








“= 1.000 


Frequency/MHz 


2 вы g 
32-38 





24 25 26 27 28 29 30 
7 Figure 13.2 


N 
> 


The rotational constant is related to the wavenumbers of observed transitions by 
0 =2BU +1) = — so v = 2Bc(J + 1). 
с 
A plot of v versus J, then, has a slope of 2Bc. From Fig.13.3, the slope is 8603 MHz, so 
8603 x 106 s7! 
В = 1435 m`! |. 
2(2.988 х 108 ms-!) 
The most highly populated energy level is roughly 
kr Үг, 
Jmax | = -> 
цас (55) 2 


1/2 
(1.381 x 107 J K^!) х (298K) 1 
J, — = = [26 |а:298 К 
цайх. (ж х 10-34 Js) х (8603 x 1058-1) 2 126 |а 








/ 
(1.381 х 10723 J K-!) х (100 K) 1 
d Jm; = = = [15 |at 100K. 
SANE JAMES (ж х 10-34 75) х (8603 х 10951) 2 а 


The Lewis structure is 


VSEPR indicates that the ion is and has a center of symmetry. The activity of the modes is 
consistent with the rule of mutual exclusion; none is both infrared and Raman active. These transitions 


Р13.15 


Р13.17 
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may be compared to those for СО» (Fig. 13.40 of the text) and are consistent with them. The Raman 
active mode at 1400 стт! is due to a symmetric stretch (51), that at 2360 ст! to the antisymmetric 
stretch (3), and that at 540 ст! to the two perpendicular bending modes (52). There is a combination 
band, 51 + з = 3760 стт! ~ 3735 cm™!, which shows a weak intensity in the infrared. 


D — 1хеў [Section 13.11]. 


t3l— 


Do = D, — V' with Ò = 


(а) "НСІ: = [4949 – (1) х (52.05) стт! = 1481.8 ст-!, or 0.184eV. 


Hence, Do = 5.33 — 0.18 =| 5.15eV |. 


(b) 2HCI: 2memoxe v 


: v y 
as a is a constant. We also have De = ta [Exercise 





= а? [13.55], so vx, < 





тей Хе! 
1 1 
13.20(а)], so v? x , implying Ò x ——. Reduced masses were calculated in Exercises 13.18(a) 
Me т!/? 
е 


and 13.18(b), and we can write 


tHcy ү!? 
Ф@НС1) = (ано) x (НСІ) = (0.7172) x (2989.7 стт!) = 2144.2ст-!, 
те (HCI) 
‘HCI 
xed HCl) = (rien) x x, P(!HCI) = (0.5144) х (52.05cm-!) = 26.77 ст, 
mer (HCI) 


ОНС) = (3) х (2144.2) — (1) х 06.77стт!) = 1065.4 ст"), 0.132eV. 


Hence, DoCHCI) = (5.33 — 0.132)eV = | 5.20 eV | 


(a) In the harmonic approximation 


De = Do + 19 so $ = 2(De — Do). 

Я 2(1.51 x 10—22] — 2 х 10-26 J) 

у= = r4 
(6.626 x 10-34 J s) x (2.998 x 108 m s-1) [152m- | 


The force constant is related to the vibrational frequency by 








kp \!? 
w= ( ) =2nv=2ncd so К = (2ncù) met. 
Meff 


The effective mass is 


те = 4m = $ (4.003 и) x (1.66 х 10727 кешт!) = 3.32 x 10-27 kg. 


к=[2 8. c 2j, It - 
= | 2л(2.998 x 108 тв?!) x (152m | х (3.32 х 10-27 kg) 


-1272 x 107^ kgs? | 


The moment of inertia is 


I = mag R2 = (3.32 x 10-77 kg) x (297 х 107? m)? = | 2.93 x 10-46 kg m? | 


p 
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The rotational constant is 


h 1.0546 x 10-34 J s СЕРЕ 
В = = = 95.5 zi 9 
4лсЇ 47(2.998 x 108 ms-!) х (2.93 х 10-46 kg m?) [955m] 


(b) In the Morse potential 


1 1 1 р 
= d р. = - —— p= - - р 
4D, an e = Do + 5 (1 28) в = Do + 5 ( i.) v. 














Xe 
This rearranges to a quadratic equation in v 


10 G) 4(De — Do) 
2 16D. 
16D. 2 2(16D,)^! 












D 4(1.51 x 10-23 J) 
77 (6.626 x 10-34 J s) x (2.998 x 108 m s-!) 


=[293m | 


(293 m7!) х (6.626 х 10-34 Js) х (2.998 x 108 m s^!) 
Е 4(1.51 х 10-23 J) [096] 


2 х 10726] 
1.51 x 10—23] 











and Xe 


P13.19 (a) Follow the flow chart in Fig. 12.7 of the text. CH3Cl is not linear, it has a Сз axis (only one), it does 
not have C2 axes perpendicular to C3, it has no op, but does have 3 oy planes; so it belongs to | Cay | 


(b) The number of normal modes of a non-linear molecule is 3N — 6, where N is the number of atoms. 
So CH3CI has normal modes. 


(c) To determine the symmetry of the normal modes, consider how the Cartesian axes of each atom 
are transformed under the symmetry operations of the Сз, group; the 15 Cartesian displacements 
constitute the basis here. All 15 Cartesian axes are left unchanged under the identity, so the character 
of this operation is 15. Under a C3 operation, the H atoms are taken into each other, so they do not 
contribute to the character of C3. The z axes of the C and Cl atoms, are unchanged, so they contribute 
2 to the character of C3; for these two atoms 


x 4 31/2 у | у 4 31/25 
2 2 ` 2 2, * 








so there is a contribution of —1/2 to the character from each of these coordinates in each of these 
atoms. In total, then x = 0 for C3. To find the character of oy, call one of the оу planes the yz plane; 
it contains C, Cl, and one H atom. The y and z coordinates of these three atoms are unchanged, 
but the x coordinates are taken into their negatives, contributing 6 — 3 = 3 to the character for this 
operation; the other two atoms are interchanged, so they contribute nothing to the character. To find 
the irreproducible representations that this basis spans, we multiply its characters by the characters 


P13.21 


P13.23 
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of the irreproducible representations, sum those products, and divide the sum by the order h of the 
group (as in Section 13.5(a)). The table below illustrates the procedure. 


E 2С> 3o, E 2С» Зо, sum/h 
basis 15 0 3 
А| 1 1 1 basis x Aj 15 0 3 3 
A» 1 1 —1 basis х A2 15 0 -3 2 
Е 2 -1 0 basis x E 30 0 0 5 


Of these 15 modes of motion, 3 are translations (an A; and an Е) and 3 rotations (an Ао and an E); 
we subtract these to leave the vibrations, which span | 2A;+A2+3E | (two A; modes, one A? mode, 
and 3 doubly degenerate E modes). 


(d) Any mode whose symmetry species is the same as that of x, y, or z is infrared active. Thus 
all but the A» mode are infrared active |. 


(e) Only modes whose symmetry species is the same as a quadratic form may be Raman active. Thus 


[an but the A? mode may be Raman active |. 








Solutions to theoretical problems 


The center of mass of a diatomic molecule lies at a distance x from atom A and is such that the masses 
on either side of it balance 


max = mg(R — x) 
and hence it is at 


mg 
х= —R т= тА + тв. 
т 


The moment of inertia of the molecule is 


mama R? твт2 R2 mam 
I = max? + mg(R — x)? [16.27] = А-В _ MAMB p2 


m? m? m 

Е mamp 
=| иен? | since meg = —— —-—. 
ma + тв 


Refer to the flow chart in Fig. 12.7 in the text. Yes at the first question (linear?) leads to linear point 
groups and therefore linear rotors. If the molecule is not linear, then yes at the next question (two or more 
C, with п > 2?) leads to cubic and icosahedral groups and therefore spherical rotors. If the molecule is 
not a spherical rotor, yes at the next question leads to symmetric rotors if the highest С, has n > 2; if 
not, the molecule is an asymmetric rotor. 


(a) CH4: not linear, but more than two C, (n > 2), so | spherical rotor | 


(b) CH3CN: not linear, C3 (only one of them), so | symmetric rotor | 
(c) СО»: linear, so [linear rotor | 


P13.25 


P13.27 
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(d) CH3OH: not linear, no C,, so [asymmetric rotor | 


(е) Benzene: not linear, Ce, but only one high-order axis, so | symmetric rotor 


(f) Pyridine: not linear, C2, is highest rotational axis, so | asymmetric rotor | 


IY. 
S(v,J) = (v+ 5) v + BJ(J + 1) [13.61]. 


AS? = 5 — 2B(2J — 1) [Av = 1, AJ = —2]. 
AS} = V + 2B(2J + 3) [Av = 1, AJ = +2]. 


The transition of maximum intensity corresponds, approximately, to the transition with the most probable 
value of J, which was calculated in Problem 13.24, 


gr x89 j 
Заг (52-41 —==> 
n (555) 2 


The peak-to-peak separation is then 


AS = AS} — А50 = 2B(2Jmax + 3) — {(-2B(2Jmax — 1)} = 8B (Унах 4 +) 


ев ү? (з2вшү? 
с ХАВ)  \ ke | 


To analyze the data we rearrange the relation to 








_ he(AS)? 
— Sm 





h 
and convert to a bond length using B — Pup with J = 2m,R? (Table 13.1) for a linear rotor. This gives 
лс. 


5 Үү? 1 2kT ү!? 
res) “Зав ЫГ 
8ncm,B лсА$ ту 


We can now draw up the following table 











HgCl, HgBr; Hgl, 


T/K 555 565 565 


m,/u 35.45 79.1 126.90 
AS/ стт! 23.8 15.2 11.4 


R/pm 221.6 240.7 253.4 


Hence, the three bond lengths are approximately | 230, 240, and 250 pm |. 


Solutions to applications 


(a) Resonance Raman spectroscopy is preferable to vibrational spectroscopy for studying the O—O 
stretching mode because such a mode would be or at best only weakly active. 





P13.29 


(b) 


(c) 


(d) 


(e) 
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(The mode is sure to be inactive in free O2, because it would not change the molecule’s dipole 
moment. In a complex in which О» is bound, the O—O stretch may change the dipole moment, but 
it is not certain to do so at all, let alone strongly enough to provide a good signal.) 


The vibrational wavenumber is proportional to the frequency, and it depends on the effective mass 
as follows, 


1/2 ~ 18 16 1/2 1/2 
s (+) 2o. 20800 (вов) - (1882) A 








тет 90905) \тен8О>) 180u 


and 90180) = (0.943) (844 стт!) = | 796 cm-! | 


Note the assumption that the effective masses are proportional to the isotopic masses. This assumption 
is valid in the free molecule, where the effective mass of О) is equal to half the mass of the О atom; 
it is also valid if the O» is strongly bound at one end, such that one atom is free and the other is 
essentially fixed to a very massive unit. 


The vibrational wavenumber is proportional to the square root of the force constant. The force 
constant is itself a measure of the strength of the bond (technically of its stiffness, which correlates 


with strength), which in turn is characterized by bond order. Simple molecular orbital analysis of 
O», O; , and (2 results in bond orders of| 2, 1.5, and 1 respectively |. Given decreasing bond order, 


one would expect decreasing vibrational wavenumbers (and vice versa). 





The wavenumber of the O—O stretch is very similar to that of the peroxide anion, suggesting 


но | 


The detection of two bands due to !60!80 implies that the two О atoms occupy non-equivalent 
positions in the complex. Structures 7 and 8 are consistent with this observation, but structures 5 
and 6 are not. 


According to Problem 10.27(a), the Doppler effect obeys 





EAM 


Vreceding = Vf where f = ( + s/e 


This can be rearranged to yield 


1—f? 
=. 
аг 


We are given wavelength data, so we use 


fes Умаг | А 


v Astar 








The ratio is: 


Е 654.2 пт 
— 706.5 пт 


1 — 0.92602 
= ———__¢ =| 0.0768с | = 2. ms. 
5 Г+09260© 2.30 x 10'ms 


f = 0.9260, 


P13.31 


P13.33 
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The broadening of the line is due to local events (collisions) in the distant star. It is temperature depend- 
ent and hence yields the surface temperature of the star. Eqn 13.17 relates the observed linewidth to 
temperature: 


24. (2КТ In2\!/2 63 ү? 
Ó obs = Kd ( ) 54 1- (2) = 





m 23 2k In2’ 








p (gus х 108 тз 1) (61.8 x XE (47.95 u)(1.661 х 10-27 крут!) 
2(654.2 x 10-9) 2(1.381 х 10:231К-1) ш2|7 





Т-1834х107К| 











Ej = (Л + ПйсВ, еј = 27 +1. 








1 
Ej — Eo = 2heB = he ( - : 1. 


shorter longer 








B= 1. ( 1 1 )- 1 ( 1 1 ) 
2 Аһопег Monger D 2 À shorter Ashorter + AA 


_1 1 
=)" )x (1- 1+ (AA/Ashorter) ) 


E 16127 ) " (: Ш 1 " 10? nm 
387.5 nm 1 + (0.061/387.5) 102 ст /” 


В =|2.031 em~ | 


E,—Eo _ 2hcB _ 2(6.626 х 10-** Js) х (3.00 x 10'°cms~) x (2.031 ст!) 
k ЁС 1.381 x 1073 J K7! 
= 5.847К. 








Intensity of J’ < J absorption line /) ос Је 7/7 


—E, /kT 
be 819 L _ 81 e Fi —E9)/kT 


^ goe Eo/AT ^^ go 





Ir, 
h, shorter 


Solve for T 


_ (Е – Eo 1 pene = 
r-( )* ( з) ses) - Ed 








k In (81 D, inen / 80D sees 


Temperature effects. At extremely low temperatures (10 К) only the lowest rotational states are populated. 
No emission spectrum is expected for the cloud and star light microwave absorptions by the cloud are by 
the lowest rotational states. At higher temperatures additional high-energy lines appear because higher 
energy rotational states are populated. Circumstellar clouds may exhibit infrared absorptions due to 
vibrational excitation as well as electronic transitions in the ultraviolet. Ultraviolet absorptions may 
indicate the photodissocation of carbon monoxide. High temperature clouds exhibit emissions. 


Density effects. The density of an interstellar cloud may range from one particle to a billion particles 
per cm?. This is still very much a vacuum compared to the laboratory high vacuum of a trillion particles 
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рег cm?. Under such extreme vacuum conditions the half-life of any quantum state is expected to be 
extremely long and absorption lines should be very narrow. At the higher densities the vast size of 
nebulae obscures distant stars. High densities and high temperatures may create conditions in which 
emissions stimulate emissions of the same wavelength by molecules. A cascade of stimulated emissions 
greatly amplifies normally weak lines—the maser phenomena of Microwave Amplification by Stimulated 
Emission of Radiation. 


Particle velocity effects. Particle velocity can cause Doppler broadening of spectral lines. The effect is 
extremely small for interstellar clouds at 10 K but is appreciable for clouds near high temperature stars. 
Outflows of gas from pulsing stars exhibit a red Doppler shift when moving away at high speed and a 
blue shift when moving toward us. 


There will be many more transitions observable in circumstellar gas than in interstellar gas, because 
many more rotational states will be accessible at the higher temperatures. Higher velocity and density of 
particles in circumstellar material can be expected to broaden spectral lines compared to those of inter- 
stellar material by shortening collisional lifetimes. (Doppler broadening is not likely to be significantly 
different between circumstellar and interstellar material in the same astronomical neighborhood. The 
relativistic speeds involved are due to large-scale motions of the expanding universe, compared to which 
local thermal variations are insignificant.) A temperature of 1000 K is not high enough to significantly 
populate electronically excited states of CO; such states would have different bond lengths, thereby 
producing transitions with different rotational constants. Excited vibrational states would be accessible, 
though, and rotational-vibrational transitions with P and R branches as detailed later in this chapter 
would be observable in circumstellar but not interstellar material. The rotational constant В for !?C!60 
is 1.691cm7!. The first excited rotational energy level, J = 1, with energy J(J + 1)hcB = 2hcB, is 
thermally accessible at about 6 K (based on the rough equation of the rotational energy to thermal energy 
КТ). In interstellar space, only two or three rotational lines would be observable; in circumstellar space 
(at about 1000 K) the number of transitions would be more like 20. 


014.1 


014.3 


014.5 


014.7 


Molecular spectroscopy 2: 
electronic transitions 


Answers to discussion questions 


The process of the determination of the term symbol for dioxygen, ? Zz, is described in Section 14.1(b) 
and will not be repeated here. The interpretation of the symbol follows: the letter У means that the mag- 
nitude of the total orbital angular momentum about the internuclear axis is 0; the left superscript 3 means 
that the component of the total spin angular momentum about the internuclear axis is 1(2 x 1 + 1 = 3); 
the subscript g means that the parity of the term is even; and the superscript — means that the molecular 
wavefunction for O2 changes sign upon reflection in the plane containing the nuclei. 


A band head is the convergence of the frequencies of electronic transitions with increasing rotational 
quantum number, J. They result from the rotational structure superimposed on the vibrational structure 
of the electronic energy levels of the diatomic molecule. See Figs 14.8 and 14.11. To understand how a 
band head arises, one must examine the equations describing the transition frequencies (eqns 14.5). As 
seen from the analysis in Section 14.1(e), convergence can only arise when terms in both (B' — B) and 
(B' + B) occur in the equation. Since only a term in (B' — B) occurs for the Q branch, no band head can 
arise for that branch. 


The overall process associated with fluorescence involves the following steps. The molecule is first 
promoted from the vibrational ground state of a lower electronic level to a higher vibrational-electronic 
energy level by absorption of energy from a radiation field. Because of the requirements of the Franck- 
Condon principle, the transition is to excited vibrational levels of the upper electronic state. See 
Fig. 14.22. Therefore, the absorption spectrum shows a vibrational structure characteristic of the upper 
state. The excited state molecule can now lose energy to the surroundings through radiationless trans- 
itions and decay to the lowest vibrational level of the upper state. A spontaneous radiative transition now 
occurs to the lower electronic level and this fluorescence spectrum has a vibrational structure character- 
istic of the lower state. The fluorescence spectrum is not the mirror image of the absorption spectrum 
because the vibrational frequencies of the upper and lower states are different due to the difference in 
their potential energy curves. 


See Section 14.5 for a detailed description of both the theory and experiment involved in laser action. 
Here we restrict our discussion to only the most fundamental concepts. The basic requirement for a laser 
is that it has at least three energy levels. Of these levels, the highest lying state must be capable of being 
efficiently populated above its thermal equilibrium value by a pulse of radiation. A second state, lower in 
energy, must be a metastable state with a long enough lifetime for it to accumulate a population greater 
than its thermal equilibrium value by spontaneous transitions from the higher overpopulated state. 


E14.1(b) 


E14.2(b) 


E14.3(b) 


E14.4(b) 


E14.5(b) 
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The metastable state must than be capable of undergoing stimulated transitions to a third lower lying 
state. This last requirement implies not only that the metastable state must have more than its thermal 
equilibrium population, but also that it must have a higher population than the third lower lying state, 
namely, that it achieve population inversion. See Figs 14.28 and 14.29 for a description of the three- and 
four-level lasers. The amplification process occurs when low intensity radiation of frequency equal to 
the transition frequency between the metastable state and the lower lying state stimulates the transition 
to the lower lying state and many more photons (higher intensity of the radiation) of that frequency are 
created. Examples of practical lasers are listed and discussed in Further information 14.1. 


Solutions to exercises 


According to Hund's rule, we expect one Їл electron and one 27r, electron to be unpaired. Hence 5 = 1 
and the multiplicity of the spectroscopic term is [3] The overall parity is u x g = [и |since (apart from 
the complete core), one electron occupies a u orbital another occupies a g orbital. 


Use the Beer-Lambert law 


I 
log n —e[J]I = (—327 dm? mol! стт!) x (2.22 x 10-3 mol dm?) х (0.15 ст) 


— —0.10889 


= = 107910889 _ 0.778 
1 


The reduction in intensity is | 22.2 percent 


1 I 
є = —— log — [13.2, 13.3 
У ^ | 


-1 
77 (6.67 x 10-4 mol dm?) х (0.35 cm) 





log 0.655 = 787 dm? mol! ст! 


= 787 x 103 cm? mol! ст! [1 dm = 10cm] 





-179 x 10° cm? mor! 





The Beer-Lambert law is 
798. e[J]} so [J] Lied 
ЕЗЩЕ 7 m агь 
g Io el Ё їр 


=] 
~ (323 dm? тог! cm-! x (0.750 ст) 





[J] 





log(1 — 0.523) = | 1.33 х 10-3 mol dm? 





Note: a parabolic lineshape is symmetrical, extending an equal distance on either side of its peak. The 
given data are not consistent with a parabolic lineshape when plotted as a function of either wavelength 
or wavenumber, for the peak does not fall at the center of either the wavelength or the wavenumber 


range. The exercise will be solved with the given data assuming a triangular lineshape as a function of 
wavenumber. 


E14.6(b) 


E14.7(b) 
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The integrated absorption coefficient is the area under an absorption peak 


A= | eat 


If the peak is triangular, this area is 
A= 5 (base) x (height) 
= $[(199 x 10-9 m)~! — (275 х 107° ш)-х (2.25 x 105 dm? шог”! ст!) 


5: (1.56 x 10? dm? m7! mol! стт!) x (100стш-!) 


= 1.56 x 1079 dm? m^! mol! ст"! 3 
10? ат? m? 


= 1.56 x 10? m mol! =| 1.56 x 108 dm? mol! cm? 


Modeling the zr electrons of 1,3,5-hexatriene as free electrons in a linear box yields non-degenerate 
energy levels of 


n^n? 


Жушс LM 
" 7 8meL2 


The molecule has six л electrons, so the lowest-energy transition is from n = 3 ton = 4. The length of 
the box is 5 times the C—C bond distance R. So 


(42 - 33? 


AElinear = 8m. (SR)? 


Modelling the л electrons of benzene as free electrons on a ring of radius К yields energy levels of 
т? n 


"7 f 


where / is the moment of inertia: / = meR. These energy levels are doubly degenerate, except for the 
non-degenerate mj = 0. The six л electrons fill the m; = 0 and 1 levels, so the lowest-energy transition 
is from m = 1 to m; = 2 


(22—17)? q- 128? 


Аан ANS ^ Bw 


Comparing the two shows 


11 ¥ af m 
A Elinear = 25 | 8m. R2 < АРн = л2 \ 8meR2 


Therefore, the lowest-energy absorption will in energy. 





The Beer-Lambert law is 


I 
log — = —e[J]] = log T 
ey 8 


so a plot (Figure 14.1) of log Т versus [J] should give a straight line through the origin with a slope т 
of —=1. Soe = —m/I. 


E14.8(b) 


E14.9(b) 


The data follow 
[dye] /(mol dm?) 


0.0010 
0.0050 
0.0100 
0.0500 


0.00 0.01 





0.02 0.03 
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T log T 
0.73 -0.1367 
0.21 -0.6778 
0.042 -1.3768 
1.33 х 1077 -6.8761 





004 005 0.06 
[dye]/(mol dm-*) Figure 14.1 


The molar absorptivity is 


—138 dm? тог”! 
0.250 cm 





= [522 dm? mol! ст! 





The Beer-Lambert law is 


-1 
logT = —e[J]] so = —logT 


[ЛІ 





=I 





ё = 
(0.0155 mol dm?) x (0.250 cm) 


log 0.32 =| 128 dm? mol~! cm7! | 





Now that we have £, we can compute T of this solution with any size of cell 


T = 10-90 — 100128 ат? тог! cm71)x(0.0155 mol dm?) x (0.450 cm)) _ Го уз 


The Beer-Lambert law is 


I 
log — = —e[J]/ 
Io 


(a) l= 


I 


so [= ——— log — 
sU] Ei 


1 





(b) [= 


1 
х log = = [0.010ст | 
(30 dm? тої! cm~!) x (1.0 mol dm?) 23 


Ї 








х 1050.10 = [0.033 ст | cm 
(30 dm? mol~! cm-!) x (1.0 mol dm?) 9 
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The integrated absorption coefficient is the area under an absorption peak 


A= [sai 


We are told that є is a Gaussian function, i.e. a function of the form 
— 2 
& = Emax EXP (=) 
a 


where x = 0 — Vmax and a is a parameter related to the width of the peak. The integrated absorption 
coefficient, then, is 


oo x? 
А- | Emax EXP (=) dx = 2таха/л 


—00 


We must relate a to the half-width at half-height, x, n 











1 -Х 212 Хї/2 
заа 1 
2 тах = Emax €Xp so 115 = and a= 
| a ) иг. vin2 
So А = вых (27) -амх 105 dm? тог! ст) х (4233ст—!) x (Z)? 
пахо (5) =C х (4233 ст ух (у=) 





= | 1.39 x108 dm? mol`! cm? 


In SI base units 


"m (1.39 x 108 dm? шог”! cm7?) х (1000 cm? dm~?) 
100 ст m~! 


-1139 x10? m mol”! 


Fi is formed when Ез loses an antibonding electron, so we would expect HT to have a shorter bond than 
F2. The difference in equilibrium bond length between the ground state (F2) and excited state (ЕТ te^) 
of the photoionization experiment leads us to expect some vibrational excitation in the upper state. The 
vertical transition of the photoionization will leave the molecular ion with a stretched bond relative to 
its equilibrium bond length. A stretched bond means a vibrationally excited molecular ion, hence a 
transition to a vibrationally excited state than to the vibrational ground state of the cation. 


Solutions to problems 
Solutions to numerical problems 


The potential energy curves for ће X? X and B? x, electronic states of O are represented schematically 
in Fig. 14.2 along with the notation used to represent the energy separation of this problem. Curves for 


Р14.3 
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the other electronic state of О» are not shown. Ignoring rotational structure and anharmonicity we 
may write 


8065.5 cm! 
leV 


1 
Voo А Te + 30 9 = 6.175 eV х | 


= |49 364 cm! | 


1 
) + 5 (700 — 1580) cm! 


7760 стг! 
Т. = 6.175eV 
z — OPP) + OCP) 
ээ 
po 
5 Ground 
a electric 
state 
5.1147 eV 





Figure 14.2 


COMMENT. Note that the selection rule Av = +1 does not apply to vibrational transitions between different 
electronic states. 


Question. What is the percentage change in бо if the anharmonicity constants хер (Section 13.11), 
12.0730 ст”! and 8.002 стт! for the ground and excited states, respectively, are included in the 
analysis? 


Initially we cannot decide whether the dissociation products are produced in their ground atomic states 
or excited states. But we note that the two convergence limits are separated by an amount of energy 
exactly equal to the excitation energy of the bromine atom: 18345 ст”! — 14660 ст-! = 3685 стт'!. 
Consequently, dissociation at 14660 ст! must yield bromine atoms in their ground state. There- 
fore, the possibilities for the dissociation energy are 14660 ст”! or 14660ст”! — 7598cm^! = 
7062 ст! depending upon whether the iodine atoms produced are in their ground or excited 
electronic state. 
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In order to decide which of these two possibilities is correct we can set up the following Born—Haber 





cycle. 

(1) IB(g = $h(g)+3Br(l) АН? = AjH*(Br,g) 

D ib) = thie) АН? = ЗАзьН” 055) 

(3) 1Вг›(1) > 5Br2(g) АНУ = 4 AvapH® (Bry, 1) 

(4) 4136) > № AH; = } AHAI) 

(5 4Bro(s) — Br(g) АН? = ЗАН(Вг-Вг) 
IBíg) = Ке) + Вг(в) АН? 


AH? = —A;H* (IBr, g) + $ АН? (b, s) + 4 АмарН” (Bro, 1) 
+ уАН0-4) + 3AH(Br—Br) 
= [40.79 + 5 x 62.44 + } x 30.907 + $ x 151.24 + $ x 192.85} тог”! 


[Table 2.7 and data provided] 


= 177.93 kJ mol! = | 14874 стт! | 
Comparison to the possibilities | 14 660 ст! | and 7062 ст”! shows that it is the former that is the 


correct dissociation energy. 


P14.5 We write = = башё” = МЕР. 2Г the variable being v and Г being a constant. v is measured from 
the band center, at which v = 0. € = Les when v? = 2Г ш2. Therefore, the width at half-height is 


Айо =2х (2Г2)!/2, implying ћа Г = 





81п2` 


Now we саггу out the integration 


оо 2 оо 2 
А= | - өв | е? PT di = eux r7)? [/ e ах = и? 


оо —00 





PEEL. 
2145 cx xi р 1 
= Emax (ae = =) Emax AV1/2 = 1.0645 тах AV1/2, 


А = 1.0645€max AV /2, with v centered on vo. 


1 _ AAi/2 
Si p= —, Ару 5 ——[A 2 do]. 
ince р = =, Аруз m [ o] 


Алу 
A = 1.0645émax | —5— |. 
5% 


Р14.7 
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From Fig. 14.6 of the text, we find Ad о = 38 nm with Ло = 290 nm and émax © 235 dm? mol! стт !; 
hence 








1.0645 х (235 dm? тог”! стт!) x (38 х 1077 cm 


(290 x 10-7 ст)? =|1.1 x 106 dm? шог”! cm"? | 
х 107 cm 


A 





Since the dipole moment components transform as A, (z), Bı (x), and B2( y), excitations from A, to Ат, 
Ву, and B» terms are allowed. 


We use the technique described in Example 13.5, the Birge-Sponer extrapolation method, and plot the 
difference Av, against v + >" 


We then draw up the following table. 


Av, 688.0 665.1 641.5 617.6 591.8 561.2 534.0 


к 
“ТЗ 3 


5 7 9 11 13 
2 2 2 2 2 


NIW 


AU, 502.1 465.5 428.9 3882 3431 300.9 255.0 


The data are plotted in Fig. 14.3. Each square corresponds to 25 cm~!. The area under the non-linear 
extrapolated line is 295 squares; therefore the dissociation energy is 7375 cm~!. The 3 Уу ex 
excitation energy (where X denotes the ground state) to v = 0 is 49357.6 ст”! which corresponds to 
6.12 eV. The ? Y^, dissociation energy for 


Озу) > O4 O* 
is 7375 ст”, or 0.91 eV. Therefore, the energy of 
O2(X) > О+О* 


is 6.12 eV + 0.91 eV = 7.03 eV. Since O* — О is —190 kJ mol™', corresponding to —1.97 eV, the 
energy of 


O»(X) > 20 


is 7.03 eV — 1.97 eV = [5.06 eV] 


COMMENT. This value of the dissociation energy is close to the experimental value of 5.08 eV quoted 
by Herzberg [Further reading, Chapters 18 and 14], but differs somewhat from the value obtained in 
Problem 14.2. The difficulty arises from the Birge-Sponer extrapolation, which works best when the experi- 
mental data fit a linear extrapolation curve as in Example 13.5. A glance at Figure 14.3 shows that the plot 
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A lcm! 


extrapolation 


әр 
- Inaccurate 
: non-linear 





Figure 14.3 


of the data is far from linear; hence, it is not surprising that the extrapolation here does not compare well to 
the extrapolation quoted in Problem 14.2. The extrapolation can be improved by using a quadratic or higher 
terms in the formula for AG [Chapter 13]. 


P14.9 Draw up a table like the following. 


Hydrocarbon  Йутах/еУ Еномо/еУ* 


Benzene 4.184 —9.7506 
Biphenyl 3.654 —8.9169 
Naphthalene 3.452 —8.8352 
Phenanthrene 3.288 —8.7397 
Pyrene 2.989 —8.2489 
Anthracene 2.890 —8.2477 





*Semi-empirical, PM3 level, PC Spartan Pro™. 


Figure 14.4 shows a good correlation: г? = 0.972. 


P14.11 (a) The molar concentration corresponding to 1 molecule per cubic jum is: 


6 —-143 
А ж 1. ла АННА — = |17 x 10-9 mol dm? 
У 6.022 х 1023 mol! (1.0 pm3)(10 dm m^!? 


і.е. nanomolar concentrations. 
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-10.0 
45 Figure 14.4 


(b) An impurity of a compound of molar mass 100 g шог”! present at 1.0 x 1077 kg per 1.00 kg water 
can be expected to be present at a level of N molecules per cubic рт where М is 


3i 1.0 x 1077 kg impurity d 6.022 x 1023 тог”! 
i 1.00 kg water 100 x 10-3 kg impurity шог”! 


x (1.0 x 10? kg water ш 3) х (10-6193, 


Pure as it seems, the solvent is much too contaminated for single-molecule spectroscopy. 


Solutions to theoretical problems 


P14.13 We need to establish whether the transition dipole moments 
ив = | Vf uy; ат [13.13] 


connecting the states 1 and 2 and the states 1 and 3 are zero or nonzero. The particle in a box wavefunctions 
are Yn = (2/L)!? sin(nnx/L) [9.5]. 


. (20x ‚ (Mx лх 3лх 
Thus иод © Ї sin (=) x sin (2) dx х IE Ё (=) — cos (2) 4х 
3 2 4 
and из, © | (52) аа (=) dx х IE Ё (=) — cos (2) ах 


having used sina sin B = i cos(a — B) — i cos(o + B). Both of these integrals can be evaluated using 
the standard form 


2 


[ <= (22) а = apr (7) i 


3 + GJL sin (=) 


f (=) 1 (=) 
xcos | —— | dx = cos 
L L (37/1)2 L 


1 х 
| ee: = — cosax + — sin ax. 
a a 











L 2 
=-2(=) жо 
0 л 


p x (25) - (21 4 
s Om Муш 7 а 











Р14.15 
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Thus 21 4 0. 


In a similar manner, из = 0. 


COMMENT. A general formula for д applicable to all possible particle in a box transitions may be derived. 
The result is (n = f, m = i) 


Е _eL cos(n —m)x — 1 = соѕ(п + т)л — 1 
Ы (n — my? (n + my? 


For m and n both even or both odd numbers, илт = 0; if one is even and the other odd, илт = 0. See also 
Problem 14.17. 


Question. Can you establish the general relation for (ит above? 


We need to determine how the oscillator strength (Problem 14.16) depends on the length of the chain. 
We assume that wavefunctions of the conjugated electrons in the linear polyene can be approximated 
by the wavefunctions of a particle in a one-dimensional box. Then 


8x?m,v 
3he? 


n a MS . (nnx 
Их = -e f Yn (x)xWn(x)dx, Wn = (2) sin (=) 


Uu xsin (77 =) sin ("ах 


ifn’ =n+2. 


= SeLN п(п+1) . 
=] ғи = 1. 
(e) een уз 





f= |ш2 | [Problem 14.16]. 





The integral is standard, but may also be evaluated using 2 sin A sin В = cos(A — В) — cos(A + В) as in 
Problem 14.13. 


р. 
ћу = Ез — En = (2п + Dan. 


Therefore, for the transition n + 1 «— n, 


81? h 8eL M? n? (n + 1)? 64 [pore 
f=(F 3 GS) (s) 8-5 =) 7 (2л 4-1) - (zz) Qn 1} |' 
n? (n + 1)? 

(2п + 1)3` 


The value of n depends on the number of bonds: each л bond supplies two л electrons and so n increases 
by 1. For large п, 


Therefore, f с 


nt 
fara 


FW 2 and f cm. 
n 


Р14.17 


Р14.19 
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Therefore, for the longest wavelength transitions f increases as the chain length is increased. The energy 
of the transition is proportional to (2n + 1) 112, but, as n сс L, this energy is proportional to 1/L. 
wh _ Оп + n? 


Since E, = ——— 


= Але] 
8т,12 Өл? (An l 


but L = 2nd is the length of the chain (Exercise 14.6(a)), with d the carbon—carbon interatomic distance. 
Hence 


L/2d) + 1)h? n? 1 
AE A d IMP. "T 
8m.L? l6medL L 


Therefore, the transition moves toward the red as and the apparent color of the dye 
shifts towards blue |. 


и = —eSR [given]. 


2 
$ = | E 5 + : (=) ie [Problem 11.3]. 
ao 3 Хад 








f= Snem 2 е B7 meV рас _ 8л2тсуа2 [Er 2 (®) s 
3he? 3h 3h ao ao | 


We then draw up the following table. 








В/ао 0 1 2 8 4 5 6 7 8 
Г/№ 0 0.737 1.376 1.093 0.573 0.233 0.080 0.024 0.007 


These points are plotted in Fig. 14.5. 


The maximum inf occurs at the maximum of RS, 


d d$ к 1/Кү 
— (RS) =S+R—=]1+—--=(— “Rio = 0 at R=R*. 
ao eae + = ( | а 


| Re ifm 
That 15, 1 + — – = { — | =0. 
а З Хад 


This equation тау be solved either numerically or analytically (see Abramowitz and Stegun, Handbook 
of mathematical functions, Section 3.8.2), and R* = 2.10380ао. 


As К — 0, the transition becomes s — s, which is forbidden. As R — оо, the electron is confined to a 
single atom because its wavefunction does not extend to the other. 


The fluorescence spectrum gives the vibrational splitting of the lower state. The wavelengths stated 
correspond to the wavenumbers 22 730, 24 390, 25 640, 27 030 cm™!, indicating spacings of 1660, 
1250, and 1390 ст”. The absorption spectrum spacing gives the separation of the vibrational levels of 
the upper state. The wavenumbers of the absorption peaks are 27 800, 29 000, 30 300, and 32 800 cm! . 
The vibrational spacings are therefore 1200, 1300, and 2500 cm—!. 
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Figure 14.5 


Р14.21 Use the Clebsch-Gordan series [Chapter 10] to compound the two resultant angular momenta, and 
impose the conservation of angular momentum on the composite system. 


(а) Ол has 5 = 1 [itis a spin triplet]. The configuration of an О atom is [He]2s*2p*, which is equivalent 
to a Ne atom with two electron-like ‘holes’. The atom may therefore exist as a spin singlet or as a 
spin triplet. Since Sı = 1 and $ = 0 or Sı = 1 and 52 = 1 may each combine to give a resultant 


with 5 = 1, both may be the products of the reaction. Hence multiplicities and may 
be expected. 


(b) №,5 = 0. The configuration of an N atom is [He] 2522р?. The atoms may have $ = 3 or 5. Then 
we note that $1 — 3 апа 5; = E can combine to give $ = 0; $; = i and $5 — - can also combine 


to give $ = 0 (but $; = 4 and 55 = 5 cannot). Hence, the multiplicities and may 
be expected. 
Solutions to applications 
P14.23 Fraction transmitted to the retina is 
(1 — 0.30) x (1 — 0.25) x (1 — 0.09) x 0.57 = 0.272. 


The number of photons focused on the retina in 0.1 s is 


0.272 x 40 mm? x 0.15 x 4 x 105mm"? s7! = | 4.4 х 10? | More than what one might have guessed. 


Р14.25 
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The integrated absorption coefficient is 
A= | «вувд [13.5]. 


If we can express e as an analytical function of v, we can carry out the integration analytically. Following 
the hint in the problem, we seek to fit = to an exponential function, which means that a plot of In £ versus 
р ought to be a straight line (Fig. 14.6). So if 


Ine = mv + Б, then = = exp(mv) exp(d) 


and A = (e^/m) exp(mi) (evaluated at the limits of integration). We draw up the following table and 
find the best-fit line. 


1 


Мат e/(dm? mol! стт!) v/cm^! Ine/( dm? то"! стт!) 

















292.0 1512 34248 4.69 
296.3 865 33748 4.13 
300.8 471 33248 3.54 
305.4 257 32748 2.92 
310.1 135.9 32248 2.28 
315.0 69.5 31746 1.61 
320.0 34.5 31250 0.912 
4 ER CHER 
(1.2597 x 102) x: 
41 
3 
ч) 
5 
M 
1 
0 H H Н : > : : 
31000 32000 33000 34000 35 000 
i /(cm~') Figure 14.6 
én A= Вано exp ( 126 * 10-3 ст 1.26 x 10-3 ст РИ ИРЕ КИЕ 
1.26 x 10-3 ею | P (290x107cm) "P 320 х 107cm | | 








= | 1.24 х 10? dn? mol`’! cm? | 
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Р14.27 (a) The integrated absorption coefficient is (specializing to a triangular lineshape) 


A= fæ dv = (1/2)£max АР 


= (1/2) x (150 dm? mol~! ст!) х (34483 — 31250) cm"! , 


A = [2.42 х 10? dm? шог”! cm? 


(b) The concentration of gas under these conditions is 








n р 2.4 Torr 


C = — = — 


== 1.03 x 107 mol dm. 
У КТ  (62.364Torr dm? mol`! K^!) x (373 K) 


Over 99 per cent of these gas molecules are monomers, so we take this concentration to be that 
of CH3I (If 1 of every 100 of the original monomers turned to dimers, each produces 0.5 dimers; 
remaining monomers represent 99 of 99.5 molecules.) Beer’s law states 


A = £cl = (150 dm? mol^! ст!) х (1.03 x 107^ mol dm?) x (12.0cm) =| 0.185 | 
(c) The concentration of gas under these conditions is 


100 T 
ie I вы = 4.30 x 10-3 moldm=?. 
У КАТ  (62.64Torrdm? mol! K^!) х (373 К) 


Since 18 per cent of these CH3I units are in dimers (forming 9 рег cent as many molecules as 
were originally present as monomers), the monomer concentration is only 82/91 of this value or 
3.87 x 10-3 mol dm~?. Beer's law is 


А = есі = (150 dm? mol”! ст!) х (3.87 х 10-3 mol dm?) х (12.0cm) = | 6.97 |. 


If this absorbance were measured, the molar absorption coefficient inferred from it without 
consideration of the dimerization would be 


e€ = A/cl = 6.97/((4.30 х 107! mol dm?) x (12.0cm)) 


= |135 dm? mol! стт! | 


an apparent drop of 10 per cent compared to the low-pressure value. 





P14.29 — InFig.14.7 


h 
AB. E = 5 — 51409 х ИГ P T dani rev 
Ми 386.4 пт 
апа 
Ale E ns BE = 5250 «PT ЗАТ, 
Ао 387.6пт 


Energy of excited singlet, $1 : Е (о, Л) = V1 + (v + 1/2) 1йс + J( + 1)Вүйс. 
Energy of excited singlet, 50: Eo(v, Л) = Vo + (v + 1/2)vohc +J (J + 1)Войс. 
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v=0—0 


0-1 Ј=1<0 





AE, AEQ 
1 — y Iy 1 
386.4 nm 387.6 nm Figure 14.7 


The midpoint of the 0—0 band corresponds to the forbidden Q branch (AJ = 0) with J = 0 and 
v=0<0. 


AEo = E1(0,0) — Ео(0,0) = (Vi — Vo) + 4 (51 — vo)Ac. (1) 


The midpoint of the 1—1 band corresponds to the forbidden О branch (AJ = 0) with J = 0 and 


v=1<1. 
АЕ\ = E\(1,0) — Ео(1,0) = (Vi — Vo) + ($1 — Do)he. (2) 
Multiplying eqn 1 by three and subtracting eqn 2 gives 
ЗАЕоо — ДЕ = 2(У| — Vo). 
Vi — Vo = 3GAEo — ДЕ) 
= ${3(5.1250) -(5.1409))107191 
= 5.1171 x 107'9J =[3.193eV | (3) 
This is the potential energy difference between 50 and 51. 
Equations (1) and (3) may be solved for v, — vo. 
V, — о = 2(AEoo — (Vi — Vo)} 
= 2(5.1250 — 5.1171)107 ? S/he 


= 1.5800 x 107?! J = 0.0098615 eV = | 79.538 cm7! | 


The vı value can be determined by analyzing the band head data for which J + 1 < J. 
АЕ (Л) = E\(0,J) — Eo(1,J + 1) 
= Vi — Vo + 401 — 39o)hc + JU + ПВийс — (J + 1) x (J + 2)Bohe. 
AEoo(J) = Vi — Vo + 3(9; — ohe + У + 1)Вуйс — (J + 1) х (J + 2)Bohc. 
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Therefore, 


АЕ ОЛ) — AE19(J) = тойс. 


Є 
АЕоо (Л = —— =). -19 
00 (Jhead) 3883um 5.1158 x 107! J. 
AE 10Jnead) = 1 = 4.7117 x 10-9] 
"— ea 7 


_ _ АЕ) — AEn) 
vo = —— 


he 
_ (5.1158 — 4.7117) х 10-91 
Е he 
4.0410 х 10—20] 
= —————— = 0.25222 eV =| 2034.3 cm7! | 
he 
by = Do + 79.538 стт! 





—20 
= (2034.3 + 79.538) ст! =] 2113.8 ст-! = AI 187 Ј 

















he 
—E\ (1,0 Р 
Th елиш _ е—(Е\(@1,0)—Е(0,0))/К Туя 

10-0 e-Ei(0.0) /kT est 
29 e ^c /КТыт 
Ge ) ИСУ 

Ш|--15-- . 
0—0 Tete 

hed 4.1990 х 10-29) [1221 К| 
i Ha (14) (1.38066 x 10-23 J K~!) ш(10) 
1-1 


The relative population of the v = 0 and v = 1 vibrational states is the inverse of the relative intensities 


ЭГ 1 
of the transitions from those states; hence 1 = [10] 


It would seem that with such a high effective temperature more than eight of the rotational levels of 
the S; state should have a significant population. But the spectra of molecules in comets are never as 
clearly resolved as those obtained in the laboratory and that is most probably the reason why additional 
rotational structure does not appear in these spectra. 


Molecular 


1 5 spectroscopy 3: magnetic 


D15.1 


resonance 





Answers to discussion questions 


Detailed discussions of the origins of the local, neighboring group, and solvent contributions to the 
shielding constant can be found in Sections 15.5(d), (e), and (f) as well as the books listed under Further 
reading. Here we will merely summarize the major features. 


The local contribution is essentially the contribution of the electrons in the atom that contains the 
nucleus being observed. It can be expressed as a sum of a diamagnetic and paramagnetic part, that is, 
a (local) = oq + ор. The diamagnetic part arises because the applied field generates a circulation of 
charge in the ground state of the atom. In turn, the circulating charge generates a magnetic field. The 
direction of this field can be found through Lenz’s law, which states that the induced magnetic field 
must be opposite in direction to the field producing it. Thus it shields the nucleus. The diamagnetic 
contribution is roughly proportional to the electron density on the atom and it is the only contribution 
for closed shell free atoms and for distributions of charge that have spherical or cylindrical symmetry. 
The local paramagnetic contribution is somewhat harder to visualize since there is no simple and basic 
principle analogous to Lenz’s law that can be used to explain the effect. The applied field adds a term to 
the hamiltonian of the atom that mixes excited electronic states into the ground state and any theoretical 
calculation of the effect requires detailed knowledge of the excited state wave functions. It is to be noted 
that the paramagnetic contribution does not require that the atom or molecule be paramagnetic. It is 
paramagnetic only in the sense that it results in an induced field in the same direction as the applied 
field. 


The neighboring group contributions arise in a manner similar to the local contributions. Both dia- 
magnetic and paramagnetic currents are induced in the neighboring atoms and these currents result 
in shielding contributions to the nucleus of the atom being observed. However, there are some dif- 
ferences: The magnitude of the effect is much smaller because the induced currents in neighboring 
atoms are much farther away. It also depends on the anisotropy of the magnetic susceptibility (see 
Chapter 20) of the neighboring group as shown in eqn 15.23. Only anisotropic susceptibilities result in 
a contribution. 


Solvents can influence the local field in many different ways. Detailed theoretical calculations of the 
effect are difficult due to the complex nature of the solute-solvent interaction. Polar solvent—polar 
solute interactions are an electric field effect that usually causes deshielding of the solute protons. 


015.3 


015.5 
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Solvent magnetic antisotropy can cause shielding or deshielding, for example, for solutes in ben- 
zene solution. In addition, there are a variety of specific chemical interactions between solvent and 
solute that can affect the chemical shift. See the references listed under Further reading for more 
details. 


Both spin-lattice and spin-spin relaxation are caused by fluctuating magnetic and electric fields at 
the nucleus in question and these fields result from the random thermal motions present in the solu- 
tion or other form of matter. These random motions can be a result of a number of processes 
and it is hard to summarize all that could be important. In theory every known nuclear interac- 
tion coupled with every type of motion can contribute to relaxation and detailed treatments can be 
exceedingly complex. However, they all depend on the magnetogyric ratio of the atom in ques- 
tion and the magnetogyric ratio of the proton is much larger than that of '3С. Hence the interaction 
of the proton with fluctuating local magnetic fields caused by the presence of neighboring mag- 
netic nuclei will be greater, and the relaxation will be quicker, corresponding to a shorter relaxation 
time for protons. Another consideration is the structure of compounds containing carbon and hydro- 
gen. Typically the C atoms are in the interior of the molecule bonded to other C atoms, 99% 
of which are nonmagnetic, so the primary relaxation effects are due to bonded protons. Protons 
are on the outside of the molecule and are subject to many more interactions and hence faster 
relaxation. 


Spin-spin couplings in NMR are due to a polarization mechanism that is transmitted through bonds. The 
following description applies to the coupling between the protons in a Нх—С—Ну group as is typically 
found in organic compounds. See Figs. 15.20-15.22 of the text. On Hx, the Fermi contact interaction 
causes the spins of its proton and electron to be aligned antiparallel. The spin of the electron from C in 
the Hx —C bond is then aligned antiparallel to the electron from Hx due to the Pauli exclusion principle. 
The spin of the C electron in the bond Hy is then aligned parallel to the electron from Hx because of 
Hund's rule. Finally, the alignment is transmitted through the second bond in the same manner as the 
first. This progression of alignments (antiparallel x antiparallel x parallel x antiparallel x antiparallel) 
yields an overall energetically favorable parallel alignment of the two proton nuclear spins. Therefore, 
in this case the coupling constant, ? Jun is negative in sign. 


The hyperfine structure in the ESR spectrum of an atomic or molecular system is a result of two 
interactions: an anisotropic dipolar coupling between the net spin of the unpaired electrons and the 
nuclear spins and also an isotropic coupling due to the Fermi contact interaction. In solution, only the 
Fermi contact interaction contributes to the splitting as the dipolar contribution averages to zero in a 
rapidly tumbling system. In the case of z-electron radicals, such as С6Н, , no hyperfine interaction 
between the unpaired electron and the ring protons might have been expected. The protons lie in the 
nodal plane of the molecular orbital occupied by the unpaired electron, so any hyperfine structure cannot 
be explained by a simple Fermi contact interaction, which requires an unpaired electron density at the 
proton. However, an indirect spin polarization mechanism, similar to that used to explain spin-spin 
couplings in NMR, can account for the existence of proton hyperfine interactions in the ESR spectra 
of these systems. Refer to Fig. 15.6 of the text. Because of Hund's rule, the unpaired electron and the 
first electron in the C—H bond (the one from the C atom), will tend to align parallel to each other. The 
second electron in the C—H bond (the one from H) will then align antiparallel to the first by the Pauli 
principle, and finally the Fermi contact interaction will align the proton and electron on H antiparallel. 
The net result (parallel x antiparallel x antiparallel) is that the spins of the unpaired electron and the 
proton are aligned parallel and effectively they have detected each other. 
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Solutions to exercises 


E15.1(b) For °F, “ = 2.62835, g = 5.2567 
им 








@ 
у= = Ё with eg М 
h 
giunZ (5.2567) х (5.0508 х 10-27 JT!) х (16.2T) 
ene ВЕК ee eae 
h (6.626 х 10-315) 
= 6.49 x 10° 57! =| 649 MHz 
E15.2(b) Em, = —yhim, = —gius mi 
m; = 1,0, —1 


Em, = —(0.404) х (5.0508 х 10:27 J T!) x (11.50 T)my 


= — (2.3466 х 1072) my 





—2.35 х 10253, 0, 42.35 х 10:29: | 





E15.3(b) The energy separation between the two levels is 


(1.93 x 107 Т-! s7!) x (15.4 T) 
2л 


= 4.73 х 10757! = [47.3 MHz | 


E15.4(b) А 600 MHz ММК spectrometer means 600 MHz is the resonance field for protons for which the magnetic 


field is 14.1 T as shown in Exercise 15.1(a). In high-field NMR it is the field not the frequency that is 
fixed. 





VB 
AE = hv where v = — = 
2л 


(a) А ЧМ nucleus has three energy states іп a magnetic field corresponding to my = +1,0,—1. But 
AE(+1 > 0) = AE(0 > —1) 


AE = Ем, — Em, = —yhBm), — (—yhFm;) 
= —yhAB(m, = т) = —yhBAm, 


The allowed transitions correspond to Аш, = +1; hence 


AE = hv = y A = gıuy = (0.4036) x (5.051 x 187201) х (14411) 


-1288 х 10—26] 


(b) We assume that the electron g-value in the radical is equal to the free electron g-value, ge = 20023. 
Then 


AE = hv = geug [37] = (2.0023) x (9.274 х 1074 J T^) х (0.300 T) 


=|5.57 x 10-24] 


E15.5(b) 


E15.6(b) 
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COMMENT. The energy level separation for the electron in a free radical in an ESR spectrometer is far greater 
than that of nuclei in an NMR spectrometer, despite the fact that NMR spectrometers normally operate at 
much higher magnetic fields. 


AE = hv = y hi = gıun [Solution to Exercise 15.1(a)] 





hv (6.626 х 10-34 JHz~!) x (150.0 x 10° Hz) 
Hence, 2 = = С [3.523 T] T 
BI AN (5.586) x (5.051 x 10-27 J T7!) 


In all cases the selection rule Am; = +1 is applied; hence (Exercise 15.4(b)(a)) 





ü hv 6.626 х 10—34 ЈН: v 
= =-——————х— 
м 5.0508 x 10-27JT-! gi 


(ш) 





(мне) 


T = (0.13119) x ———-T 


= (1.3119 x 1077) х 
[7 


We can draw up the following table 





B/T 14N 19Е зр 

81 0.40356 5.2567 2.2634 
(а) 300 MHz 97.5 7.49 17.4 
(9) 750 MHz 244 18.7 43.5 


COMMENT. Magnetic fields above 20 T have not yet been obtained for use in NMR spectrometers. Аз 
discussed in the solution to Exercise 15.4(b), it is the field, not the frequency, that is fixed in high-field NMR 
spectrometers. Thus an NMR spectrometer that is called a 300 MHz spectrometer refers to the resonance 
frequency for protons and has a magnetic field fixed at 7.05 T. 


E15.7(b) The relative population difference for spin -4 nuclei is given by 


ôN _ №-М№ | УҺ вим 
N №+№ 2kT — XT 





[Justification 15.1] 


1.405 (5.05 x 1077 J T7!) 4 


о S ENTER lc Tin 
2 (1.381 x 1023 J K^!) x (298K) 


ôN 
j — = (8.62 x 1077) x (0.50) = | 4.3 x 10-7 
(a) For 0.50T i" ( x ) x (0.50) 
ôN 
{ — = (8.62 х 10-7 2.5) =|2.2 х 10-6 
(b) Еог2.5Т N ( x )x (2.5) 
(c) For 15.5 T к = (8.62 x 1077) x (15.5) =| 1.34 х 1077 
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E15.8(b) The ground state has 


: i = йн 
=+ endi spit ті = gs p 
Hence, with 
5N = № — Ng 


8М  Na—Np _ Na — Nae “Е 


NN Ем АНИ [Justification 15.1] 
a B а а 


1—e“AEAT 1 (1 АЕ/АТ) _ _ иу 
lee be Bee) 2220 [for AE « kT 
= Ipe SEn ~ 141 "ar ar 1 n 
2: NgiuN A _ Nhv 
ôN = т ORT 
Thus, ôN œ v 


5№(800 MHz) (800 MHz) 
5N(60MHz) — (60MHz) | 
This ratio is not dependent on the nuclide as long as the approximation AE < kT holds. 


(a) фе 4 x 10° [15.8] 





Since both v and v° depend upon the magnetic field in the same manner, namely 





_ &IAN E айй. dies 8IUN Žo 
i во 


6 18 of both 27 and v. 


(b) Rearranging [15.18], v — v? = v? х 10-6 and we see that the relative chemical shift is 


[Exercise 15.1(a)] 


v — v°(800 MHz) _ (800 MHz) MHz) = [3] 
v — v°(60 MHz) ~ “(60 MHz) MHz) 


COMMENT. This direct proportionality between v — v? and v? is one of the major reasons for operating an 
NMR spectrometer at the highest frequencies possible. 


E15.9(b) Bre = (1—0) 


[А | = 1(Ао) |2 = |[6(СНз) — 6(CH2)]|F 
= |1.16 — 3.36| x 10762 = 2.20 х 10-68 


(а) B=1.9T, |4 «| = (2.20 х 1079) х (1.9Т) = | 4.2 х 10-6 T 
(b) B= 16.5 T, |ABoc| = (2.20 х 1079) х (16.5Т) = | 3.63 x 1075 T 


E15.10(b) 


E15.11(b) 


E15.12(b) 
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v — v? = р98 x 10-6 
|Av| = (v — v°)(CH2) — (v — v°)(CH3) = v(CH2) — v(CH3) 
= v°[5(CH) — 8(CH3)] x 10-6 
= (3.36 — 1.16) х 1076 = 2.20 х 107999 


(а) v? =350MHz |Av| = (2.20 x 1079) x (350 MHz) = 770Hz [Figure 15.1] 


(b v9 =650MHz |Av| = (2.20 x 1076) х (650 MHz) = 1.43 kHz 





at 350M Hz Figure 15.1 


At 650 MHz, the spin-spin splitting remains the same at 6.97 Hz, but as Av has increased to 1.43 kHz, 
the splitting appears narrower on the 6 scale. 


The difference in resonance frequencies is 


Av= (v° x 10-9) А8 = (35057!) x (6.8 — 5.5) = 4.6 x 10287! 


The signals will be resolvable as long as the conformations have lifetimes greater than 


т = (0лд5) 


The interconversion rate is the reciprocal of the lifetime, so a resolvable signal requires ап inter- 
conversion rate less than 


rate = (2x A) = 2x (4.6 x 102 s!) =|2.9 х 10 s7! 





B 
v= om [Solution to exercise 15.1(a)] 


vC'P) _ g@!P) 
^ VCH) ^ зан) 


or vÓ!p) = 281 х 500 MHz = | 203 MHz 


1 : 
The proton resonance consists of 2 lines (2 x 5 + ) and the ?!P resonance of 5 lines 








2 x (4 x 5) + 1 The intensities are in the ratio 1:4:6:4:1 (Pascal's triangle for four equivalent 


5.5857 


2.2634 
than the proton region. The spectrum is sketched in Figure 15.2. 


spin i nuclei, Section 15.6). The lines are spaced — 2.47 times greater in the phosphorus region 


Е15.13(Ь) 


E15.14(b) 


E15.15(b) 
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Proton 
resonance 


Phosphorus 
resonance 


Figure 15.2 


Look first at A and M, since they have the largest splitting. The A resonance will be split into a widely 
spaced triplet (by the two M protons); each peak of that triplet will be split into a less widely spaced 
sextet (by the five X protons). The M resonance will be split into a widely spaced triplet (by the two 
A protons); each peak of that triplet will be split into a narrowly spaced sextet (by the five X protons). 
The X resonance will be split into a less widely spaced triplet (by the two A protons); each peak of that 
triplet will be split into a narrowly spaced triplet (by the two M protons). (See Figure 15.3.) 


А»М:Х, JAM > Jax > Јмх 
A protons M protons X protons 
— J; 
(a) АЕ — Jam AX 
(b) Tax Лих — Јмх 


Еїриге 15.3 


Only the splitting of the central peak of Figure 15.3(a) is shown in Figure 15.3(b). 


(a) Since all не are equal in this molecule (the СН» group is perpendicular to the СЕ» group), the Н 
and F nuclei are both chemically and magnetically equivalent. 


(b) Rapid rotation of the PH3 groups about the Мо-Р axes makes the Р and Н nuclei chemically and 
magnetically equivalent in both the cis- and trans-forms. 


Precession in the rotating frame follows 


шон 


v 
А, сэн 


or w=yA 


Е15.16(р) 


E15.17(b) 


E15.18(b) 


E15.19(b) 


E15.20(b) 
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Since o is an angular frequency, the angle through which the magnetization vector rotates is 


SIAN 





Ө=у4#үи = Zt 


0h (т) x (1.0546 x 104] 
So A, = UE a S 9.40 x 1074 T 
grunt (5.586) x (5.0508 x 10-27 J T7!) x (12.5 x 10:58) 
a 90? pulse requires 1 х 12.5 us =| 6.25 us 


2- hv P hc 
Se B Sel BÀ 











(6.626 x 10-34 J 5) x (2.998 х 108 m s7!) = 
= мух (9274 х 11:24 ТТ-11 8 Ry узу = 
(2) x (9.274 x 10-21Т:1) x (8 x 10-3 m) 


The g factor is given by 


pe, ЛИЕ... core cio treat 
ив’ ив  92740x10-4JT-! ` 4 ичсэндээ: i 


‚—!!14#4тТ ОН?! х 9.2482GHz _ 


330.02 шТ a 


The hyperfine coupling constant for each proton is 12.2 mT | the difference between adjacent lines in 
the spectrum. The g value is given by 


_ hw _ (71.448mT GHz !) x (9.332 GHz) 
FONS ЗА ——— 22€ 


If the spectrometer has sufficient resolution, it will see a signal split into eight equal parts at + 1.445 + 
1.435 + 1.055 mT from the center, namely 


328.865, 330.975, 331.735, 331.755, 333.845, 333.865, 334.625, and 336.735 mT 








If the spectrometer can only resolve to the nearest 0.1 mT, then the spectrum will appear as a sextet with 
intensity ratios of 1:1:2:2:1:1. The four central peaks of the more highly resolved spectrum would be 
the two central peaks of the less resolved spectrum. 


(a) If the CH? protons have the larger splitting there will be a triplet (1:2:1) of quartets (1:3:3:1). 
Altogether there will be 12 lines with relative intensities 1(4 lines), 2(2 lines), 3(4 lines), and 6(2 
lines). Their positions in the spectrum will be determined by the magnitudes of the two proton 
splittings which are not given. 

(b) If the CD» deuterons have the larger splitting there will be a quintet (1:2:3:2:1) of septets 
(1:3:6:7:6:3:1). Altogether there will be 35 lines with relative intensities 1(4 lines), 2(4 lines), 
3(6 lines), 6(8 lines), 7(2 lines), 9(2 lines), 12(4 lines), 14(2 lines), 18(2 lines),and 21(1 line). Their 
positions in the spectrum will determined by the magnitude of the two deuteron splittings which are 
not given. 


E15.21(b) 


E15.22(b) 


E15.23(b) 


P15.1 
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The hyperfine coupling constant for each proton is the difference between adjacent lines in 
the spectrum. The g value is given by 


h h 
ДУ сайы ыу. S антон" 
UBB ив8 ИВ 


, TGHz'! .312 GH 
"ЭГ?" (71.448 m шэг (9.312 GHz) _ saad 
(71.448 mT GHz!) x (33.88 GHz) 
2- туын» ЭЭН ДБА ee Ir 120 T 
Ы я сан 


Two nuclei of spin give five lines in the intensity ratio 1:2:3:2:1 (Figure 15.4). 





| | | First nucleus with 7 = 1 


| | | | | second nucleus with 7-1 


1 2 3 2 1! Figure 15.4 


The X nucleus produces four lines of equal intensity. Three H nuclei split each into a 1:3:3:1 quartet. The 
three D nuclei split each line into a septet with relative intensities 1:3:6:7:6:3:1 (see Exercise 15.20(a)). 
(See Figure 15.5.) 


ХН, |l Ч! И Ч! 


хр; ЇЇ | ЇЇ ЇЇ. 


Solutions to problems 
Solutions to numerical problems 


gı = —3.8260 (Table 15.2). 


Ра 2 (6.626 x 10-34 JHz ^) x v 
07 EUN  (—)(3.8260) x (5.0508 x 10-27 IT) 





= 3.429 x 107 5(v/Hz) T. 


Therefore, with v = 300 MHz, 


Bo = (3.429 х 1078) x (300 x 106 T) =| 10.3 T | 
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ôN B 
— д SIENDO [Exercise 15.4(a)] 





N 2kT 
(—3.8260) х (5.0508 х 10-27 J T^!) x (10.3 T) [242 x 10-5] 
= = 2.42 х 10-5 | 
(2) х (1.381 x 10-23 J K7!) х (298 К) [242 х1073| 
Since g; < 0 (as for an electron, the magnetic moment is antiparallel to its spin), the[ В] state (mj = — 5) 
lies lower. 
P15.3 The envelopes of maxima and minima of the curve are determined by Т» through eqn 15.30, but the 


time interval between the maxima of this decaying curve corresponds to the reciprocal of the frequency 
difference Av between the pulse frequency vo and the Larmor frequency v, that is, Av = |у — wr |: 


Av = —— = 1057! = 10Hz. 
5 





Therefore the Larmor frequency is | 300 х 10°Hz + 10Hz. 





According to eqns 15.30 and 15.32 the intensity of the maxima in the FID curve decays exponentially 
as e~'/!2, Therefore T» corresponds to the time at which the intensity has been reduced to 1/e of the 
original value. In the text figure, this corresponds to a time slightly before the fourth maximum has 
occurred, or about [0.29 5] 


Р15.5 It seems reasonable to assume that only staggered conformations can occur. Therefore the equilibria are 
as shown in Fig. 15.6. 


H H H 
А | Ry H В; В. н 
— a. S 
E ER жт 
R H R R К, R в № R Figure 15.6 
When Вз = R4 = H, all three of the conformations in Fig. 15.6 occur with equal probability; hence 
Jug (methyl) = 104, +2) [t = trans, g = gauche; CHR3R4 = methyl]. 


Additional methyl groups will avoid being staggered between both R; and Ёо. Therefore 
3Jun(ethyl) = 103 +.) [Rs =H, R4 = CH3), 
3 ин (isopropyl) = J; [R3 = R4 = CH3]. 

We then have three simultaneous equations in two unknowns J; and Jg. 
164 254) = 7.3 Hz, (1) 
IQ 34) = 8.0 Ez, (2) 
ЗЛ = 11.2 Hz. 


Р15.7 


Р15.9 
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The two unknowns are overdetermined. The first two equations yield J, = 10.1, 7, = 5.9. However, 
if we assume that ?J, = 11.2 as measured directly in the ethyl case then “J, = 5.4 (eqn 1) or 4.8 (eqn 2), 
with an average value of 5.1. 


Using the original form of the Karplus equation, 

34 = Acos?(180°) +В = 11.2, 7, = Acos*(60°) +В = 5.1 
or 

11.2=A+B, 5.1 = 0.25A + В. 


These simultaneous equations yield A = 6.8 Hz and B = 4.8 Hz. With these values of A and B, the 
original form of the Karplus equation fits the data exactly (at least to within the error in the values of 33, 
апа ЛА and in the measured values reported). 


From the form of the Karplus equation in the text [15.27] we see that those values of A, B, and C cannot 
be determined from the data given, as there are three constants to be determined from only two values 
of J. However, if we use the values of A, B, and C given in the text, then 


J, = 7 Hz — 1 Hz(cos 180°) + 5 Hz(cos 360°) = 11 Hz, 
Jg = 7 Hz — 1 Hz(cos 60°) + 5 Hz(cos 120°) = 5 Hz. 
The agreement with the modern form of the Karplus equation is excellent, but not better than the original 


version. | Both fit the data equally well. | But the modern version is preferred as it is more generally 
applicable. 





The proton COSY spectrum of 1-nitropropane shows that (a) the C; —H resonance with à — 4.3 shares 
а cross-peak with the Cj —H resonance at д = 2.1 and (b) the C; —H resonance with ô = 2.1 shares 
а cross-peak with the C..—H resonance at ô = 1.1. Off diagonal peaks indicate coupling between H's 
on various carbons. Thus peaks at (4,2) and (2,4) indicate that the H's on the adjacent СН» units are 
coupled. The peaks at (1,2) and (2,1) indicate that the Н” on CH3 and central СН» units are coupled. 
See Fig. 15.7. 


Refer to Fig. 15.4 in the solution to Exercise 15.20(a). The width of the CH3 spectrum is Зан = [69 mT | 
The width of the CD3 spectrum is 6ap. It seems reasonable to assume, since the hyperfine interaction 
is an interaction of the magnetic moments of the nuclei with the magnetic moment of the electron, that 
the strength of the interactions is proportional to the nuclear moments. 


M=grenl ог и: = gium; (15.11, 15.10b] 


and thus nuclear magnetic moments are proportional to the nuclear g-values; hence 


0.85745 
ap ~ 
5.5857 





хан = 0.1535ан = 0.35 mT. 


Therefore, the overall width is бар =| 2.1 mT |. 
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а b € 
МО,СН:СН:СН, 


N 


w о 





Figure 15.7 





| 5.7mT 
P15.11 We write P(N2s) = 55ЭшТ = (10 рег cent of its time); 





1.3mT 
Р(М2р,) = re ^ (38 per cent of its time). 


The total probability is 
(a) P(N) = 0.10 + 0.38 = (48 per cent of its time). 


(b) P(O) = 1 — P(N) = (52 per cent of its time). 


The hybridization ratio is 
P(N2p) 0.38 
= —— =| 3.8}. 
P(B2s) 0.10 


The unpaired electron therefore occupies an orbital that resembles an sp? hybrid оп М, in accord with 
the radical’s nonlinear shape. 


From the discussion in Section 11.3 we can write 


2 _ 1+с05ф 
^ 1-cosó 
p- jeda —2 cos ġ 
1 — cos 
b? | —1cosó А 
= — = ————, implying that = — 
SU Teen implying that cos ф 242 


Then, since А = 3.8, cos = —0.66, so ф = 


Р15.13 


Р15.15 


Р15.17 
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Solutions to theoretical problems 


Use eqn 15.22 and Illustration 15.2. For hydrogen itself, we have: 








Og = 


euo |1 2 euo 
12л те 


г 12 леао ` 


The only difference in wavefunction (and therefore in the expectation value of 1/r) between hydrogen 
and a more general hydrogenic ion is that the latter has 40/7 where the former has ag, so: 





2 02 
UL Re NS 
]2zmeao 








yhpiomi 


ae 3 cos? 0)[15.28] = 


Вис = — 


rearranges to 





8I AN IO | 


1 
rer т =+=,0=0, ућ = аш], which 


2 


А 1/3 
харшаа, SUE eee | 
47 Bnuc (4л) x (0.715 x 10? T) 


= (3.946 x 10-30 т?)!/? =| 158 рт | 


The shape of spectral line 2 (со) is related to the free induction decay signal С(г) by 


оо 
о) = аве | С()е “аг 
0 


where a is a constant and Re means take the real part of what follows. Calculate the lineshape 
corresponding to an oscillating, decaying function 


G(t) = cos wot ee" 


оо . 
Т(о) =аВе | G(t)e' dt 
0 


oo 
= are | cos wote" Holdt 
0 


2 


1 ын : 
та Re | (ер + eet Hott 
0 


1 m . я 1 ` 
= 54 Re | (eoo tori/ni фе ioo-o-i/nrg; 
0 





= ве |; l - : 2 
2 Коо +@+i/t) Қор = о – 1/т) 
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When о and oy are similar to magnetic resonance frequencies (or higher), only the second term in 


1 1 
brackets is significant | because ———— < 1 but ———— may be large if о = w). Therefore, 
(wo + w) (wo — w) 


1 
T 2-4 6-----п---- 
ы ЛЭ р UP T IT 


1 1 
= za Res 
2 (wo — w)? + 1/т? 
1 ат 
21 + (wo — oc? 


2 
which is a Lorentzian line centered on wo, of amplitude 1 Ar and width — at half-height. 
= т 


Р15.19 For non-weak fields in which the external magnetic field is comparable to the spin-orbit coupling field 
of an unpaired electron it is necessary to include a spin-orbit coupling term with coupling constant А 
[10.41] and apply the second-order perturbation equation [9.65b]. The Hamiltonian is Н = — ве Ye Bosz — 
yeBol; + Al -s = —yeB - (ges +1) + Al - s where vector notation is used for the electron orbital and 
spin angular momentum. The first-order perturbation equation [9.65a] gives 


Е = —yeB - (ge(s) + (D) -А(-5) = —yegeB - (s) — eB - (1) + A(s) - (1). 


The expectation value of orbital angular momentum, (l), equals zero for real states and (5,) = т; which 
gives 


E = —Ус8е В · (5) = —Ye8eBo (Sz) = —yegeBom;h. 


The second-order perturbation term is written using the ground state ‘0’ and ‘n’ excited states with the 
energy difference AE, = E, — Eo [9.65b], which is positive. 





HY g C) 
Е? = — y^ ин 
nzo AEn 
= Р (01{— суг Воз: — YeBolz + Al - s)|n) (nl(—8eyeBos: — уе Во + АГ. 8110) 
Е n#0 AEno 


The numerator may be expanded and simplified by discarding second-order terms in Bo and s; as 
negligibly small. 








po — — EM (01(—»eBol: п) АГ - 510) + (ОГАГ - s\n) (n|{—YeBol-}0) 


nz АР 


(0|. |n) (и - $10) + (01 - sIn) 111:10) 
= AyeBo У АЕ о 





п#0 
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даву SE а уз ВЕНКА 


n#0 AEno n#0 AEn 
Ol} сон 5:10) (01) (n|l,msh|0) 
ну eer rele ic? күрт 
n#0 n#0 
(011: п) (81110) 
= 2A y. Вот,;ћ у Co АЁ) 07 
n#0 


The last manipulation uses the assumption that the local field is parallel to the applied field (i.e., 
1.5 = l;s;). Combination of the first- and second-order perturbation estimates gives 


; 011 110 
Ебріп) — pO ү 2) — ~YegeBomsh + 2AyeBomsh У? (01) (8100) 


n#0 АЕ,о 
(011 ln) (8110) (014 |n) (31110) 
=— |a — 24 Y EPIS Aims = — ge —2A Y АО) | yes 
n#0 АЕ,о n#0 АЕ,о 
Comparison with the effective spin Hamiltonian, Е РЇЇ) = — ру, Bos., indicates that 


(011, |n) ("| 0) 
= 8e ays 
n#0 АВ 





8 increases with increasing strength of the spin—orbit coupling (A) and with decreasing excitation energy 
САЕ,о). This analysis is presented on p. 434 of P.W. Atkins and R.S. Friedman, Molecular quantum 
mechanics, 3rd edn, Oxford University Press, 1997. 


Solutions to applications 


вимиту fy (1 — 3cos? 6) sin өдө 
4nR3 pe sin Ө 10 


The denominator is the normalization constant, and ensures that the total probability of being between 
О and Omax is 1. 


Р15.21 (Bouct) = 


—giuunom; [17 (1 — 3x2)dx 





(Bnucl) = Ax = E [Xmax = COS Omax] 
-814мМИОт|  Xmax(l — x2 ) —g8gI AN HOMI 
hee = СЕ = ES. (coe? Omax + COS Omax) | 
max ^ 





If Omax = л (complete rotation), cos Omax = —1 and (даа) = 0. 


Р15.23 


Р15.25 
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If Omax = 30°, cos? Omax + cos Өтах = 1.616, and 


(5.5857) x (5.0508 х 10:27) T7!) х (4л x 1077 T? J7! m?) x (1.616) 
(4x) x (1.58 x 10:10 m)? x (2) 





(Bnuci )- 


The desired result is the linear equation 


[E]oAv 
Шо = — — - К, 
ôv 
so the first task is to express quantities in terms of [По, [E]o, Av, àv, and К, eliminating terms such as 
Ш, [ET], [E], vi, ver, and v. (Note: symbolic mathematical software is helpful here.) Begin with v: 


re HE „у ЇЕ. Db-IBD | [EU 
Dm mise” mo ^ gp 


where we have used the fact that total I (i.e. free I plus bound I) is the same as initial I. Solve this so it 
must also be much greater than [EI]: 


Mo — vi) 3 Шоду 


ЕП = 
[ЕП VEI — VI Av 





> 


where in the second equality we notice that the frequency differences that appear are the ones defined 
in the problem. Now take the equilibrium constant 


[E]I] _ (Ею — [EI] (Шо —[ЕП) _ ([E]o — [EID По 
— 0 [ЕП [ЕП 


We have used the fact that total I is much greater than total Е (from the condition that [Шо >> [E]o), so 
it must also be much greater than [EI], even if all E binds I. Now solve this for [E]o: 


[E]o = 








K + Шо Ер (* + ть (me) _ (К + [I]o)óv 
[Шо ЭХ Ш Av J Av ‘ 


The expression contains the desired terms and only those terms. Solving for [По yields: 





[E]oAv _ K 


Шо = 3v 


> 


which would result in a straight line with slope [E]o Av and y-intercept К if one plots [о against 1/8v. 


When spin label molecules approach to within 800 pm, orbital overlap of the unpaired electrons and 
dipolar interactions between magnetic moments cause an exchange coupling interaction between the 
spins. The electron exchange process occurs at a rate that increases as concentration increases. Thus the 
process has a lifetime that is too long at low concentrations to affect the ‘pure’ ESR signal. As the 
concentration increases, the linewidths increase until the triplet coalesces into a broad singlet. Fur- 
ther increase of the concentration decreases the exchange lifetime and therefore the linewidth of the 
singlet. 


MOLECULAR SPECTROSCOPY 3: MAGNETIC RESONANCE 313 


When spin labels within biological membranes are highly mobile, they may approach closely and the 
exchange interaction may provide the ESR spectra with information that mimics the moderate and high 
concentration signals below. 


ESR spectrum of di-tert-butyl nitroxide 


Low 
concentration 


Moderate 
concentration 


Higher 
concentration 


High 
concentration 


Figure 15.8 


P15.27 Assume that the radius of the disk is 1 unit. The volume of each slice is proportional to ( length of slice 
хд,), Fig. 15.9(a). 


Length of slice at x = 280. 


x = cos6, 


0 — arcos x. 
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x ranges from —1 to +1. 


Length of slice at x = 2 sin(arcos x). 








д, 
д, 
= Figure 15.9(a) 

2 

1.5 
MRI 

absorption 

intensity | 
f(x) 

0.5 

0 

-1 -0.5 0 0.5 1 


x | Figure 15.9(b) 


Plot f(x) = 2 sin(arcos x) against x between the limits —1 and +1. The plot is shown above. The volume 
at each value of x is proportional to f (x) and the intensity of the MRI signal is proportional to the volume, 
so Fig. 15.9(b) represents the absorption intensity for the MRI image of the disk. 


Statistical 


1 6 thermodynamics 1: 


D16.1 


D16.3 


D16.5 


E16.1(b) 


the concepts 





Answers to discussion questions 


Consider the value of the partition function at the extremes of temperature. The limit of q as T approaches 
zero, is simply go, the degeneracy of the ground state. As T approaches infinity, each term in the sum 
is simply the degeneracy of the energy level. If the number of levels is infinite, the partition function 
is infinite as well. In some special cases where we can effectively limit the number of states, the upper 
limit of the partition function is just the number of states. In general, we see that the molecular partition 
function gives an indication of the average number of states thermally accessible to a molecule at the 
temperature of the system. 


We evaluate 8 by comparing calculated and experimental values for thermodynamic properties. The 
calculated values are obtained from the theoretical formulas for these properties, all of which are 
expressed in terms of the parameter В. So there can be many ways of identifying B, as many as there 
are thermodynamic properties. One way is through the energy as shown in Section 16.3(b). Another 
is through the pressure as demonstrated in Example 17.1. Yet another is through the entropy, and this 
approach to the identification may be the most fundamental. See Further reading for elaboration of this 
method. 


An ensemble is a set of a large number of imaginary replications of the actual system. These replications 
are identical in some respects, but not in all respects. For example, in the canonical ensemble, all replic- 
ations have the same number of particles, the same volume, and the same temperature, but not the same 
energy. Ensembles are useful in statistical thermodynamics because it is mathematically more tractable 
to perform an ensemble average to determine the (time averaged) thermodynamic properties than it is 
to perform an average over time to determine these properties. Recall that macroscopic thermodynamic 
properties are averages over the time dependent properties of the particles that compose the macroscopic 
system. In fact, it is taken as a fundamental principle of statistical thermodynamics that the (sufficiently 
long) time average of every physical observable is equal to its ensemble average. This principle is con- 
nected to a famous assumption of Boltzmann's called the ergodic hypothesis. A thorough discussion of 
these topics would take us far beyond what we need here. See the references under Further reading. 


Solutions to exercises 


Ne Pri 





n= 


where g = 2. e BE 
j 
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Thus 


—Be2 
"iet Pleo) LaDAs. p= Acar 





п] е-—В=1 


1 
Given 2 = =, Де = 300 cm7! 
n| 2 


lcm^! 


k = (1.38066 x 107 J K7!) х mu 
1.9864 x 10—23] 


) = 0.695 06 cm7! K^! 


n, ES 
n2 едет 


т 
In (2) = —Ae/kT 
п] 
Т. ^E = _ Ae 
К1п(и2/т) — КШО /п2) 
300 cm7! 


= pem koe RS OE 


в үл 1 1/2 
E16.2(b) (а) а-3(55) 16.19) = (т) 





= (6.626 х 1073“ J s) 


1 1/2 
Ме (== ———— — —J————— 
(= х (39.95) x (1.6605 x 10-27 kg) х (1.381 х 10-23 J K-!) х т) 
_ 216pm 
~ (т/к)!? 


V (1.00 x 1076 m3) x (Т/К)3/2 ” si 
® 24-4511619]— “--( лам Um) = 4.76 x 10? (T/K) 


0) T=300K, 4 = 1.59 х 10-а = [159 рш] «-[24 x 10%] 
Gi) T=3000K, A=[5.04 pm] а = [7.82 x 107 | 


Question. At what temperature does the thermal wavelength of an argon atom become comparable to 
its diameter? 


E16.3(b) The translational partition function is 
V 
ди = рз Qnm) 


3/2 3/2 
4хе тҳе 131.3 о 
= ( ) (555 u [1875] 


ЧНе ТНе 








E16.4(b) а= У де? = 2+ 3e Pn е? 
levels 
8 hc — 1.4388(v/cm-!) 
= == = 
kT T/K 
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Thus 4= 2+ 3e - (1.4388x1250/2000) $ 2e7 (1-4388 x 1300/2000) 


= 2 + 1.2207 + 0.7850 = 


Ndq Nd 








E16.5(b F=f - 6 =—— = = ae 424-08 
4 q 48 q 48 

= N (Зее! 2: 2ere 892) = Nhe (aver JE die Phi) 
q q 
Nahe -1 —(1.4388 x 1250/2000) 

= ( 1006 x [30250 cm ух (е : ) 

- 2(1300 cm7!) x (блин | 
= (25) х (2546 ст!) 


= (6.022 х 1023 mol!) х (6.626 х 10-34 J s) х (2.9979 х 10!? cm s^!) х (2546стт!)/4.006 


= | 7.605 kJ mol! 


E16.6(b) In fact there are two upper states, but one upper level. And of course the answer is different if the 
question asks when 15 percent of the molecules are in the upper level, or if it asks when 15 percent of 
the molecules are in each upper state. The solution below assumes the former. 


The relative population of states is given by the Boltzmann distribution 


n? PN се AE i —hcv | nj;  —hcy 

— = — = 5 n — = 

m o CAT Pur) т АТ 
—hcv 


k1n(n/ni) 


Having 15 percent of the molecules in the upper level means 








Thus T — 


2n? 0.15 n? 
m T-Am 50 , 4m 


and T = Z66626 x 1077 s) x (2.998 x 10? cms) x (360m!) 
И (1.381 x 10723 J K7!) x (In 0.088) 


-1213К 
E16.7(b) Тһе energies of the states relative to the energy of the state with m; = 0 are —yy AB, 0, + yy hi, where 
умћ = 2.04 x 10:27 JT—!. With respect to the lowest level they are 0, ywh, 2умћ. 


The partition function is 


а= У) ет 


states 


where the energies are measured with respect to the lowest energy. So in this case 


—yhB —2ynhB 
zl шилэн, 
4 +exp( iT ) +e ( IT ) 
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As 22 is increased at any given Т, 4 decays from 4 = 3 toward 4 = 1 as shown in Figure 16.1(a). 


N 


Figure 16.1(a) 


The average energy (measured with respect to the lowest state) is 


Улас Ёммее 7 | + ум exp (C YN AZ /KT) + 2ynhB exp (—2ynhB/kT) 


Е) = = 
(Е) i 1 + exp (—ynhB/kT) + exp (—2ynhB/kT) 


The expression for the mean energy measured based on zero spin having zero energy becomes 


2 yu h- — умЛї2ехр(-2умЛ22/КТ) _ ynhB (1 — exp (—2ynhB/kT)) 
1 + exp (—ynhB/kT) + exp (—2ynhB/kT) ~ 1+ ехр(-ум!22/КТ) + exp (—2ynhB/kT) 


As 4 is increased at constant T, the mean energy varies as shown in Figure 16.1(b). 


Figure 16.1(b) 


The relative populations (with respect to that of the lowest state) are given by the Boltzmann factor 


—AE -умћ№ —2ynhB 
exp TT = exp kT ог exp URN 


ум! _ (2.04 x 10777 JT!) х Q0.0T) 
ko 1.381 x 1073 J K7! 


so the populations are 


K 0997 | 2(-2.95 x 10? К = 
(a) ехр би экш 0.997| and exp Aa) = | 0.994 
2.95 х 10 К 2(—2.95 x 10-3 К) 
(b) exp (2295 к) ` 0.99999 | and exp eae) =| 0.99998 





Note that = 2.95 x 107? К 
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E16.8(b) (а) The ratio of populations is given by the Boltzmann factor 


"2 — exp ZAE 6250/7 ang "3 е-з50окКут 
n| kT nı 


(1) At 1.00 К 


LT es —|1.39 x 10 
=з exp ( x) 23 

2 = exp( 0K 
and ^5 exp ( a 93 x 10 

















(2) At 25.0K 
n —250K пз 3 
m № -10368| and 2 = = [0.135 
5 exp ( 25.0K ) mom C OK 
(3) At 100K 
n —25.0К пз —50.0К 
“2 өр 006 and = exp( бо) = [0407] 


(b) The molecular partition function is 


g= у с”Бчие/КТ — | 4 e7250K/T 4 „—500К/Т 


states 


At 25.0 К, we note that e~25-°K/T = е-! and e-500K/T — е-2 


q=1+e7! +e? = | 1.503 


(с) The molar internal energy is 
Na [д 
Its es A O Eas (55) where В = (kT)^! 
q “В 

М 

So Um = Um(0) — —*(—25.0 K)k (e-259K/T + 2e750.0K/T) 
q 

At 25.0 К 


(6.022 x 1023 mol~!) х (—25.0K) x (1.381 x 10-23 JK-!) 
B 1.503 


Um — Um(0) = — 
х (е1 + 2e?) 


= [8831mor!] 


(d) The molar heat capacity is 


dUm 9 1 
С га = Na(25.0K)k = —25.0K/T —50.0K/T 
V.m ( ЭТ 1 А(25.0К) эта (e +2e ) 


= МА (25.0 K)k x (Gos [ee + 4e 00K/T) 
qT? 


1 /_—25.0K/T —500K/TY 94 
2 (e +2e ) ЭТ 


320 STUDENT'S SOLUTIONS MANUAL 


94 РТ 25.0К (е ORT + dp PORT) 








where = 5 
oT Т? 
: РЧЛ - 
50 Cv = IDE [rsen + 4e-500K/T _ шижин жижин 
9 4 
At 25.0K 
бле (6.022 х 1023 шог!) х (25.0К)? x (1.381 x 10-3 J K-!) 
m 


(25.0 K)? x (1.503) 
(e^! + =) 


-1 -2 
4e ^ — 
л (: * 1.503 


= | 3.53] К-! mol! 


(е) The molar entropy is 


Um — Um(0) 


7 + Naking 


Sn = 
At 25.0 К 


88.3 J тог”! Яа " 
Sm = “Эв EA (6.022 x 1023 шог!) x (1.381 x 107 JKT!) In 1.503 


=|6.92JK~! mol! 


nj gie “ЛТ 
a Zeo/kT — 816 


= —Ae/kT — Зе—һсВ/КТ 
no 806 


E16.9(b) 
n| 1 
Set — = 2 and solve for Т. 
1 —hcB 
Inj —} =In3 
() eu ( АТ ) 
hcB 


T2——— 
k(1 + In3) 
_ 6.626 x 10-4 Js x 2.998 х 1010 cm s^! x 10.593 ст! 


+1.381 x 10-23 JK-! x (1 + 1.0986) 
—|7.26K 


E16.10(b) The Sackur-Tetrode equation gives the entropy of a monatomic gas as 





e5/2k h 


where A = —— 
pA? ) М2Тлт 





5 = nein 


(a) At 100 K 
гта 6.626 x 10—345 
{201.381 x 10-23 ЈК-!) x (100K) х л (131.3 и) x (1.66054 x 10-27 крит!) } 





1/2 


= 1.52 х 107! m 
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7 = -1 -1 Kd, шасы сч: eer | Spree tn SMe em ud ais a 
ышан эш е еи 


—|147JK-! mol! 


(b) At 298.15 К 


e5/2(1.381 x 10-3 J K7!) х eus) 


6.626 x 10-34 Js 


eb mpra "me Приручение: 
[201.381 x 10722 JK-!) x (298.15 К) х л(131.3) x (1.66054 x 10-27 kgu-!)] "/ 


= 8.822 x 10-12 т 
and 
Sm = (8.3145J K`! son 


—|169.6J K7! mor! 


е5/2(1.381 x 10723 J K7!) x (298.15 К) 
(1.013 x 105 Pa) x (8.822 x 10-12 m)? 





1 1 


Е16.11(Ь) 45126486 1-6 
14 K 1 cm7! 273 
hep = E син — 0.76976 

1 = 


| — е—0.76976 


The internal energy due to vibrational excitation is 





gode m 
= 
NL GN NEN лал ас" 
ST eet ey eee Qi onc) 
5 U -U(0 hc = 
and hence Nak = a + Inq = (0.863) x (8) х (321 ст!) + In(1.863) 


_ (0.863) х (1.4388 К ст) х (321 ст!) 


1.863 
SUE + In(1.863) 


= 0.664 + 0.62199 = 1.286 


and Sm = 1.286R =| 10.7J K^! тог! 


E16.12(b) Inclusion of a factor of (N!)~! is necessary when considering indistinguishable particles. Because of 
their translational freedom, gases are collections of indistinguishable particles. The factor, then, must 


be included in calculations on | (a) CO» gas |. 
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Solutions to problems 
Solutions to numerical problems 


P16.1 Number of configurations of combined system, W = W1W». 
W = (1020) x (2 x 1020) =|2 x 10%] 
S—kInW[1634]; S; = Ка; 5 = kln W2. 

S = kIn(2 x 109) = k{In2 + 40 In 10} = 92.8k 


= 92.8 x (1.381 x 102 J K7!) =| 1.282 х 10?! J К-! |. 


Sı = kIn(1029) = k(201n 10} = 46.1k 





= 46.1 x (1.381 x 107” J K^!) = [0.637 x 107?! J K7! | 





5 = kInQ x 107°) = k(In2 + 201n 10} = 46.7k 





= 46.7 x (1.381 x 107? J КТ!) =| 0.645 х 10-2! J K-! | 





These results are significant in that they show that the statistical mechanical entropy is an additive 
property consistent with the thermodynamic result. That is, $ = $1 + 52 = (0.637 x 107?! + 0.645 х 
1072!) J K-! = 1.282 x 10?! J К-!. 


P16.3 S = kIn W [16.34]. 


Therefore, 


5) = (2) 
au), W\au/y 
з" - (5) 
әй), Е VOU Jy 


But from едр 3.45 


Ш\ _т 
98 ), 


95) _1 
SU], T 


Then 


or 


So, 
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Therefore, 
AW | AU 
W KT 


_ 100 х 1027 
^ (1381 х 1072 J K7!) х 298 К 


= 2.4 x 10% 


V h 1 
в = |1619,8=— |, 
Р16.5 4838 47 mur L 9, B zl 


and hence 





h2 а ү2/3 
(558) 4 (5) 

( (6.626 х 10-34 J s)? ) 
~ \ (2m) х (39.95) х (1.6605 x 1027 kg) х (1.381 x 10-23 J K7!) 


10 з 
х — 
(5 х 10-6 =) 
= | 3.5 x 10:77 К | [a very low temperature]. 


The exact partition function in one dimension is 


оо 
2 2 2 
а= Ye — 0/2 B/8mL? 


n=l 


For an Ar atom in a cubic box of side 1.0 cm, 





Bp _ (6.626 х 10:34 Js)? 
8mL? (8) х (39.95) x (1.6605 х 10-27 kg) x (1.381 х 10-23 J K-!) х (3.5 x 107!5 К) x (1.0 x 107? my? 
= 0.171. 
oo 152 
Then а = Y; e-9710-D = 1.00 + 0.60 + 0.25 + 0.08 + 0.02 +... = 1.95. 


n=1 
The partition function for motion in three dimensions is therefore g = (1.95)? = [7.41] 


COMMENT. Temperatures as low ав 3.5 х 10-15 К have never been achieved. However, a temperature of 
2 x 10-8 К has been attained by adiabatic nuclear demagnetization (Chapter 3). 


Question. Does the integral approximation apply at 2 x 10-8 К? 


P16.7(b) (а) а= Y. gie [16.9] = Y. gie "P5. 
j j 


We use йсВ = -ү at 298 K and -ү at 5000 K. Therefore, 


1 1 
207 ст 3475 cm 


G) 4254-9 410/201 4, заг-4751/207 4, 5, —10559/207 


= (5) + (13 x 107") + (3.2 x 10719) + (3.5 x 10722) = [5.00] 


324 STUDENT'S SOLUTIONS MANUAL 
(ii) q= 5+ e 4707/3475 £ Зе—#751/3475 ЕВ 5е- 10559/3475 
= (5) + (0.26) + (0.76) + (0.24) = [6.26 | 


еВ} етп 

e P5j e j 

(b) р; = 5) oo [16.7, with degeneracy g; included] 
q q 


| 1.00 | at 298 К and [0.80 | at 5000 К. 





5 
Therefore, ро = — = 
q 


Зег-4751/207 
-— жа -11 
а = 6.5 х 10 аг 298 К. 
Зе—4751/3475 
= ——_— =(0.12|а1 5000 К. 
pa z [0.12]at5 
Ün = Val 
(0 ее эмы „вз. 


Т 
We need Um — Um(0), and evaluate it by explicit summation 


NA E р . 
Um — Um(0) = E = — У gjeje 79 [16.28 with degeneracy g; included]. 
Ч. 
In terms of wavenumber units 


Us —Um(0) 1 


(i) ы се ha +4707 em! х ег2707/207 +...} = 4.32 x 10-7ст-!, 
АЛС . 
Um—Um(O 1 
(ii) ow = "EA + 4707 стт! же 4707/3475 4....} = 1178 em?! 
A ? 


Непсе, аг298К 

Um = Um(0) = 5.17 х 1075 J тог”! 
and at 5000 К 

Um = Um(0) = 14.10 kJ mol. 


It follows that 


298 k 


=| 13.38 J K^! шог”! | [essentially R In 5]. 


—6 -1 
0): Sm = (H) + (8.314 J K^! шог!) x (In 5.00) 


3 -1 
Gi) Su = (SC) + (8.314 J К-! mol!) х (16.26) =| 18.07 J K^! mol"! | 


5000K 
P16.9 а= У gie PF [16.9] = У gje 9 
j j 
gie P^ a 


oy белу = —. 
" q q 
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We measure energies from the lower states, and write 


а= DES 2e "В? == 2e -(1.45388x D1.D/(T/K) = 9 4 2е- 742/T/K). 


This function is plotted in Fig. 16.2. 


(a) At 300K, 


2 1 
po = = irs moms = 1064} 
р\ =1—ро=[0.36] 





Figure 16.2 


(b) The electronic contribution to Um in wavenumber units is 


Um — Um(0 га 2уе-"сВУ 
Um — О (0) TUO | [16.31а] = are — 
Nahc лса dB 


(121.1 стт!) x (e7!742/300) 
> 1 + е—1742/300 


which corresponds to | 0.52 kJ шог”! | 


For the electronic contribution to the molar entropy, we need д and Um — Um(0) at 500 К as well 
as at 300 K. These are 


—4345cm^! 





300K 500K 


Um — Ug (0) 0.518 kJ mol^! 0.599 kJ mor! 
q 3.120 3.412 
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Then we form 


Ug = Um(O 
Sm = Sn mO + Ring [16.35]. 
518 J шог”! 
At300K Sm = (28) + (8.3141 J K7!mol7!) х (In3.120) =| 1.27 K^! шог! | 
518 J шог”! 
At1500K Sm = (aa) + (83141 J K^! mol!) x (In3.412) =| 11.4 J K^! шог! | 
P16.11 а= Уеа = Ye [16.8] 
1 
1 1 
At 100K, hch = 69.50em=! апа, at 298 К, hcB = 200220 Therefore, at 100 K, 
(a) а= 1+ e-213.30/69.50 3 e 435.39/69.50 i e 636.27/69.50 4 e -845.93/69.50 = 
and at 298 K 
(b) а= 1+ e-213.30/207.22 zie e-42539/207.22 + e-636.27/207.22 + е—845.93/207.22 = [1.55 | 
е—!єйї 
In each case, р, = [16.7]. 





== @[095з3} œ [0.645] 
e^ В? 

— - [o4] [0230] 
e 


om 
p= Р = (а) 0.002 | | 0.002 | 002 |, (9) 0.083 | 0.083 |. 








For the molar entropy we need to form Um — Um (0) by explicit summation: 


N. М, А 
Um — Um(0) = - A watt - У heiie "9 (16.29, 16.30] 
i i 





=| 123 J mor! (at 100 К) | 1348 J mol-! (at 298 К) | 





Um — Um(O 
E. = Sm- mO + Ring [16.35]. 
= 
Ll .049 =| 1.63 J K7! mol! | 
(a) Sm ik + RIn 1.049 =| 1.63 J mo 
1348 mol! 
(b) Sm = ташы =| 8.17 J К-! mol! | 


Solutions to theoretical problems 


М! 5! 
Р16.13 (а) У = ser DE = goi -11| 
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(b) We draw up the following table. 


N! 
0 = 2e 3e 4 5 W= т 
пу!по!--- 
40 0 0 0 1 5 
31 0 0 1 O0 20 
3 0 1 1 0 0 20 
220 1 0 0 30 
21 2 0 0 0 30 
[3 Lr 0o о 0 20 
05 0 0 0 0 1 





The most probable configurations are | (2, 2, 0, 1, 0, 0) | and | (2, 1, 2, 0, 0, 0} | jointly. 


: | jE 
P16.15 (a) 2 = e7 В(Єр-60) —„—В/# which implies that —/В= = In nj—In по and therefore that| In n; = In no — = : 
0 


E . 
Therefore, a plot of In nj against / should be a straight line with slope “ҮГ Alternatively, plot In pj 
against /, since 


І paw 
пр; = const — — | 
5) kT 


We draw up the following table using the information in Problem 16.8. 





j 0 1 2 3 


п 4 2 2 1 [most probable configuration] 
Inn; 1.39 069 0.69 0 


These are points plotted in Fig. 16.3 (full line). The slope is —0.46 and, since = = 50cm™!, the slope 
c 
corresponds to a temperature 


_ (50ст^!) x (2.998 х 1079 cms!) х (6.626 x 10-4 Js) _ 


T =|160K |. 
(0.46) x (1.381 x 1073 JK-!) 


(A better estimate, 104 K represented by the dashed line in Fig. 16.3, is found in Problem 16.17.) 


(b) Choose one of the weight 2520 configurations and one of the weight 504 configurations, and draw 
up the following table. 





j 0 1 2 3 4 

W = 2520 nj 4 3 1 0 1 
In zi; 1.39 1.10 0 —oo 0 

W = 504 п; 6 0 1 1 1 
In nj 1.79 —oc 0 0 0 


Inspection confirms that these data give very crooked lines. 
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In nj 





ding | 
P16.17 = 2 ith q = 
(а) U 000) = -N ав 16310. ма = ү——у; 16121 


ding _ 194 _ —е- № 
48 448 1-е 
U—U(0) ғе(-й0) Е 
ae = ——— = 





М 1-е еб, — 1° 


+a 


1 1 
Hence, её? = , implying that, В = — In (1 + 2) 
ё а 





а 


For a mean energy of =, а = 1, В = — ш2, implying that 
E 
E he 
T = —— In2 = (50 стт! =| 104K}. 
kin2 oem их (a5) [104 к] 
1 1 


Бан 


+ Ing [16.35] = aBe + Ing 








5 0-00) 
(© Nk ^ мг 


1 
=aln ( +1) + In(1 +a) =aln(1 +a) — alna + In(1 +a) 
a 


=|(1+a)In(1 +a) -аша| 


$ 
When the mean energy is =, а = 1 and then ҖЕ = 2102| 


91 
Р16.19 -Ю( 2) [17.3] 
зу тн 





КТ 


(Р ээн [16.45b] 
9У Т,М | 


— InN! 
кт (2808 In ) = wer (553) 
T.N T.N 


у ду 
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3 
= NkT af wid, 3 
Т.М 


у 


= 3 àInV 
- vr (287 In A ) -ма( п ) 
Т.М T.N 





дү oV 


T 
=" or |pV = МТ =nRT | 


Solutions to applications 


N(r)/V 
N(ro)/V 
Since V(r) = —GMm/r, V(oo) = 0 and [Note: V(r) is potential energy, V is volume] 





P16.2213 ^ Atequilibrium = eTI V-V oT [16.64] 


N(oo)/V = eV (10) /kT 
N(ro)/V 


which says that № (со) /У ос "00957 = constant. This is obviously not the current distribution for plan- 

etary atmospheres where lim N(r)/V = 0. Consequently, we may conclude that the earth's atmosphere, 
roo 

or any other planetary atmosphere, cannot be at equilibrium. 


P16.23 Each protein binding site can be represented as a distinct box into which a ligand, L, may bind. All possible 
configurations are shown in the following table and the configuration count of i indistinguishable ligands 





! 
being placed in n distinguishable sites is seen to be given by the combinatorial: C(n, i) = TDi Б m 
n — 1)! 
C(4, 0) 5 1 conformati 
,0) = ———— = | conformation 
(4 — 0)10! | 
1 
C(4,1) = 4- DH! — 4 conformations 
! 
С(4,2) = (4 2)01 = 6 conformations 
! ' 
С(4,3) = ü-38 — 4 conformations 
C(4,0) = = = | conf ti 
0) = 4-09 = nformation 
(n — i 4- los! (n — i4 Dos! 
P16.25 TUR сав АЖ... AERE LAM CAL: ce NEN Mu И "Ч 
m q гру © Lixo ipi 


(a) The fraction distribution of molecules with i coiled residues depends dramatically upon the value of 
the stability parameter s. When s < 1, low values of i are observed but large i values are observed 
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when s > 1. Thus, when s 1, the polypeptide is largely helical and, when s > 1, it is more of a 
random coil. See Fig. 16.4(a). 


Fraction of molecules with i coiled residues when с = 0.050 


025 


02 


0.15 


Bi 


0.1 


0.05 





i Figure 16.4(a) 


(b) The (i) plot, Fig. 16.4(b), shows that for s « 0.5 the polypeptide model is helical and little changed 
as s is varied. At the other extreme, for s > 1.5 the polypeptide is largely a random coil which 
changes only slightly with variance of s. The mean number of coiled residues changes rapidly in the 
middle range of 0.5 < s < 1.5 giving an overall sigmoidal dependence upon s. 


Dependence of the mean number of coiled residues 
upon the stability parameters. 
From left to right: s=0.0001, 0.001, 0.01, and 0.05 





5 Figure 16.4(b) 


Statistical 


1 7 thermodynamics 2: 


D17.1 


D17.3 


D17.5 


D17.7 


applications 





Answers to discussion questions 


An approximation involved in the derivation of all of these expressions is the assumption that the 
contributions from the different modes of motion are separable. The expression qÈ = kT /hcB is the 
high temperature approximation to the rotational partition function for nonsymmetrical linear rotors. 
The expression qY = kT /йсу is the high temperature form of the partition function for one vibrational 
mode of the molecule in the harmonic approximation. The expression q? = g" for the electronic partition 
function applies at normal temperatures to atoms and molecules with no low lying excited electronic 
energy levels. 


Residual entropy is due to the presence of some disorder in the system even at T = 0. It is observed in 
systems where there is very little energy difference—or none—between alternative arrangements of the 
molecules at very low temperatures. Consequently, the molecules cannot lock into a preferred orderly 
arrangement and some disorder persists. 


Equations of state can be thought of as expressions for the pressure of a gas in terms of the state functions, 
n, V, and T. They are obtained from the expression for the pressure in terms of the canonical partition 
function given in eqn 17.3. 


д0 
= КТ ) 
" ( av 1, 


Partition functions for perfect and imperfect gases are different. That for the perfect gas is given by 
Q = q" /N! with д = V/A?. There is no one form for imperfect gases. One example is shown in 
Self-test 17.1. Another which can be shown to lead to the van der Waals equation of state is 





1 (2umkT 
9-м ( 


3N/2 | 
и - ам /kTV 
= ro ) (V — Nb)e : 
For the case of the perfect gas there are no molecular features in the partition function, but for imperfect 
gases there are repulsive and attractive features in the partition function that are related to the structure 
of the molecules. 


See Justification 17.4 for a derivation of the general expression (eqn 17.54b) for the equilibrium constant 
in terms of the partition functions and difference in molar energy, А; Ёо, of the products and reactants in a 
chemical reaction. The partition functions are functions of temperature and the ratio of partition functions 


E17.1(b) 


E17.2(b) 


E17.3(b) 
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in eqn 17.54b will therefore vary with temperature. However, the most direct effect of temperature on 
the equilibrium constant is through the exponential term е ^:5o/^7, The manner in which both factors 
affect the magnitudes of the equilibrium constant and its variation with temperature is described in detail 
for a simple R = P gas phase equilibrium in Section 17.8(c) and Justification 17.5. 


Solutions to exercises 


Сүт = 43 + va + 2%) В [17.35] 
with a mode active if T > Өм. 
(a) Оз: Сум = 5(3 +3 + 0)К = ЗК [experimental = 3.7R] 
(b) C2H6 : Cy m = iG +3+2х ПК = 4К [experimental = 6.3R] 
(с) CO2: Cvm = }(3 +2 + 0)К = 3R [experimental = 4.5] 
Consultation of the Herzberg references in Further reading, Chapters 13 and 14, turns up only one 
vibrational mode among these molecules whose frequency is low enough to have a vibrational temper- 
ature near room temperature. That mode was іп C2H6, corresponding to the “internal rotation" of СНз 
groups. The discrepancies between the estimates and the experimental values suggest that there are vibra- 


tional modes in each molecule that contribute to the heat capacity—albeit not to the full equipartition 
value—that our estimates have classified as inactive. 


The equipartition theorem would predict a contribution to molar heat capacity of iR for every 
translational and rotational degree of freedom and R for each vibrational mode. For an ideal gas, 
Сол = К+ Сум. So for CO2 


With vibrations 


7.9. 


— =|1.15 
6.5 


Сүд/8-3(1) -2(1)-0х4-6)-65 and у= 


Without vibrations Cy /R 23(3) +2(}) 225 and у= = = 


37.11 J mol! K^! 
Experimental y = ————————— ———— = 


(37.11 — 8.3145) J mol! K-! 


The experimental result is closer to that obtained by neglecting vibrations, but not so close that vibrations 
can be neglected entirely. 


The rotational partition function of a linear molecule is [Table 17.3] 


в _ 0.6950 T/K _ (0.6950) x (T/K) 


agg Ot = 0.2404(T/K 
v (B/em—) 2 x 1.4457 ИЯ 


(a) At25°C: qÈ = (0.2404) х (298) = 
(b) At250°C: qP = (0.2404) х (523) = 
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E17.4(b) Тһе symmetry number is the order of the rotational subgroup of the group to which a molecule belongs 
(except for linear molecules, for which о = 2 if the molecule has inversion symmetry and 1 otherwise). 


(a) CO»: full group Doh; subgroup C2; hence o = 

(b) Оз: full group Coy; subgroup C2; с = 

(с) 503: full group D3,; subgroup (E, C3, ©, ЗО}; с = [6] 
(d) 5Ес: full group Он; subgroup О; с = 

(е) Al;Cls: full group Dza; subgroup D2; o = 


E17.5(b) The rotational partition function of a non-linear molecule is [Table 17.3] 


10270 (Т/Ку/? 1.0270 x 2983/2 
c  (ABC/cm-3)!/2 (2) x (2.02736 x 0.344 17 x 0.293 535)!/2 grecs 


The high-temperature approximation is valid if T > Өв, where 


_ hc(ABC)!? 

Е k 

_ (6.626 x 107°4 J s) х (2.998 x 101? cm s^!) x [(2.027 36) x (0.344 17) x (0.293 535) cm™?]!/> 
i 1.381 x 10—23 J K7! 


OR 





- [D8] 


E17.6(b) qÈ = 5837 [Exercise 17.5(b)] 


All rotational modes of SO» are active at 25 °C; therefore 


3 
Un — Un) = ЕЁ = ZRT 


2 


ER 
sk = TTR п д 


= $R + RIn(5837) = | 84.57 J K^! шог! 


E17.7(b) (а) The partition function is 


а= >, e Estate /АТ = X ge Pee/KT 


states levels 


where g is the degeneracy of the level. For rotations of a symmetric rotor such as CH3CN, the energy 
levels are Ey = hc[BJ(J + 1) + (A — B)K?] and the degeneracies are gj к = 2(2J + if K #0 
and 2J + 1 if K = 0. The partition function, then, is 


оо Ј 
а=1+ o 4 1)e- UcBJU-E D/AT] ( 4:2 yrs 


Jzl К=1 


E17.8(b) 


E17.9(b) 
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To evaluate this sum explicitly, we set up the following columns in a spreadsheet (values for A = 
5.28 cm, В = 5.2412 cm™!, and Т = 298.15 К) 


J ISH) 2J+1 е "ВИТ Jterm е-ИА-ВКАТ К sum — J sum 


0 0 1 1 1 1 1 1 

1 2 3 0.997 8.832 0.976 2.953 9.832 
2 6 5 0.991 23.64 0.908 4.710 33.47 
3 12 7 0.982 43.88 0.808 6.381 77.35 
82 6806 165 4.18 х 10-° 0.079 8 x 1077! 11.442 7498.95 
83 6972 167 3.27 х 1075 0.062 2 х 10-72 11.442 7499.01 


The column labeled К sum is the term in large parentheses, which includes the inner summation. 
The J sum converges (to 4 significant figures) only at about J = 80; the K sum converges much 
more quickly. But the sum fails to take into account nuclear statistics, so it must be divided by the 


symmetry number (с = 3). At 298 К, qR = | 2.50 x 10? | A similar computation at T = 500 К 
yields 4Ё = | 5.43 x 103 | 


(9) The rotational partition function of a nonlinear molecule is [Table 17.3 with В = С] 


3/2 3/2 
qÈ - 10270 (T/K)" . = В; = 0.485 х (T/K? 
о (ABC/cm-3)!/2 3 (5.28 x 0.307 x 0.307)!2 


At 298 К, qÈ = 0.485 x 29877 =| 2.50 х 10? 
At 500 К, qÈ = 0.485 х 5003/2 = | 5.43 x 10? 
The high-temperature approximation is certainly valid here. 


The rotational partition function of a nonlinear molecule is [Table 17.3] 


3/2 3/2 
к _ 10270 (T/K) а 1.0270 х (Т/К) ‚ = 1.549 x (туку? 
c (ABC/cm-3)!/2 (3.1752 x 0.3951 х 0.3505)!/ 


(а) At25°C, qÈ = 1.549 x (298)3/? =| 7.97 x 10? 
(b) At 100°C, 4 = 1.549 х (373)3/? =| 1.12 х 104 


The molar entropy of a collection of oscillators is given by 





4 





= (0 М, 
Фе шан шан +king (17.1) = МА) + кюа 
hev Oy 
= c EE a == =—————=-——=[17.19 
where (6) = ODIT Кът = [17.28], 4 i-e = [oe it [ ] 


and бу is the vibrational temperature hcv/k. Thus 


$ К(ву/Т) 


QE T Lg IT 
m= ary Rm -е I) 


E17.10(b) 
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A plot of Sm/R versus T /0y is shown in Figure 17.1. 


35 
3 





0 2 4 6 8 10 
Thy Figure 17.1 


The vibrational entropy of ethyne is the sum of contributions of this form from each of its seven normal 
modes. The table below shows results from a spreadsheet programmed to compute S/R at a given 
temperature for the normal-mode wavenumbers of ethyne. 





Т = 298 К Т = 500 K 
P/cem ! 6v/K Т/бу 5һ/Ё T/Ov  Su/R 
612 880 0.336 0.216 0.568 0.554 
729 1049 0.284 0.138 0.479 0.425 


1974 2839 0.105 0.000 766 0.176 0.0229 
3287 4728 0.0630 0.000 002 17 0.106 0.000 818 
3374 4853 0.0614 0.000 00146 0.103 0.000 652 


The total vibrational heat capacity is obtained by summing the last column (twice for the first two entries, 
since they represent doubly degenerate modes). 


(a) At 298 К, Sm = 0.708R = | 5.88 J mol`! K^! 
(b) At 500 К, Sm = 1.982R = | 16.48 J шог”! K^! 


The contributions of rotational and vibrational modes of motion to the molar Gibbs energy depend on 
the molecular partition functions 


Gm — Gm(0) = —RT Inq [17.9; also see Comment to Exercise 17.6(a)] 


The rotational partition function of a nonlinear molecule is given by 





1/2 
в ТК, л ү? 1.0270 (тук)? 
а (28) = 


"chc ABC c \АВС/ст-3 
and the vibrational partition function for each vibrational mode is given by 


1 hcv 1.4388 (¥/em7!) 
У 
рат o "eem k (T/K) 





Е17.11(Ь) 
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5 


3 1/2 
Avg *—19270 ( 298 
2 \ (3.553) х (0.4452) x (0.3948) 





= 3.35 x 10° 
and 


GÈ — GR (0) = —(8.3145J тог !К”!) x (298 К) ш3.35 х 10? 
= —20.1 x 103 J то]! =| —20.1 kJ шог! 
The vibrational partition functions are so small that we are better off taking 


Ing" = —In(1 — e-9/T) же @/Т 
In аў А е7 (1:438801110) /298} — 4.70 х 10-3 
In qi x e {1-4388(705)/298} =332 x 10-2 


In ау де е711-4388(1042)/298} _ 6 53 х 10-3 


so СУ — СУ (0) = - (8.3145 J mol^! K-!) х (298 К) 


x (470 x 10? + 3.32 х 107? + 6.53 х 1077) 


= —1101шо17! = | —0.110 kJ то"! 


| | for X states 





ix Энн цас хага дыг 2 forIL A,... states 

The ?X term is triply degenerate (from spin), and the ! A term is doubly (orbitally) degenerate. Hence 
а=3+ 26-85 

At 400 К 


8 (1.4388 ст К) x (7918.1 ст!) 
е = SSS 


= 28.48 
400 К 


Therefore, the contribution to Gm is 


Gm — Gm(0) = —RT ша [Table 17.4 for one mole] 
— RT Ing = — (8.3147 K^! шог!) x (400K) x In(3 + 2 x e~78-48) 


= —(8.314 J K^! mol!) x (400K) х (In3) =| —3.65 kJ шог”! 


COMMENT. The contribution of the excited state is negligible at this temperature. 


E17.12(b) 


E17.13(b) 


E17.14(b) 
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The degeneracy of a species with 5 = 3 is 6. The electronic contribution to molar entropy is 


— 0 
Sq = 282280 + Ring = Ring 


(The term involving the internal energy is proportional to a temperature-derivative of the partition func- 
tion, which in turn depends on excited state contributions to the partition function; those contributions 


are negligible.) 


Sm = (8.3145 J mol! K7!) шб =| 14.9 J шог! К^! 


Use Sm = Rins [17.526] 


Draw up the following table 





5 16 6 6 3 6 6 2 6 6 3 6 1 
Sm/R O 18 18 1.8 11 1.8 1.8 07 18 18 11 L8 0 


where а is the 1,2,3 isomer, b the 1,2,4 isomer, апа c the 1,3,5 isomer. 


We need to calculate 


е XU ө (79 ө (81 
K -[] Jim | y Q-ABEV/RT [17.546] = 2m Bri Br2).— AE/RT 
у ХАА qe (Br?! Br)? 


Each of these partition functions is a product 


dm = qnd 9 


with all 4Ё = 1. 


The ratio of the translational partition functions is virtually 1 (because the masses nearly cancel; expli- 
cit calculation gives 0.999). The same is true of the vibrational partition functions. Although the 
moments of inertia cancel in the rotational partition functions, the two homonuclear species each have 
о = 2, 50 


4" (?Br;)g* C! Br) 


- 0.25 
ак (79Вг! Вг)2 





The value of AE) is also very small compared with RT, so 


K ~|0.25| 
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Solutions to problems 


Solutions to numerical problems 











P17.1 вё, - 
q= Уве В = 2 + 2е В, є = Де = 121.1 cm™!. 
j 
Na (945 Naee Pe 
Um — Um(0) = – (=) =. 
4 9B Jy 4 
dUm 
Сут = —kp? (52) [17.31а]. 
п ag " 
Let x = Be, then dB = (1/2) dx. 
x2 д /Nace™ 8 ех xe 
С m = —k =) Б == = № кх? — = ni E MS 
n Е tie) AM Xa prex] "rei 
Therefore, 
25—X 
хе 
Сут/В = ey x= Ве. 
We then draw up the following table. 
T/K 50 298 500 
(КТ /hc) / mol"! 34.8 207 348 
х 3.48 0.585 0.348 
Cv.m/R 0.351 0.079} | 0.029 
Cvm/Q K7! mol!) 2.91 0.654 0.244 
COMMENT. Note that the double degeneracies do not affect the results because the two factors of 2 in 
q cancel when U is formed. In the range of temperature specified, the electronic contribution to the heat 
capacity decreases with increasing temperature. 
P17.3 The energy expression for a particle on a ring is 


h?m? 


Therefore 
oo 


со 
as enh /2АТ — у; e 8mh? /21, 
оо т=—00 


т=- 


Р17.5 
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The summation may be approximated by an integration 
00 anon 1 (гҮ? P9 e 1 (/2xIkTV? 1 (2лгү!? 
ed etm E)" [e OR "(9)" 
OF 35а a\ №" -— o he с \h-B 
1 


9 ша à. 1/2лгү72 N 1 
= = = —N— |= = — = =MT=-=RT (№ = МА). 
U — U(0) N ЭВ МВ n= (==) 28 ^2 5 ( А) 


é 1 
Сут = (=) = збе 42J K^! mol! | 
V 








oT 
Um — Um(0) 


= ig 





23 NE 
n2 


ЕК! Ч( 
=- п — 
2 с 
Em (29 х (5.341 x 10747 kg m?) х (1.381 x 103 J K7!) х Bey" 
E ees (1.055 x 10-4 Js)? 


- ‚К+ 1.31R = 1.81R, ог| 15 J K^! mol”! | 


The absorption lines are the values of differences in adjacent rotational terms. Using eqns 13.25, 13.26, 
and 13.27, we have 





= 2В(/ + 1) 


EU +1) - EV 
прве 20 


€ 


ford) =O) yess Therefore, we can find the rotational constant and reconstruct the energy levels from the 
data. To make use of all of the data, one would plot the wavenumbers, which represent F (J + 1) — F(J), 
vs. J; from the above equation, the slope of that linear plot is 2B. Inspection of the data show that the 
lines in the spectrum are equally spaced with a separation of 21.19 cm™!, so that is the slope: 


slope = 21.19cm^! = 28 so В = 10.595 сш '. 


The partition function is 


oc 
а= у оу -1)е7989) where Е(Л) = hcBJ(J + 1) [13.25] 
7-0 


and the factor of 2J + 1 is the degeneracy of the energy levels. 


hcB 6.626 x 10-34 Js x 2. 10 ст s7! .595 ст! 
At 25°C, hcB = АВ _ x Js x 2.998 x a cms ' x 10.595 ст — 0.05112. 
kT 1.381 x 10-23 J К-! x 298.15 К 





oo 
—0.05112J( 4-1) 
а= У QJ + 1)е 
Ј=0 
= 1 + Зег005112х1х2 + 5в7005112х2х3 47e 905112x3x4 |... 


= 1 + 2.708 + 3.679 + 3.791 + 3.238 +... = [19.90] 
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Р17.7 The molar entropy is given by 


Um — Um(0) Чт 
Haec. AUT CRISE у 
Ч Т + СА 





Um — Um(O a T 
where Um — Unt м ( | and 9" — Im в УЕ 
ү 


T 98 Н5ь но 6. 
The energy term Um — Um(0) works out to be 
Um — Um(0) = МАГ") + (eÈ) + (eV) + (=Ё)]. 
Translation: 
am 
A 
= 2.561 x 107? x (298)5/2 х (38.00)3/2 = 9.20 х 10° 


= 2.561 x 10-2(Т/К)5/2 x (M/g mol~!)3/? [Table 17.3] 


and (eT) = ЗАТ. 


Rotation of a linear molecule: 





0.6050 T/K 
4 = —— / [Table 17.3]. 


х 
с B/cm-! 
The rotational constant is 
"E GM 
7 Ancl  4ncuR? 
_ (1.0546 х 10-3415) x (6.022 х 10? шог!) 
41(2.998 х 1010 cm s-!) x (4 х 19.00 х 10-3 kg тої!) х (190.0 x 10-12 m)? 





= 0.4915cm^! 
so qÈ = VE x T = 210.7. 
Also (cR) = АТ. 
Vibration: 
y 1 1 1 
4 “лт ~ qp — exp(—1.4388(0/em—")/(T/K)) — 1 — exp(—1.4388(450.0)/298) 
= 1.129. 
ў hed (6.626 х 10-34 18) х (2.998 х 1019 cm s7!) x (450.0 ст- 1) 
COT Geant | =  єхр(143883(4500)/298)—21 о 
= 1.149 x 107?! J. 


The Boltzmann factor for the lowest-lying excited electronic state is 


—(1.609 eV) x (1.602 x 1071? JeV—!) nig 
(1.381 x 10-23J K^!) x (298K) 
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so we may take qF to equal the degeneracy of the ground state, namely, 2 and (ЕЕ) to be zero. Putting it 
all together yields 


МА(1.149 x 10-21 J) 

T 
(6.022 х 1023 mol!) x (1.149 x 107?! J) 
в — 


Um — Um(9) МА уз -21үү.5 
MT сү (GAT FAT + 1.149 x 10 J) = §R+ 


= (2.5) x (8.3145 J mol! K7!) + 
= 23.11 J mol! K^. 


R (i = - ) = (8.3145 mol! K7!) x (In[(9.20 x 109) х (210.7) x (1.129) x (2)] – 1} 


A 
= 176.3] тої! K^! and $2 = | 199.4J mol! K^! | 


P17.9 (a) The probability distribution of rotational energy levels is the Boltzmann factor of each level, weighted 
by the degeneracy, over the partition function 


yO. Bor 
P= gk = S (QJ + De-hcBJU-D/kT 
J=0 


[17.13]. 


It is conveniently plotted against J at several temperatures using mathematical software. This 
distribution at 100 K is shown in Fig. 17.2(a) as both a bar plot and a line plot. 


Rotational distributions 





40 
Figure 17.2(a) 


The plots show that higher rotational states become more heavily populated at higher temperature. 
Even at 100 K the most populated state has 4 quanta of rotational energy; it is elevated to 13 quanta 
at 1000 K. 


Values of the vibrational state probability distribution, 


eo fs /kT ea vhev /kT 


VT) = Е 
РУ(Т) = т. [17.19] 





are conveniently tabulated against v at several temperatures. Computations may be discontinued 
when values drop below some small number like 1077. 


342 STUDENT'S SOLUTIONS MANUAL 


(b 


х 


(с) 





py (T) 

v 100K 300 K 600 K 1000 K 

0 1 1 0.095 0.956 

1 2.77 х 10-14 3.02 х 1075 5.47 х 10-3 0.042 

pi 9.15 x 107! 3.01 x 1075 1.86 x 1077 
3 1.65 x 10-7 8.19 x 1075 
4 3.61 x 10-6 
5 1.59 x 1077 


Only the state v = 0 is appreciably populated below 1000 К and even at 1000 К only 4% of the 
molecules have 1 quanta of vibrational energy. 


The classical (equipartition) rotational partition function is 


R kT T 
Qclassica (T) = юВ X [17.15b]. (1) 


where Өв is the rotational temperature. We would expect the partition function to be well 
approximated by this expression for temperatures much greater than the rotational temperature. 


_ hcB _ (6.626 x 10775 J s) x (2.998 x 107) ems!) x (1.931 ст!) 
ЕЙ А 1.381 x 10-23] K7! 
Өв = 2.779 K. 


In fact Og < T for all temperatures of interest in this problem (100 К or more). Agreement between 
the classical expression and the explicit sum is indeed good, as Fig. 17.2(b) confirms. The figure 
displays the percentage deviation Р — q®)100/q®. The maximum deviation is about —0.9% 
at 100 K and the magnitude decreases with increasing temperature. 

The translational, rotational, and vibrational contributions to the total energy are specified by eqns 


17.25b, 17.26b, and 17.28 respectively. As molar quantities, they are 


Nahcv 
T — 9 R VS ae 
U' =sRT, U^ —RT, 0 = Г 


The contributions to the difference in energy from its 100 К value are AUT(T) = U'(T) - 
UT (100 К), etc. Fig. 17.2(c) shows the individual contributions to AU(T). Translational motion 
contributes 50% more than the rotational motion because it has 3 quadratic degrees of freedom 
compared to 2 quadratic degrees of freedom for rotation. Very little change occurs in the vibrational 


energy because very high temperatures are required to populate v = 1,2,.... states (see Part a). 
9и(Т) 9 ) т R v 
Суһ(Т) = | —— | = (| U -07-40 
V.m ( ) ( aT ), (эт 5, ) 
3 dUY 5, dU" 
= -А+А+ —— = К+ 


2 ат 2 dT ` 
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Classical partition function error 
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The derivative dUV/dT may be evaluated numerically with numerical software (we advise 
exploration of the technique) or it may be evaluated analytically using eqn 17.34: 


СУ „АШ os бу -— 
UU We T NL —e-9v/T 


where Өү = hcv/k = 3122 К. Fig. 17.2(d) shows the ratio of the vibrational contribution to the 
sum of translational and rotational contributions. Below 300 K, vibrational motion makes a small, 
perhaps negligible, contribution to the heat capacity. The contribution is about 10% at 600 К and 
grows with increasing temperature. 


2 
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Relative contributions to the heat capacity 
0.2 T T De T 





У 
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TIK Figure 17.2(d) 


The change with temperature of molar entropy may be evaluated by numerical integration with 
mathematical software. 


T 
AS(T) = S(T) — S(100K) = | Cym(T)AT 


[3.18] 
100К T 


T 
- | Cvm) +R т [2.48] 
1 


00K 


т 18-СҮ (Т) 
= | Lm ar. 
100K Т 





7 Т T CET) 
AST) = 5R n(x) Л. ear 
с ee! — 


AST+R(T) ASV (Т) 
Fig. 17.2(e) shows the ratio of the vibrational contribution to the sum of translational and rotational 
contributions. Even at the highest temperature the vibrational contribution to the entropy change 


is less than 2.5% of the contributions from translational and rotational motion. The vibrational 
contribution is negligible at low temperature. 


Relative contributions to the entropy change 








0.03 =] T == = Т 
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Р17.11 


Р17.13 


STATISTICAL THERMODYNAMICS 2: APPLICATIONS 345 


H20 + DCI = HDO + НСІ. 


е = 
= 4 (НРО) (HCI) . gag, [17.54; Na factors cancel]. 
4" (H20)q* (DCI) 


Use partition function expressions from Table 17.3. The ratio of translational partition functions is 


qL(HDO)qL(HCD _ ишш T (е = 1.041 
qL(H3O)gL (DC ^ V MOMCI) ~ \18.02 x 37.46 шин 


The ratio of rotational partition functions is 
g®(HDO)q® (HCI) _ о(Н2О) (A(H20)B(H20)C(H20) /cm3)! 2 B(DCD /cm^! 
qR(H;O)gR(DC) ^ 1  (A(HDO)B(HDO)C(HDO)/cm-3)!2 B(HCI)/cm^! 


(27.88 х 14.51 x 9.29)17 x 5.449 
eee a EEE 
(23.38 x 9.102 x 6.417)!/2 x 10.59 





= 1.707 


(а = 2 for H20; с = 1 for the other molecules). 


The ratio of vibrational partition functions (call it Q) is 


qY(HDO)g (НСІ) _ 4(2726.7)4(1402.2)4(3707.5)4(2991) _ 
qY (H20)q¥ (DCI) | 4(3656.7)4(1594.8)4(3755.8)4(2145) — 





1 
where q(x) = 1 —е—1.4388х/(Т/К)` 


AE 1 
= = 51427207 + 1402.2 + 3707.5 + 2991) — (3656.7 + 1594.8 + 3755.8 + 2145)} cm! 
c 


= —162cm^!. 
So the exponent in the energy term is 


AE hc AE 1 1.43 —162 2 
ET EL МИ. Ты CR 
kT k hc T T/K T/K 


Therefore, К = 1.041 x 1.707 х О x e?/0/K) = 1.777 ge233/T/K). 


We then draw up the following table (using a computer) 


Т/К 100 200 300 400 500 600 700 800 900 1000 
К 18.3 570 387 319 285 2.65 251 241 234 229 


and specifically K = at (a) 298 K and at (b) 800 K. 


Solutions to theoretical problems 


(a) бу and 6g are the constant factors in the numerators of the negative exponents in the sums that are 
the partition functions for vibration and rotation. They have the dimensions of temperature, which 
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occurs in the denominator of the exponents. So high temperature means Т > бү ог Og and only 
then does the exponential become substantial. Thus бү and Өр are measures of the temperature at 
which higher vibrational and rotational states, respectively, become significantly populated: 


hcB _ (2.998 x l0! cm s^!) x (6.626 х 10—375) х (60.864 cm!) 


zm LL AIL | 87.55 К 
OR k (1.381 x 10-23 J K7!) 


and 


_ hed — (6.626 x 10- J s ) x (4400.39 cm ^! ) x (2.998 х 10? cm s^!) 


Өү = =| 6330 K | 
k (1.381 x 10-23 J K7!) 


(b) and (c) These parts of the solution were performed with Mathcad 7.0 and are reproduced on the 
following pages. 





Objective: To calculate the equilibrium constant К(Т) and C,(T) for dihydrogen at high temperature 
for a system made with л mol Нэ at 1 bar. 


H»(g) = 2H(g) 


At equilibrium the degree of dissociation, a, and the equilibrium amounts of H2 and atomic hydrogen 
are related by the expressions 


ny, —(l—o)n and ny = 2an. 
The equilibrium mole fractions are 
хн, = (1 — a)n/((1 — о)п + 2an} = (1 — а) /(1 + a), 
хн = 20п/{(1 — o)n + 2an} = 20/(1 + о). 
The partial pressures аге 
pu, = (1— а)р/(1 + а) and рн = 2ар/(1 + о). 
The equilibrium constant is 


(рн/р?)? 2 
(рн; /p?) 


The above equation is easily solved for a: 


а = (К/(К +4))!/ | 


The heat capacity at constant volume for the equilibrium mixture is 


2 (р/р°) = 4a? 
A-a?) (l-a?) 





K(T) = 4a where p = p? = 1 bar. 


Cy (mixture) = пнСущ(Н) + np, Cvm (H2). 


The heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium 
mixture is 


Cy = Cy(mixture)/n = {пнСуш(Н) + пн, Cv,m(H2)}/n 


= | 2a Cym (H) + (1 — a) Cvm (H2) |. 
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The formula for the heat capacity at constant pressure per mole of dihydrogen used to prepare the 
equilibrium mixture (Ср) сап be deduced from the molar relationship 


Cp,m = Сут +R. 
Cp = [ni Cpm (H) + пн, Cpm (H2)] /n 





= {Cv.m(H) +R} + = {Су (Нә) + К} 


ng Cv,m(H) + ny, Cym (H2) LR (* + “ts ) 
n 


n 
=Cy+R(1+a). 
Calculations 
J = joule s = second kJ = 1000 J 
mol = mole g = gram bar = 1 x 10? Pa 
h = 6.62608 х 10—34 Js | c—2.9979 x 108 m s^! k = 1.38066 x 10723 J K7! 


R = 8.31451 J K-! mol! NA = 6.02214 x 10? mol! p° = 1 bar 


Molecular properties of H2: 


v—440039cm^!, B=60.864cm7!, D = 432.1 kJ mol !. 


1 g тог! : 
йаз = ВА 
н NA C mp, mg 
hev hcB 
к=» Mes 
Computation of К(Т) and a(T) 
м=200, 1=0,....№ T;=50K + 0% 
5 һ 


Ан; Ан»: = 


© (лтнКТу172” Олтн, ТРИ?" 
T; 


Я = тев)’ Ri = og 


_ КТ Ц Ань де” Ф/ЕТ) 


еч; = 





р°ду,4м(Ан,)® 


See Fig. 17.3(a) and (b). 


Heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium mixture is (see 
Fig. 17.4(a)) 


Cv(H) = [1.58] 


Cv (H2,) =| 2.5R + | 





бу e- Ov 2T) 


2 
T x IL ENT a R| Cy, = 2a;Cy(H) + (1 — о;)Су(Н›,). 
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(a) 1 


8 0.5 
0 = 
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Ti/K Figure 17.3(a) 
(b) 100 
80 
60 
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The heat capacity at constant pressure per mole of dihydrogen used to prepare the equilibrium mixture 
is (see Fig. 17.4(b)) 


Cp; = Cv, + RU + Qi). 
P17.15 Eqn. 17.42 relates the second virial coefficient to the pairwise intermolecular potential energy: 
ын Э 
В--2 МА Í frdr where f = e PF» — 1. 
0 


In order to relate the pairwise potential to the van der Waals equation, we must express that equation as 
a virial series. (See Table 1.7.) The equations are 





der Waal R а virial (rtu 
van r aalis = = EA viria = — ca ... 
РЕ ав B реу Vm 


Су,/(1К7! шог!) 


27 


26 


25 


24 


23 


22 


21 


20 


C,,/( K^! mol!) 
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Expand the van der Waals equation as a power series in 1/Vm: 


Е КТ вт. (1523 а „ЕТ || 1 b a 
P= Val b/ Vm) VÀ Vm Vm Wi Vm N a A 


m 





Thus, the second virial coefficient in terms of van der Waals parameters is 


ae 
RT 


The pairwise potential and Mayer f-function are: 


forO<r<r, Ер ә оо e В = f=-l 
Роги <r<r. Ep>-—e е РЁ efe foehe_1>0 


forr <r Ер- 0 её =] f=0 
В оо 5 ri 2 Г ғ 2 
—— = tdr = — apm 
So —2nNa 1 Таг | rdr + (е Df r*dr 


3 3 3 

ri Ве m" 
ecl —-pb[-2X---y. 

279 (3 i) 


Expand the exponential, because = < KT, so Be < 1. 


3 3 2.5 WERE 
asm | aem v (s -3) 22 [n sim 





2 
3 3 3 kT 
Comparing this result to the virial coefficient from the van der Waals equation, we identify 


2лМАЕт (73 - 29) 
and а= ANGES иг, 


b= 21Narj 


where £m is € expressed as a molar quantity. Thus the van der Waals b is proportional to the volume of 
the hard-sphere (repulsive) part of the potential. The a parameter is more complicated, but it is where 
the attractive part of the potential appears, including both the depth of the attractive well and the range 
of distances over which it operates. 


Use eqn 17.45 to compute the limiting isothermal Joule- Thomson coefficient 











li a-r 
m =B-T— 
ere dT 
2лМА [ 4. e -rD 2xNA | #05 — r?) 
= вт at 
3 kT 3 kT 
3 3 
21МА | 3 2205 – ri) 2а 
= [ү = гэр тэлээ 
3 à kT RT 


The Joule-Thomson coefficient itself is [2.55] 








Ат _ 2xNA 2503 - ri) E - = 
ёс: 20 kT т 
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(a) Ethene belongs to the Dz, point group, whose rotational subgroup includes E and 3 C? elements 
around different axes. So о = 4. The rotational partition function of a non-linear molecule is 
[Table 17.3] 


1.0270  (T/K)? 1.0270 x 298.153? 
R 
- - = | 660.6 | 
4 с (ABC/em-)'/2 ^ (4) x (4.828 x 1.0012 x 0.8282)172 [660.6] 





(b) Pyridine belongs to the C», group, the same as water, so с = 2. 


1.0270 (Т/КуУ/? 1.0270 x 298.153/2 

R 4 
— a ЖИШЕЕЕ = [4.26 x 10* | 107 |. 

ig с  (ABC/cm)!? (2) x (0.2014 x 0.1936 x 0.0987)!/2 = 


The partition function of a system with energy levels є(/) and degeneracies g(J) is 


а= У gne m. 
J 





The contribution of the heat capacity from this system of states is 


ра (99 
Су = КВ (3s), [17.312] 


where U — UO = -N (254) c. (3) . 
ЭВ Ју а \9В/у 


Express these quantities in terms of sums over energy levels 


N N 
0-00) = Е (- Уилт) яг” sepe P0 
J J 


and 





Cv (55) N 5 2 М д 
> = | — = — | >= J)ye-(VJ ВЕЛ) i 2 Ј)е(Ј ын | 1) 
іа), | уе | g Yee mo (28 


N N ; 
=-— (уе e FO + 2 Уе V gee гд? 
J 


q 7 с 


(1) 


Finally a double sum appears, one that has some resemblance to the terms in ¢ (В). The fact that c (B) is 
a double sum encourages us to try to express the single sum in Cy as a double sum. We can do so by 
multiplying it by one in the form (Y? 6(/7)е78507))/д, so 

Т 


сү N ве ^ вебу" N , 
сүв == -7 PeDe e Be(J) sd e pelJ’) $ 2 Yo gee Pe Yo ges ете y. 
J 17 J yi 
Now collect terms within each double sum and divide both sides by —N: 
Cy _ 
КМВ? — 





1 “ХЭРЭЭ”? y 1 | | 
2 у aa de? De PM — уа) Eee PED 8071, 
A JJ 
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Clearly the two sums could be combined, but it pays to make one observation before doing so. The first 
sum contains a term =? (/), but all the other factors in that sum are related to J and J’ in the same way. 
Thus, the first sum would not be changed by writing e? (J^) instead of e? (J); furthermore, if we add the 
sum with e7(J’) to the sum with £?(J), we would have twice the original sum. Therefore, we can write 
(finally combining the sums) 





m = 5з DD BIEDEN 2 (y) + 2207) — 2e U)eQ^)]. 


Recognizing that £2(J) + £? (J^) — 2e(J)e(J^) = [e(J) — e (J’)]?, we arrive at 


kN 2 
Су = La 





For a linear rotor, the degeneracies are g(J) = 2J + 1. The energies are 
e(J) = hcBJ(J + 1) = 08KJ( + 1) 
so Be(J) = ORJ (J + D/T. 


The total heat capacity and the contributions of several transitions are plotted in Fig. 17.5. One can 
evaluate Cy m/R using the following expression, derivable from eqn (1) above. It has the advantage of 
using single sums rather than double sums. 
2 
Cy m 


- 1 
и =- Pep EP eA – (Укласти) : 
4 4 7 


J 


COMMENT. (f) is defined in such a way that J and J’ each run independently from O to infinity. Thus, 
identical terms appear twice. (For example, both (0,1) and (1,0) terms appear with identical value in ¢(B). In 
the plot, though, the (0,1) curve represents both terms.) One could redefine the double sum with an inner 
sum over J’ running from 0 to J — 1 and an outer sum over J running from О to infinity. In that case, each 
term appears only once, and the overall factor of 1/2 in Cy would have to be removed. 


All partition functions other than the electronic partition function of atomic I are unaffected by a magnetic 
field; hence the relative change in К is due to the relative change іп qF. 


= 3 
М, 


‘ 4 
‚8 = 5. 


Nive 


Since вивВВ « 1 for normally attainable fields, we can expand the exponentials 


1 2 
-5, | — eguBBBM; + 5(gupBBM,) +-+ | 


10 2 4 
~ 4+ 5 (gupB)? Ум? | Ум; =0 =4(1+ вв?) [== i. 


М) М, 


This partition function appears squared in the numerator of the equilibrium constant expression. (See 
solution to E17.14(a).) Therefore, if К is the actual equilibrium constant and K is its value when В = 0, 
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1.2 














0 1 2 3 4 5 


Temperature, Т/Өк 
Figure 17.5 


we write 


K 10 3 20 » ааа 
ccs dui c By?) ~14+ —p2,p2B?. 
KO (re usi?) + 9 "BB 


For a shift of 1 per cent, we require 
Pup B = 0.01, or ивВВ = 0.067. 
Hence 


ga, 0067КТ _ (0.067) х (1.381 x 107? КТ!) x 1000К) 


x| 100T | 
ив 9.274 x 10-241Т7! 





Solutions to applications 


S = kIn [16.34]. 
so S = kIn 4% = NkIn4 


= (5 x 108) x (1.38 х 107-33 K^!) x In4 =| 9.57 x 10-15 ЈК -! |. 


Question. Is this a large residual entropy? The answer depends on what comparison is made. Multiply 
the answer by Avogadro's number to obtain the molar residual entropy, 5.76 х 10? J K7! шог”, surely 
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a large number—but then DNA is a macromolecule. The residual entropy per mole of base pairs may 
be a more reasonable quantity to compare to molar residual entropies of small molecules. To obtain that 
answer, divide the molecule's entropy by the number of base pairs before multiplying by Na. The result 
is 11.5 J K7! шог”, a quantity more in line with examples discussed in Section 17.7. 


The standard molar Gibbs energy is given by 


42 аг que 
G — С (0) = RTIn—" where 7 = {т „КУЕ [17.53]. 
Na Na Na 


Translation (see table 17.3 for all partition functions): 


Тө 
Чт 


А 


= 2.561 x 10“4Т/КУ/ (M /g mol!)3/? 
= (2.561 х 1072) х (2000)°/? х (38.90)? = 1.111 х 10°. 


Rotation of a linear molecule: 


в kT 0690 T/K 
4“ = = ж. 
сћсВ с B/cm-! 








The rotational constant is 


ho h 
^ 4nd — АлстенЕ? 


mpms; _ (10.81) х (28.09) " 10-ЗКе mol! 


ке —. - 196 x 107208. 
тв + msi 10.81 + 28.09 6.022 х 1023 то]! 


where те = 


1.0546 x 10—347 s 





B= 09.5952 ст | 
4л(2.998 x 1010 cm 1) х (1.296 x 10-26 кв) х (190.5 x 10-12 m) 
0.6950 2000 
К = = 2335. 
ин. 1 ^ 0.5952 
Vibration: 
"1 1 Е 1 ae = 
7 "ice —14388(»/cm-)Y — -1.4388(772) 
1 — exp | ——————_- 1 — exp | ——— ——— 
T/K 2000 
= 2.467. 


The Boltzmann factor for the lowest-lying electronic excited state is 





(5 x (8000) 


) = 32 x 10-3. 
2000 


The degeneracy of the ground level is 4 (spin degeneracy = 4, orbital degeneracy = 1), and that of the 
excited level is also 4 (spin degeneracy = 2, orbital degeneracy = 2), so 


q? = 4(1 + 3.2 x 107?) = 4.013. 
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Putting it all together yields 
GÈ, — G (0) = (8.3145 J mol! K^!) x (2000 К) 
x In[(1.111 x 109) х (2335) x (2.467) x (4.013)] 


= 5.135 x 10? J mol! = | 513.5 kJ mol! |. 


The standard molar Gibbs energy is given by 


din dn da ву 
- = RTIn— here =" = =0_ 17.53 
С — GR (0) пу, hund "mb 7 4 4 ч | 1 


See Table 17.3 for partition function expressions. First, at 10.00 К 


Te 
Translation : аа. = 2.561 x 1072(7/К)5/2(М/в тої 13/2 
А 


= (2.561 х 1072) x (10.00)5/2 х (36.033)3/2 = 1752. 
Rotation of a nonlinear molecule: 
s ТУ: ж үй LUNO (т/ку?? 
e-1() gam UST. 
д \he ABC c (ABC/cm-3)1? 
The rotational constants are 


h BY 1 
В--- so АВС-1--1----, 
nel 4лс / 1АЇВЇС 


3 


1.0546 х 10-34 
ABC = ( 0546 x Is ) 


41(2.998 х 1010 cm s-!) 
е (1019À тг !)6 

(39.340) x (39.032) х (0.3082) х (и А2)3 х (1.66054 х 10-27 kg и-1)3 
= 101.2cm? 





co gk 19270 „ (10.00)3/2 
772 * (101212 


Vibration: for each mode 


gas 1 1 1 


= 1.614. 


| — e-ci/AT T -14388G/cm-)Y р E- 
Sap T/K P 10.00 


= 1.0001 


Even the lowest-frequency mode has a vibrational partition function of 1; so the stiffer vibrations have 
4" even closer to 1. The degeneracy of the electronic ground state is 1, so q? = 1. Putting it all together 
yields 


С° — GẸ (0) = (8.3145 J mol! K^!) x (10.00 K) In[(1752) x (1.614) x (1) х (1)] 


= | 660.8 J mol! |. 
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Now at 1000 K 


e 
Translation: im = (2.561 x 1072) x (1000)? х (36.033)3/2 = 1.752 x 108. 
A 


в _ 10270 (1000)3/2 




















Rotation: q` = 2 х (101:2)172 - 1614. 
Vibration: qY = | = 11.47 
бяр (1.4388) х (63.4)\ — 
1 хр 
1000 
М l = 1.207 
92 = (1.4388) х (12245) V ^7? 
1 — exp | 
1000 
1 
N _. ын 
ds = (14388) х (2040) V = 1.096. 
1 — exp 
1000 


q* = (11.47) x (1.207) x (1.056) = 14.62. 
Putting it all together yields 


Со — GẸ (0) = (8.3145 J mol! K^!) x (1000 K) 
x In[(1.752 х 108) x (1614) х (14.62) x (1)] 


= 2415 x 10 J mol! =| 241.5 kJ mol”! | 
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Answers to discussion questions 


Molecules with a permanent separation of electric charge have a permanent dipole moment. In molecules 
containing atoms of differing electronegativity, the bonding electrons may be displaced in such a way 
as to produce a net separation of charge in the molecule. Separation of charge may also arise from 
a difference in atomic radii of the bonded atoms. The separation of charges in the bonds is usually, 
though not always, in the direction of the more electronegative atom but depends on the precise bonding 
situation in the molecule as described in Section 18.1(a). A heteronuclear diatomic molecule necessarily 
has a dipole moment if there is a difference in electronegativity between the atoms, but the situation in 
polyatomic molecules is more complex. A polyatomic molecule has a permanent dipole moment only 
if it fulfills certain symmetry requirements as discussed in Section 12.3(a). 


An external electric field can distort the electron density in both polar and nonpolar molecules and this 
results in an induced dipole moment that is proportional to the field. The constant of proportionality is 
called the polarizability. 


Dipole moments are not measured directly, but are calculated from a measurement of the relative 
permittivity, єг (dielectric constant) of the medium. Equation 18.15 implies that the dipole moment 
can be determined from a measurement of єг as a function of temperature. This approach is illustrated 
in Example 18.2. In another method, the relative permittivity of a solution of the polar molecule is 
measured as a function of concentration. The calculation is again based on the Debye equation, but in a 
modified form. The values obtained by this method are accurate only to about 10%. See the references 
listed under Further reading for the details of this approach. A third method is based on the relation 
between relative permittivity and refractive index, eqn 18.17, and thus reduces to a measurement of the 
refractive index. Accurate values of the dipole moments of gaseous molecules can be obtained from the 
Stark effect in their microwave spectra. 


If the A—H bond in the A—H- - - B arrangement is regarded as formed from the overlap of an orbital 
on A, Wa, and a hydrogen 15 orbital wy, and if the lone pair on B occupies an orbital on B, Wp, then, 
when the two molecules are close together, we can build three molecular orbitals from the three basis 
orbitals: 


V = Ca Ya + Снун + Cavs. 


One of the molecular orbitals is bonding, one almost nonbonding, and the third antibonding. These three 
orbitals need to accommodate four electrons, two from the A—H bond and two from the lone pair on B. 
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Two enter the bonding orbital and two the nonbonding orbital, so the net effect is a lowering of the 
energy, that is, a bond has formed. 


А molecular beam is a narrow stream of molecules with a narrow spread of velocities and, in some 
cases, in specific internal states or orientations. Molecular beam studies of non-reactive collisions are 
used to explore the details of intermolecular interactions with a view to determining the shape of the 
intermolecular potential. 


The primary experimental information from a molecular beam experiment is the fraction of the molecules 
in the incident beam that is scattered into a particular direction. The fraction is normally expressed in 
terms of d7, the rate at which molecules are scattered into a cone that represents the area covered by 
the ‘eye’ of the detector (Fig. 18.14 of the text). This rate is reported as the differential scattering cross- 
section, о’, the constant of proportionality between the value of d/ and the intensity, Г, of the incident 
beam, the number density of target molecules, N, and the infinitesimal path length dx through the sample: 


dI = oINdx. 


The value of о (which has the dimensions of area) depends on the impact parameter, Р, the initial 
perpendicular separation of the paths of the colliding molecules (Fig. 18.15), and the details of the 
intermolecular potential. 


The scattering pattern of real molecules, which are not hard spheres, depends on the details of the 
intermolecular potential, including the anisotropy that is present when the molecules are non-spherical. 
The scattering also depends on the relative speed of approach of the two particles: a very fast particle 
might pass through the interaction region without much deflection, whereas a slower one on the same 
path might be temporarily captured and undergo considerable deflection (Fig. 18.17). The variation of 
the scattering cross-section with the relative speed of approach therefore gives information about the 
strength and range of the intermolecular potential. 


Another phenomenon that can occur in certain beams is the capturing of one species by another. The 
vibrational temperature in supersonic beams is so low that van der Waals molecules may be formed, 
which are complexes of the form AB in which A and B are held together by van der Waals forces 
or hydrogen bonds. Large numbers of such molecules have been studied spectroscopically, including 
ArHCI, (НСІ), ArCO2, and (H2O)2. More recently, van der Waals clusters of water molecules have 
been pursued as far as (H2O)g. The study of their spectroscopic properties gives detailed information 
about the intermolecular potentials involved. 


Solutions to exercises 


A molecule that has a center of symmetry cannot be polar. $8Оз(Юзһ) and XeF4(D4n) cannot be polar. 
SF, | (see-saw, C2y) may be polar. 





и = (и? + n + 201и соѕ0)!/2  [18.2a] 


= [(1.5)2 + (0.80)? + (2) x (1.5) х (0.80) x (cos 109.5]? D =| 1.4D 
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The components of the dipole moment vector are 
у= > ax = (4e) x (0) + (—2e) х (162 pm) 
| + (—2е) x (143 pm) х (cos 30°) = (—572 pm)e 
and иу = У qiyi = (4e) x (0) + (—2e) x (0) + (—2e) x (143 pm) x (sin 30°) = (—143 pm)e 
i 
The magnitude is 
u = (uż + ud)? = ((—570)? + (—143)7)!/? pm e = (590 pm)e 


= (590 x 107 m) x (1.602 x 107? C) = | 9.45 х 107? C m 


: -143 Ne 
and the direction is Ө = tan^'! z = tan”! E =| 194.0? | from the x-axis (i.e. 14.0? below the 
23 ~ 


negative x-axis). 


The molar polarization depends on the polarizability through 


Na и? 
pada £ 
ж (« + ЭЕТ 


This is a linear equation in 777! with slope 








Naw? Seokm\'/? 2 
йр аз ae M uc ( * ") = (4.275 x 107 C m) х (m/(m? mol! K))'? 
E0K A 


and with y-intercept 


N 320b 
ь=-А® so о = 2807 = (4411 x 10-35 С2 m? J-!)b/(m? тої!) 
3£0 NA 


Since the molar polarization is linearly dependent on T~!, we can obtain the slope т and the intercept b 


Pm2— Pmi (15.74 — 71.43) cm? mol! 


"= ттт" © (3200К)—!—(4217К)—! 


= 5.72 x 103 cm? mol! К 


and b= Рь – mT~! = 15/14 cm? mol! — (5.72 х 10° cm? mol! K) x (320.0К)7! 


= 57.9 ст? mol! 


It follows that 


и = (4.275 х 107? C m) х (5.72 x 1077)77 = | 3.23 x 1079 C m 


and 


а = (4.411 x 107 C? m? J7!) х (579 x 10-6) = | 2.55 х 10-3 С2 m? J! 
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E18.5(b) The relative permittivity is related to the molar polarization through 


& — 1 рРъ _ ! 2C+1 
= —— = С so & = 


& +2 М 1-C’ 








_ (1.92 gem) x (32.16 ст? mol!) 
Е 85.0 g тог”! 


2 х (0.726) + 1 
= ome 71597) 


E18.6(b) The induced dipole moment is 


С = 0.726 


и* = ає = 4лєда' ғ 


= 4л(8.854 x 107? J7! C? тт!) х (2.22 х 10-30 m3) x (15.0 х 10? V m7!) 
-1371 х10-36 С m 


E18.7(b) If the permanent dipole moment is negligible, the polarizability сап be computed from the molar 
polarization 


ГЭР” Naa w ox З=оРт 
син 3&0 B NA 





and the molar polarization from the refractive index 














pPm _ &—1_п —1 зам (= 1) 
м +2 п +2 ` Мар 


= п? + 2 


3 х (8.854 x 1072 J7! C? тт!) х (65.5 то!) : (22, - ) 
ё (6.022 х 1023 mol!) х (2.99 x 106 вт-3) 1.6222 +2 


= | 3.40 x107% С? m? 17! 


E18.8(b) The solution to Exercise 18.7(а) showed that 


ЗғоМ (==) —— ( 3M )«(&x) 
= х as 
T pNa п2 + 2 4лр№А п? +2 
which тау be solved for п, to yield 
, ”ү1/2 
В”--20 , ‚ 3M 
= | — th = 
" ( В’ — а’ шр 4лрМА 


p- (3) х 723gmol ^!) 
— (4л) x (0.865 x 106 g m3) x (6.022 x 1023 mol!) 


EB 1/2 
ae (Gir x 22) - [139] 


33.14 — 22 




















= 3.314 x 10-29 m? 
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E18.9(b) The relative permittivity is related to the molar polarization through 


& — 1 pPm 2C +1 
——— = — = SO & = 
& +2 М 1-С 





The molar polarization depends on the polarizability through 


Na Д? pNa ‚ В? ) 
= — == = 4 Um 
Ра = 365 (« ш 25) Ви гал 
(1491 kg m^?) x (6.022 x 1023 шог!) 
— 3(8.854 x 10-12 J-! C2 m-!) х (157.01 x 10-3 kg mol!) 





x (4x (8.854 x 10-12 7-1 C2 тт!) x (1.5 x 10-29 m3) 





(5.17 x 10-30 Cm)? ) 
3(1.381 x 10-23 J K-!) x (298 К) 


2(0.83) + 1 
C=0:83 and «к= a =[16] 


М 18.02 g шог”! -5-3 ed 
E18.10(b Werte эт Bd х ИН eril 
(b) пр 0994 х 103 gm? шээх 


2YVm _ 2(7.275 x 10-2 N m!) х (1.803 х 105 m? mol!) 


rRT (20.0 x 10-? m) x (8.314JK-! mol!) x (308.2 K) 





= 5.119 x 1072 
р = (5.623 kPa) e005119 — | 5.92 kPa 


E18.11(b) y= sehr - ; (0.9956 вст?) х (9.80772) х (9.11 х 1072 т) 


х (0.16 х 1077 т) х (окт) 


gcm-? 





= [742 x 10-2 Nm! 


2y (2) х (22.39 x 10-3 N m7!) 
E18.12(b) Pin — Рош = > [18.38] = Сайны | -12.04 x 10? Ра 





Solutions to problems 


Solutions to numerical problems 





P18.1 The positive (H) end of the dipole will lie closer to the (negative) anion. The electric field generated by 
a dipole is 
и 2 
Os — | [18.21 
(аа) *{ nein 
(2) х (1.85) х (3.34 х 10? Cm) 111x107? Vm! 1.11 x 108 V m^! 





T (4m) х (8854 x 10-2 J-1 C m-1) x (r/m)? ^ (r/m? 
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(a 4 =|1.1х 10 V m^! | whenr = 1.0 пт. 
1.11 x 108 V m~! 

(b) g= y —= 4 x 10? V m^! | forr = 0.3 пм. 
1.11 x 108 V m7! 

() 4 р -|4kV m | for r — 30 nm. 


The equations relating dipole moment and polarizability volume to the experimental quantities e; and 
p are 














M & 1 4л , Nau? : , 
Pm = | — 18.14] and Pm = — М 18.15, witha = 4 , 
ii (=) x (2-5) 1 ] апа Pm 3 AQ + ОЕТ [ with о лє00 | 


Therefore, we draw up the following table (with М = 119.4 gmol7!). 


9/°С —80 —70 —60 —0 -20 0 20 





TIK 193 203 213 233 253 273 293 
1000/(Т/К) 5.18 493 469 429 3.95 3.66 3.41 
& 31 31 70 65 60 55 50 
— 041 041 0.67 0.65 0.63 0.60 0.57 
Er 

p/g стт? 1.65 1.64 1.64 1.61 1.57 1.53 1.50 


Pm/(cm? mol!) 298 29.9 48.5 48.0 47.5 56.8 454 





Pm is plotted against 1/T in Fig. 18.1. 





> 
> 


Р,/(ст шог!) 


бт 2 3 als б 
10°/(T/K) m.pt. Figure 18.1 


The (dangerously unreliable) intercept is ~ 30 and the slope is = 4.5 х 10°. It follows that 


3 -1 
af = OX Bem me) e [12x 1075 em] 
(4л) x (6.022 x 1023 mol) 
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To determine и we need 


оу 1/2 
(=) x (slope x cm? mol”! К)!/? 
Na 





5 E » 1/2 
(9) x (8.854 x 10-2 J7! C? т!) x (1.381 x 1072 JK-') 
6.022 x 10-23 mol! 


x (slope x cm? mol! Kk)? 


1/2 
= (4.275 x 10729 C) x (zs) x (slope x cm? mol! К)!/? 


= (4.275 х 107? C) x (slope x cm? тт !)!/? 
= (4.275 x 10-3? C т) x (slope)!/? = (1.282 х 107? D) x (slope)? 


= (1.282 x 107? D) x (4.5 x 10°)!/? =| 0.86 D |. 


The sharp decrease in Ри, occurs at the freezing point of chloroform (—63°C), indicating that the dipole 
reorientation term no longer contributes. Note that Pm for the solid corresponds to the extrapolated, 
dipole-free, value of Pm, so the extrapolation is less hazardous than it looks. 





4л pa Naw 
ырза: o 
3 ^" 9юГ 


Therefore, draw up the following table. 


P18.5 Pm = [18.15, with а = 47007]. 


Т/К 292.2 309.0 333.0 387.0 413.0 446.0 


1000/(T/K) 342 324 300 258 242 224 
Pm/(cm3 тої!) 57.57 55.01 51.22 44.99 42.5] 39.59 


The points are plotted in Fig. 18.2. 


The extrapolated (least squares) intercept lies at 5.65 cm? mol-! (not shown in the figure), and the least 
squares slope is 1.52 x 10* cm? K~! mol-!. It follows that 


1 ЗР. (at intercept) = 3 x 5.65 ст? mol! 
Е 4nNa — 4x x 6.022 x 1023 шог! 


= | 2.24 x 10-24 cm? | 


= 1.282 x 107? D x (1.52 х 10%)!/? [from Problem 18.3] = | 1.58 D |. 


The high-frequency contribution to the molar polarization, Р, at 273 К may be calculated from the 
refractive index: 


Pn = (>) * (=>) naa (5) х (255) 
р £p +2 p n2+2 
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60 = 





л 
о 


Р,/(ст шог!) 


Assuming that ammonia under these conditions (1.00 atm pressure assumed) сап be considered a perfect 
gas, we have 


_ РМ 
P= RT 
М RT 32.06 ст3 аш К шоГ!х273К 
and — = — = eee = 2.24 x 10* cm? mol! 
p 1.00 atm 


^x О | = [566em mor] 
Le ^ cm? | -15.66 1 
Then Pj, = 224 x 10° ст" mol x [eo 379 = = ст” то 


If we assume that the high-frequency contribution to Pm remains the same at 292.2 К then we have 


Nap? = 
9eokT Е 


= 51.91 cm? mol! = 5.191 x 1077 m? шог”. 


— Pm! = (57.57 — 5.66) cm? mol! 





Solving for и we have 


Sek \ 1/2 
jim (=) put БУША, 
A 


‚\ 1/2 
The factor (=) has been calculated in Problem 18.3 and is 4.275 x 10-29 C х (mol/K m)!/?. 
A 


pios : Ё 
Therefore и = 4.275 x 10-2 С х (=) х (292.2 K)!/? х (5.191 х 1075)!/2(m3/mol)!/? 
m 


= 5.26 x 107? Cm = [1.580] 


The agreement is exact! 
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P18.7 (a) The depth of the well in energy units is 


= = hcD, = | 1.51 x 1072 J|. 


The distance at which the potential is zero is given by 


Re =2\6 so rp = Re27 "8 = 27/9297 рт) = [265 pm | 


(b) In Fig. 18.3 both potentials were plotted with respect to the bottom of the well, so the Lennard-Jones 
potential is the usual L-J potential plus e. 


— и 


—*— Morse 





200 300 400 500 
r/pm Figure 18.3 


Note that the Lennard-Jones potential has a much softer repulsive branch than the Morse. 


Р18.9 Neglecting the permanent dipole moment contribution, 
М 
Ра = A. [18.15] 
360 i 


(6.022 x 1023 mol!) х (3.59 x 10-40 J-! C? m?) 
3(8.854 x 10-!2 J7! C? m-!) 


= 8.14 x 10-6 m? mol! = | 8.14 cm? mol”! |, 


є — 1 pPm 
= — [18.16 
& +2 M | l 








_ (0.7914 ёст?) x (8.14 cm? шог!) 
Е 32.04 g mol! 


& — 1 = 0.2018; + 0.402; | er = 1.76] 
n, = є1/? [18.17] = 0.76? = [1.33] 


The neglect of the permanent dipole moment contribution means that the results are applicable only to 
the case for which the applied field has a much larger frequency than the rotational frequency. Since red 
light has a frequency of 4.3 х 10!# and a typical rotational frequency is about 1 х 1012 Hz, the results 
apply in the visible. 


= 0.201. 





Р18.11 


Р18.13 
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Solutions to theoretical problems 


Exercise 18.7 showed 


(сай) (2) : ( 3M ) (2) 
а = х (5—6 | or = х | — : 
PNA n +2 4npNa ne +2 


п2 —1 _ 4ло/МАр 




















Therefore, = 
п2 +2 3M 
8ла рМА ын 8ло/ р 1/2 
| 73M 1+ XT М Mp 
Solving fi „зке | =. = | —— u 2 be ga nee ЭР. 
olving for лг, пг | хо ai; | inan fora gas р Vs d 
3M ЗАТ 





8па’р 4ло/рү1!7 1 
А 1 + —— 1 —— v1 
(и 07) (155255) p M 


5 


12ла'р We 2na'p 2 1 
де (1 TN А | 1 МЗ ы] ысу, 
( tt ) цаа [ +® +3] 


з 2xa' 
Hence, | п; = 1 + const. x p |, with constant = UT From the first line above, 


: 3M ni—1 3kT п2 – 1 
© == х 1 = чүог01:Ж г Я 
4nNap п +2 47р п2 +2 
Consider a single molecule surrounded by № — 1(* №) others in a container of volume V. The number 


of molecules in a spherical shell of thickness dr at a distance r is 4лг? x (N/V) dr. Therefore, the 
interaction energy is 


E cus FN — C6 -4лМС, [ dr 
и= [| ал? x (у) x 24 dickes mul MC 
where R is the radius of the container and d the molecular diameter (the distance of closest approach). 
Therefore, 


4x am 11ү —4лМ% 
Bee Le © ua зуд 


because d < К. The mutual pairwise interaction energy of all N molecules is И = 1 Nu (the E appears 
because each pair must be counted only once, i.e. A with B but not A with B and B with A). Therefore, 


PE —2nN2C® 
^| зу | 


? 9 > 
^ aU 2xN*C 2xN; Cg 

For a van der Waals gas, y = (5) = 252 and therefore а = a m [М = nNA]. 
2 А 2] 




















Р18.15 


Р18.17 
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The number of molecules in a volume element т is M dt/V = Мат. The energy of interaction of these 
molecules with one at a distance r is VN dr. The total interaction energy, taking into account the entire 
sample volume, is therefore 


и = | VN dt = М | Vdr [Vis the interaction energy, not the volume]. 


The total interaction energy of a sample of N molecules is УМ (Ше : is included to avoid double 
counting), and so the cohesive energy density is 


и  —lNu 1 1 
И = –— = 2 ми = -5A* | var. 





V V 
For Y = —Ce/r and dt = 4nr? dr, 


U оф» 2x А206 
—— =2nN°-C — кыы учайын 
V d Ji r^ 3 л 43 


However, ЛГ = МАр/М, where M is the molar mass; therefore 


(8) C) =) 


Once again (as in Problem 18.16) we can write 





И = 











Ь 
ЕЙ) + 


0 b > К, + R2(v) 


л — 2 агсѕіп ( 
0(v) = 


but R2 depends on v 
R»(v) = Roe "/ 


Therefore, with Ау = 182 and b = 1R,, 
1 
(а) (v) = x — 2arcsin | —————— |. 
) T ( 1 + 2e-v/* ) 
- 1 . 

(The restriction b < Ау + А (у) transforms into 212 = 28: 4-Кое””/””, which is valid for ай v.) 

This function is plotted as curve a in Fig. 18.4. 

The kinetic energy of approach is E = imv?, and so 


(b) (E) = m—2arcsin NE 


in Fig. 18.4. 


: 1 : Яг 
) with E* = jm. This function is plotted as curve b 
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Solutions to applications 


P18.19 (a) The energy of induced-dipole-induced-dipole interactions can be approximated by the London 
formula (eqn 18.25): 


Е Зала hl _ За? 











6 25$ h+bh 46 


160 = 


80 + 


0/deg 


40 i 





0 2 4 6 8 10 
(a) v/v* and (b) E/E* Figure 18.4 


where the second equality uses the fact that the interaction is between two of the same molecule. 
For two phenyl groups, we have 


3(1.04 x 10-2? m3)?(5.0 eV)(1.602 x 10:19 Jev-!) 
4(1.0 x 10-9 т)6 


V= = 6.6 x 10723 J 


or} —39 J mol! | 


(b) The potential energy is everywhere negative. We can obtain the distance dependence of the force by 





taking 
dV 6C 


^ dr rm 


This force is everywhere attractive (i.e. it works against increasing the distance between interacting 
groups). The force | approaches zero as the distance becomes very large |; there is no finite distance 
at which the dispersion force is zero. (Of course, if one takes into account repulsive forces, then the 
net force is zero at a distance at which the attractive and repulsive forces balance.) 








P18.21 (a) The dipole moment computed for trans-N -methylacetamide is 


и = (3.092 D) x (3.336 x 10720 C m D7!) = | 1.03 x 107? C m 


(semi-empirical, PM3 level, PC Spartan Pro™). The dipole is oriented mainly along the carbonyl 
group. The interaction energy of two parallel dipoles is given by eqn 18.22: 


0 
у= шшо/ (0) where f (0) = 1 — 3 соѕ20 
4neor3 
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and г is the distance between the dipoles and Ө the angle between the direction of the dipoles and the 
line that joins them. The angular dependence is shown in Fig. 18.5. Note that V(@) is at a minimum 
for Ө = 0° and 180° while it is at a maximum for 90° and 270°. 


V(0)/J mor! 








1 ү E Ё---4 
0 50 100 150 200 250 300 350 


0/deg Figure 18.5 





(b) If the dipoles are separated by 3.0 nm, then the maximum energy of interaction is: 


1.031 x 1077? Cm)? = 
Vmax ( Е ш) =|3.55 x 10-2 j| 


~ An(8854 x 10-2 1—1 C m-1) x (30 x 102m)? 





In molar units 


Vmax = (3.55 х 10723 J) х (6.022 х 1073 mol!) = 21 J тої! = 2.1 x 107? kJ шог”. 


Thus, dipole-dipole interactions at this distance are | dwarfed by hydrogen bonding interactions |. 


However, the typical hydrogen bond length is much shorter, so this may not be a fair comparison. 





P18.23 Here is a solution using MathCad. 


7.36 8.37 8.3 7.47 7.25 6.73 8.52 7.87 7.53 
(a) Data := | 3.53 4.24 4.09 345 2.96 2.89 4.39 4.03 3.80 
1.00 1.80 1.70 1.35 1.60 1.60 1.95 1.60 1.60 


logA := (Data)  S:— (Data)? W := (Data')'? Мху:= augment(S,W) 
0.957 bo 
info := regress(Mxy, logA,1) b := submatrix(info, 3,5,0,0) b= (=) bi 
3.59 / 62 
(b) W:=1.5 Estimate for Given/Find Solve Bank 
5 := 4.84 logA := 7.60 
Given logA = bo + b4 -S+bo-W W :=Find(W) W = 1.362 
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019.3 


Materials 1: 
macromolecules and 
aggregates 





Answers to discussion questions 


Number average is the value obtained by weighting each molar mass by the number of molecules with 
that mass (eqn 19.1) 


М, = < NM 


In this expression, М; is the number of molecules of molar mass М; and М is the total number of molecules. 
Measurements of the osmotic pressures of macromolecular solutions yield the number average molar 
mass. 
Weight average is the value obtained by weighting each molar mass by the mass of each one present 
(eqn 19.2) 

| Умм? 

Ма = — > mit = ——— 193. 
m >. i 2, ММ; 
1 


In this expression, т; is the total mass of molecules with molar mass М; апа т is the total mass of the 
sample. Light scattering experiments give the weight average molar mass. 


Z-average molar mass is defined through the formula (eqn 19.4) 


Умм? 
i 


ETP) 


> ММ; 
1 


7 


The Z-average molar mass is obtained from sedimentation equilibria experiments. 


Contour length: the length of the macromolecule measured along its backbone, the length of all its 
monomer units placed end to end. This is the stretched-out length of the macromolecule, but with bond 
angles maintained within the monomer units. It is proportional to the number of monomer units, М, and 
to the length of each unit (eqn 19.30). 


Root mean square separation: one measure of the average separation of the ends of a random coil. It is 
the square root of the mean value of R?, where R is the separation of the two ends of the coil. This mean 
value is calculated by weighting each possible value of А? with the probability, f (eqn 19.27), of that 
value of К occurring. It is proportional to N!/? and the length of each unit (eqn 19.31). 
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Radius of gyration: the radius of a thin hollow spherical shell of the same mass and moment of inertia as 
the macromolecule. In general, it is not easy to visualize this distance geometrically. However, for the 
simple case of a molecule consisting of a chain of identical atoms this quantity can be visualized as the 
root mean square distance of the atoms from the center of mass. It also depends on №!/?, but is smaller 
than the root mean square separation by a factor of (1/6)'/? (eqn 19.33). 


For a molecular mechanics calculation, potential energy functions are chosen for all the interactions 
between the atoms in the molecule; the calculation itself is a mathematical procedure that locates the 
energy minima (local and global) of the molecule as a function of bond distances and bond angles. 
Because only the potential energy is included in the calculation, contributions to the total energy from 
the kinetic energy are excluded in the result. The global minimum of a molecular mechanics calcu- 
lation is a snapshot of the molecular structure at T = 0. No equations of motion are solved in a 
molecular mechanics calculation. The structure of a macromolecule (or any molecule, for that mat- 
ter) can, in principle, be determined by solving the time independent Schrédinger equation for the 
molecule with methods similar to those described in Chapter 11. But, due to the very large size of 
macromolecules, these methods may be impractical and, due to approximations to make them tractable, 
inaccurate. 


In a molecular dynamics calculation, equations of motion are integrated to determine the trajectories 
of all atoms in the molecule. The equations of motion can, in principle, be either classical (Newton’s 
laws of motion) or quantum mechanical. But, in practice, due to the very large number of atoms 
in a macromolecule, Newton’s equations of motion are used. Quantum mechanical methods are too 
time consuming, complicated, and at this stage too inaccurate to be popular in the field of polymer 
chemistry. 


A surfactant is a species that is active at the interface of two phases or substances, such as the interface 
between hydrophilic and hydrophobic phases. A surfactant accumulates at the interface and modifies 
the properties of the surface, in particular, decreasing its surface tension. A typical surfactant consists 
of a long hydrocarbon tail and other non-polar materials, and a hydrophilic head group, such as the 
carboxylate group, —CO, , that dissolves in a polar solvent, typically water. In other words, a surfactant 
is an amphipathic substance, meaning that it has both hydrophobic and hydrophilic regions. 


How does the surfactant decrease the surface tension? Surface tension is a result of cohesive forces 
and the solute molecules must weaken the attractive forces between solvent molecules. Thus molecules 
with bulky hydrophobic regions such as fatty acids can decrease the surface tension because they attract 
solvent molecules less strongly than solvent molecules attract each other. See Section 19.15(b) for an 
analysis of the thermodynamics involved in this process. 


A Langmuir—Blodgett (LB) film is a monolayer or multilayer film that has been placed upon a substrate 
by transferring a surface film from a liquid to the substrate. A Langmuir trough, shown in Fig. 19.1(a), is 
designed to perform the transfer. A surface film of water-insoluble, film-forming molecules is assembled 
upon the water by mechanical compression. Dipping and withdrawing the substrate affects mono- 
layer transfer. Repeated dipping produces multilayers. Weak van der Waals forces hold the monolayers 
together. 


Self-assembled monolayers (SAMs) do not require assembly by mechanical compression. SAMs form 
from charged materials that have adsorption-desorption properties that promote self-assembly as shown 
in Fig. 19.1(b). The substrate is simply immersed in a dispersion of the charged materials, withdrawn, 
and rinsed. Films are held together with either strong ionic bonds or covalent bonds. 
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Substrate 





Figure 19.1(a) 


self-assembly 
Figure 19.10 


Both methods yield well-organized monolayers but LB films upon water provide better organizational 
control than is possible with spontaneous self-assembled films. However, not requiring mechanical 
compression, SAMs are much more versatile. The strong bonding of SAMs gives long-lasting, stable 
films in contrast to the less stable van der Waals LB films. 


Solutions to exercises 


E19.1(b) The number-average molar mass is (eqn 19.1) 


E 1 [3 х (62) +2 х (78)| kg тог”! Zi 


The mass-average molar mass is (eqn 19.3) 


— УММ} 3х (62)? +2 х (18)? di 169 ко” | 
= К | = | 69 kg mol 
Mw = "SNM, 3х(62)42х(78) 5 10 


E19.2(b) For a random coil, the radius of gyration is (19.33) 


R; = I(N/6)'/? so № = 6(Re/I)? = 6 x (18.9 nm/0.450 nm)? = | 1.06 x 104 


E19.3(b) (a) Osmometry gives the number-average molar mass, so 


— _NiM,+N2M2 (qm/M)Mi + (m2/M2)M2 _ mı + тә 
ЯР ERA к. A 


мМ+№ — (m/M)+(m/M) (т/Му)- (m2 /M2) 


ez [assume 100 g of solution] = | 8.8 kg тог”! 


( 25g )+( 75g ) 
22kg mol"! 22/3 kg шог”! 
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(b) Light-scattering gives the mass-average molar mass, so 


em mM, + т2М› (25) x (22) + (75) x (22/3) _1 |! кв тог” | 
= .ш К | =| 11К® mol 
М, =e ETE gmo 


E19.4(b) The formula for the rotational correlation time is 





Ana) 
3kT 
n(H2O, 20°C) = 1.00 х 1077 кет” s~![CRC Handbook] 


4л x (4.5 x 1079m)? x 1.00 х 10 кетт! s^! [5а x 10-*s] 
- = |9.4 х 10778 
1 3 x 1381 х 10-3JK-! x 293K [94 x 105| 


E19.5(b) The effective mass of the particles is 








те = bm = (1 — pvs)m [19.14] = m — рут = vpp — ур = V(pp — p) 
where v is the particle volume and рр is the particle density. Equating the forces 
теге? = fs = бл паз [19.15, 19.12] 


огу(рр — p)ro? = ла” (рр — p)ro? = 6r nas 


Solving for s yields 


2a? (рр — p)ro* 
s = ————— 
9n 
" ? А 5 a2 (pp — pn a2 5 (Pp — р)? 
Thus, the relative rates of sedimentation are — = ЕС eee 
sı ay (Pp — 0)1 а] (0p— p) 
The value of this ratio depends on the density of the solution. For example, in a dilute aqueous solution 
with p = 1.01 естт? , the difference in polymer densities matters in that the factor involving densities 
is significantly different than 1: 


52 > (1.10 — 0.794) 
igi - 56 
697 (1.18 — 0:794) [56] 


51 


N 


In a less dense organic solution, for example а dilute solution in octane with р = 0.71 gcm~?, the 
density difference has a smaller effect, for the factor involving densities is closer to 1: 


52 2 (1.10 — 0.71)2 
— = (8.4)* = 59 
51 0) (1.18 — 0.71); 


In both cases, the larger particle sediments faster. 


E19.6(b) The molar mass is related to the sedimentation constant through eqns 19.19 and 19.14: 


y T. SRT 
^ bD (1-руэр 


E19.7(b) 


E19.8(b) 


E19.9(b) 
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where we have assumed the data refer to aqueous solution at 298 K. 


ы: (7.46 x 107! s) x (8.3145J K^! mol7!) x (298 K) 
ur [1 — (1000 kg m?) x (8.01 x 10-4 m3 kg~!)] x (7.72 x 10-И m2 s-!) 


=| 120 kg тої! 


See the solution to Exercise 19.5(b). In place of the centrifugal force тег? we have the gravitational 
force mer. The rest of the analysis is similar, leading to 





ЭР 2a (py -pg _ (2) х (15.5 х 10-6 m)? х (1250 — 1000) kg m^? х (9.81 ms?) 
| 9n Е (9) х (8.9 х 10-4 kg m-!s-!) 


= | 1.47 х 10-4 шв?! 


The molar mass is related to the sedimentation constant through eqns 19.19 and 19.14: 


J- SRT SRT 
р | (1— pv)D 


Assuming that the data refer to an aqueous solution, 
(51 x 107! s) x (8.3145J К-! mol!) х (293 K) [5бкашог | 
[1 — (0.997 g cm?) x (0.721 cm?g-!)] х (79 х 10-1! m? s7!) 


In a sedimentation experiment, the weight-average molar mass is given by (eqn 19.20) 


3I 








HI 2RT My, (r2 — r2)bo* 
My = 55 а 2 80 Б »( — т) 
(r5 = үү )e? с C] 2RT 
This implies that 
1 Myr bof + constant 
= — sta 
шинийн er 


so the plot of In с versus r? has a slope т equal to 


Мура? —  28Т 
mat = and Му = сы 


2КТ bo? 








— _ 2x(83145JK-! mol!) x (293K) x (821 ст 2) x (100стт-!)? 
"= (1000 kg m^?) x (7.2 х 10-4 m? kg^!)] x [(1080 s7!) х (2л)]? 


-13 x 10? kg mol”! 


E19.10(b) The centrifugal acceleration is 


a = го? soa [в = ro? [в 


2 
(5.50 ст) х [2m х (1.32 x 107 s!)] 
= =| 3.86 x 10 
afs (100cm m=!) х (9.81 ms~) 
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E19.11(b) For a random coil, the rms separation is [19.31] 


Rims = М!/?1 = (1200)? х (1.125 nm) = | 38.97 nm 


E19.12(b) Polypropylene is -(CH(CH3)CH2)—y, where М is given by 


P19.1 


P19.3 


_ Mpotymer _ __ 174квтог! 


= = = 4.13 x 10? 
Mmonomer 42.1 x 10-3 kg то]! 


М 





The repeat length / is the length of two С-С bonds. The contour length is [19.30] 


К. = NI = (4.13 x 103) x (2 х 153 х 107!°m) = | 1.26 x 10-6 m 


The rms seperation is [19.31] 


Вик = IN? = (2 x 153 x 107 m) x (4.13 x 10°)!/? = | 1.97 х 10-8 m | = 19.7 nm 


Solutions to problems 


Solutions to numerical problems 


5 
Sz 





= 119.16). 


Si dr s ldr dinr 
ince s = —, - = – — = 
dt r rdt dt 





and, if we plot In r against t, the slope gives 5 through 


= 1 dinr 
“ад dt 


The data are as follows 


t/ min 155 201 36.4 58.2 


ricm 505 569 512 519 
In(r/cm) 1.619 1.627 1.633 1.647 


The points are plotted in Fig. 19.2. 


The least-squares slope is 6.62 x 10-4 шиш, so 





6.62 x 10-4 тіпт! 6.62 x 107^ ши?! 1 min/60 - 
5- E 5 J ИРК: z Em NAR 2 S) _ 497 x 10-13 sor 15.05У | 
e (2x x 4.5 x 104/60 s) 


[n] = im (970—1) [19.23]. 
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In(r/cm) 


162... 





0 20 40 60 
t/min Figure 19.2 


We see that the y-intercept of a plot of the right-hand side against c, extrapolated to c = 0, gives [n]. We 
begin by constructing the following table using no = 0.985 g m^! 871. 


c/(g dm?) 132 289 573 9417 





n / no — 1 
X ВЕР / (dm? g^!) 0.0731 0.0755 0.0771 0.0825 
È 





100((n/n,) — He" /(dm? 877) 





Figure 19.3 


Р19.5 


Р19.7 
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We follow the procedure of Example 19.5. Also compare to Problems 19.3 and 19.4. 
. (n/no— 1 a 
[n] = lim ————— | [19.23] and [y] = КМ, [19.25] 
с c 


with К and a from Table 19.4. We draw up the following table using no = 0.647 х 10-3 kg m^! 877. 





c/(g/100 cm?) 0 02 04 06 08 10 
n/(1073 kg m7! s7!) 0.647 0.690 0.733 0.777 0.821 0.865 
((n/no — D/c) /(100 cm? р!) — 0.332 0.332 0.335 0.336 0.337 


The values are plotted in Fig 19.4, and the y-intercept is 0.330. 


0.338 





To 0.336 
Е 
o 
i 
= 0.334 
йы 
= 
& 032 
бб ЖЕ qo Wo x9 АЕС 
0 0.2 04 0.6 0.8 І 
c/(g/100 cm?) Еіриге 19.4 


Hence [п] = (0.330) х (100cm? g7!) = 33.0 cm? g^! 


My 33.0 cmg! — ү!22 
4 - - 3 
an zmo (=> ий 158 х 107. 


That is, М = | 158 kg mol! |. 


The empirical Mark-Kuhn-Houwink-Sakurada equation [19.25] is 








[n] = КМу. 


Аз the constant a may be non-integral the molar mass here is to be interpreted as unitless, that is, as 
My /(g mol~!). The units of К are then the same as those of [n]. 


We fit the data to the above equation and obtain K and a from the fitting procedure. The plot is shown 
in Fig 19.5. 


К = 0.0117 ст? g^! | and |a= 0.717 |. 
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у = 0.01167x°7!6! R = 0.99983 


250 


200 


150 


[n]/(cm? g ') 





0 0.2 0.4 0.6 0.8 1.0 
My /(mgmol') Figure 19.5 


(Many plotting programs can fit a power series directly. If not, the equation can be transformed into a 
linear one 


In[y] = In K + аш My 


so a plot of In (71 versus In M, will have a slope of a and a y-intercept of In К.) 


COMMENT. This value for a is not much different from that for polystyrene in benzene listed in Table 19.4. 
This is somewhat surprising as one would expect both the K and a values to be solvent-dependent. THF 
is not chemically similar to benzene. On the other hand, benzene and cyclohexane are very much alike, yet 
the values of K and a as determined in Example 19.5 are markedly different from those in Table 19.4 for 
polystyrene in cyclohexane. 


See Section 5.5(e) and Example 5.4. 
h RT BRT 


= = —— + —>-c [Example 5.4]. 
с РМ. — pgM, 





We plot Л/с against с. Draw up the following table. 


c/(g/100 cm?) 0.200 0.400 0.600 0.800 1.00 


h/cm 048 112 186 276 3.88 
h 7400 cm*g!) 24 280 310 345 3.88 
С 


The points are plotted in Fig. 19.6, and give a least-squares intercept at 2.043 and a slope 1.805. 


Therefore, RT /оеМ, = (2.043) х (100 ст“ g7!) = 2.043 х 10-3 т“ Кр”! and hence 


«sl ai 
M, (8314 J K^" mol ) x (298 К) Е 155 kg mol”! | 


~ (0.798 х 103 kg m^?) х (9.81 m 5-2) х (2.043 x 10-3 m4 ке!) 
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(h/c) (100 cm? рт!) 
[25] 











0 0.2 0.4 0.6 0.8 | 
с/(8/100 cm?) Figure 19.6 


From the slope, 





4 5-1 _ 
ВАТ (B08) x (21:55) = 1.805 х 10% cm? g7? = 1.805 х 1075 m" kg? 
РЕМ, 8/(100 ст?) 
апа һепсе 


= (288) x М, x (1.805 х 1075 m" kg?) 


_ (155 kg mol!) x (1.805 x 1074m” kg 7) 
Е 2.043 x 10-3 m^ кв! 


= | 13.7 n? mol”! |. 





Solutions to theoretical problems 


P19.11 See the discussion of radius of gyration in Section 19.8(a). For a random coil Rg ос N!/? сх M!/?, 
For a rigid rod, the radius of gyration is proportional to the length of the rod, which is in turn 
proportional to the number of polymer units, N, and therefore also proportional to M. Therefore, 
poly(y-benzyl-L-glutamate) is rod-like whereas polystyrene is a random coil (in butanol). 


P19.13 dN x e- M-MY 2v aM. 
Call the constant of proportionality К, and evaluate it by requiring that / dN = М. 
Let M -М = (2y)!/2x so dM = (2у)!/2ах 


and N = [20 Ке-07-МУ/уам = К(2у)!/2 [® е- dx where а = М/(2у)!/. 


Note that the point х = 0 represents М = M, and x = —a represents М = 0. In a narrow distribution, 
the number of molecules with masses much different than the mean falls off rapidly as one moves away 
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from the mean; therefore, dN = 0 at М < 0 (that is, at x < —a). Therefore 


oo 2 
М ж xay" | e^* dx = К(2у)!/2л!/. 


—© 
М : : : 
Непсе, К = Ory It then follows from turning eqn 19.1 into an integral that 
—(М-М)?/2у 
"s oe "unl = ы 


= буут] (Qn ^x Mie ayuu 


2y 1/2 poo 52 М ВЕ: 
12) ], г + уул” 9 


Once again extending the lower limit of integration to — со adds negligibly to the integral, so 


РА ay \!? 1 A 2у 12 
м, = (2) x к [1+ (2) м =м+ (>) | 
л 2y л 
Р19.15 (a) Following Justification 19.4, we have 


оо 
Kins = | R?fdR 
a ЭР 3 1/2 
with = 4x (— 45 Ке а = (=) [19.27]. 


ав? 3 3 ло 1/2 
Therefore, Rh, = 4 ( <a) ҮГ Rie ^ Как = An (7 5) x (=) x (s) 


3 2 


Hence, Rims = NV? | 


(b) The mean separation is 


oe а \3 (9? 4 gm 
Reem = | Rf ar=4x (т) | Re ак 


a y (1 2 _| (aN), 
=4n (и) * (aa) = aa 7 (Ge 


(c) The most probable separation is the value of R for which f is a maximum, so set df/dR = 0 and 
solve for R. 


3 
Ut codx [d (28 — 2а?К3}е-®Ё =0 whena?R? = 1. 
dR xi? 
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Therefore, the most probable separation is 


1 2 \!? 
К---11|-М | 
а Ё ) 
When N = 4000 and / = 154 pm, 


(a) Rims = [9.74 nm]; (b) Rmean = [897 nm}, (©) R* = [7.95 nm | 


P19.17 We use the definition of the radius of gyration given in Problem 19.19, namely, 
Шэн у кў 
8 N£ Ji 
j 


(a) For a sphere of uniform density, the center of mass is at the center of the sphere. We may visualize 
the sphere as a collection of a very large number, N, of small particles distributed with equal number 
density throughout the sphere. Then the summation above may be replaced with an integration. 


2. 1N fy "Ра" r?P(r)dr 
= N | Р(д ` 


P(r) is the probability per unit distance that a small particle will be found at distance r from the 
center, that is, within a spherical shell of volume Anr?dr. Hence, P(r) = Anr?dr. If P(r) were 
normalized, the integral in the numerator would represent the average value of г2, so N times that 
integral replaces the sum. The denominator enforces normalization. Hence 


2 ПР" Ју 4nrtdr 3“ 3, 
К; = Bde Carei la 4 
е Pdr (r)dr fo 4nr?dr 1а 





(9) For a long straight rod of uniform density the center of mass is at the center of the rod and P(z) is 
constant for a rod of uniform radius; hence, 


3 
we 2 fu? dz _ 4304) ЁС” i 


= = = ‚ |R: = — | 
А m 12 * NA 





COMMENT. The radius of the rod does not enter into the result. In fact, the distribution function is P(r, z), 
the probability that a small particle will be found at a distance r from the central axis of the rod and z along that 
axis from the center, that is, within a squat cylindrical shell of volume 2лгагаг. Integration radially outward 
from the axis is the same in numerator and denominator. 


For a spherical macromolecule, the specific volume is 


У 4xd МА 3M \ 1/3 
у; = = Х-- 50 а= 
т 3 М 4л:МА 
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and 
3\'/2 (3yM V? 
ms) xf 
5 4 МА 


LI 1 (3v,/cm? g7!) х cm? g^! х (M/g тог!) x шог! Р 
(4л) х (6.022 x 1073mol~!) 








5 
= (5.690 х 107?) х (v,/cm? g^)? х (M/g тог) cm 
= (5.690 x 10^! ! m) х ((v,/cm? g7!) x (M/g тог). 


That is Rz /пт = | 0.05690 х {(vs/em3g~!) x (M/g тої !)!/?} | 


When М = 100 kg тог”! and у; = 0.750 cm? 2-1, 





К. /nm = (0.05690) x (0.750 х 1.00 х 107177 =| 2.40]. 


For a rod, умо = ла2/, so 
В„ = Vmol = УМ 4 1 
Р 2naà?/3 М 2ла2./3 
Ш (0.750 cm? g^!) х (1.00 x 105 g шог!) 
(6.022 x 1023 mol!) x (2x) х (0.5 х 10-7 cm)? x V3 


= 46 x 1075 cm = [46 nm. 


COMMENT. Rg may also be defined through the relation 
Emr? 
a nll 


Fe = Lm 


i 














Question. Does this definition lead to the same formulas for the radii of gyration of the sphere and the 
rod as those derived above? 


P19.19 Refer to Fig. 19.7. 





Figure 19.7 


The definition in the text (eqn 19.32) is 


1/2 
|! 2 aa д 1 2 
ву [5524] ю io aye UM aye LL 
ij 


Р19.21 


Р19.23 
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The scalar quantity hj; can be written as the dot product hj - hij. If we refer all our measurements to 
a common origin (which we will later specify as the center of mass), the interatomic vectors hj can 
be expressed in terms of vectors from the origin: hj = К; — R; . (If this is not apparent, note that 
Ri + hj; = Rj.) Therefore 


А 1 
Re = 3222, – Ri) + (Rj - Ri) 
5-4 


1 


І 1 
7342.2. Rj + Ri Ri — 2R; Е) = 35 Y Yu +R? – 2R; - Rj). 
j Б i j 
Look at the sums over the squared terms: 


у= уй =н уд. 


i i 


1 1 1 1 
Hence R? = — © R? — — Ri- R; = — В: —— Ri- К;. 


If we choose the origin of our coordinate system to be the center of mass, then 
2 j А 
Ук = К,-0 ad к=} Ку, 
i j j 


for the center of mass is the point in the center of the distribution such that all vectors from that point to 
identical individual masses sum to zero. 


Write t = aT, then 
дї 


aU 
(s =а and, using P19.20, —] =t—aT =0. 
91 /, al Jr 


Thus the internal energy is independent of the extension. Therefore 


9 95 
'=ат=т(э=) = (2) [Р19.20] 


and the tension is proportional to the variation of entropy with extension. Extension reduces the disorder 
of the chains, and they tend to revert to their disorderly (non-extended) state. 


Solutions to applications 


The center of the sphere cannot approach more closely than 2a; hence the excluded volume is 


4 4 
vp = 504? = 8 (оз) = [Brna] 


where упо! is a molecular volume. 
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The osmotic virial coefficient, B (see eqn 5.41), arises largely from the effect of excluded volume. If we 
imagine a solution of a macromolecule being built by the successive addition of macromolecules to the 
solvent, each one being excluded by the ones that preceded it, then the value of B turns out to be (P19.18) 


1 
Bc AVp 


where vy is the excluded volume due to a single molecule. 


1 32 16 
B(BSV) = 5МА х ER - 37a NA 


16x 
= (=) x (6.022 х 1023 шог!) х (14.0 х 107? шу =| 28 шд шог! |, 
16x 23 -1 —9 3 
B(Hb) — ^ ke (6.022 x 10^ mol) x (3.2 x 10 ?m)?? =| 0.33 m? шог ! |, 


П—П° — ВЕТ? 











Since IT = RT [Л + BRT[I]? +... [5.41], if we write 7° = КТ(1 ,the = ВЇЛ. 
] LJ], then ——7 gp PM 
For BSV, 
1.0 10g dm? 
Л = (=) х 10479) = ВОР = 935 x 10-7mol dm? 
M 1.07 х 107 g mol 
= 9.35 х 1075 mol m? 
and 
тп" 
m = 28 m? то! !) х (9.35 х 107^ mol m?) = 2.6 x 10-2 corresponding to | 2.6 per cent | 
10 g dm? 
For Hb, [J] — ЕЕЕ = 0.15 mol m? 


66.5 х 103 g шог”! 


Я -M° 89 -3 3 = _ -2 wh; 
and п = (0.15то1т ^) х (0.33 m° mol )--50х 1074 which corresponds to [5 per cent | 


(a) We seek an expression for а ratio of scattering intensities of a macromolecule in two different 
conformations, a rigid rod or a closed circle. The dependence on scattering angle Ө is contained 
in the Rayleigh ratio Rg. The definition of this quantity, in eqn 19.7, may be inverted to give an 
expression for the scattering intensity at scattering angle 0 





sin? ф 


Io = Rok , 
ө = Kolo 75 





where ф is an angle related to the polarization of the incident light and r is the distance between 
sample and detector. Thus, for any given scattering angle, the ratio of scattered intensity of two 
conformations is the same as the ratio of their Rayleigh ratios: 


Гоа сэ Коа " Prod 
[сс Ксс Рсс 








The last equality stems from eqn 19.8, which related the Rayleigh ratios to a number of angle- 
independent factors that would be the same for both conformations, and the structure factor (Ре) 
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that depends on both conformation and scattering angle. Finally, eqn 19.9 gives an approximate value 
of the structure factor as a function of the macromolecule's radius of gyration Rg, the wavelength 
of light, and the scattering angle: 


16л2К2 sin? (3) 332 — 16? Ко sin? (3) 
Nes 312 = 342 | 





The radius of gyration of а rod of length / is 
Roa = 1/(12)'/? [Section 19.8(a)]. 


For aclosed circle, the radius of gyration, which is the rms distance from the center of mass [P19.19], 
is simply the radius of a circle whose circumference is /: 


[= 2лАж so Re = —. 
2л 


The intensity ratio is: 
hod _ 
le з2-аря (10) 

Putting the numbers in yields: 


6/° 20 45 90 
а/с 0.976 0.876 0.514 





(b) I would work at a detection angle at which the ratio is smallest, i.e. most different from unity, 
provided I had sufficient intensity to make accurate measurements. Of the angles considered in part 
(a), is the best choice. With the help of a spreadsheet or symbolic mathematical program, the 
ratio can be computed for a large range of scattering angles and plotted (Fig. 19.8). 


1.0 


0.5 


Т.оа/Їсс 


0.0 








0 45 90 135 180 
or Figure 19.8 


A look at the results of such a calculation shows that both the intensity ratio and the intensities themselves 
decrease with increasing scattering angle from 0° through 180°, that of the closed circle conformation 
changing much more slowly than that of the rod. Note: the approximation used above yields negative 
numbers for Prog at large scattering angles; this is because the approximation, which depends on the 
molecule being much smaller than the wavelength, is shaky at best, particularly at large angles. 


Р19.27 
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The molar mass is given by eqn 19.19 


Г E ART [19.14, for b 
цайг U- pD 4m 


(4.5 x 10-135) x (8.314 J K^! mol!) x (293 К) = 
= OKO ar Oem | 
Now combine f = бла [19.12] with f = kT/D [19.11]: 


kT (1.381 х 10723 J K-!) x (293 К) 
a= =s —— 3.4 nm | 
6x5D (бл) x (1.00 x 10-3 kg m^!s-!) х (6.3 x 10-11 ш28:1) [342m] 





The isoelectric point is the pH at which the protein has no charge. At that point, then, its drift speed 


under electrophoresis, s, vanishes. Plot the drift speed against pH and extrapolate the line to 5 = 0. The 
plot is shown in Fig. 19.9. 





s/(um/s) 


sums) = -0.17pH + 0.655 
R? = 0.9797 





Figure 19.9 


Isoelectric pH is the x-intercept on the graph, that is, the value of x at which y = 0. One can find this by 
solving the fit equation: 


s/(um/s) = —0.17pH + 0.655 = 0 


so pH = `3.85 | 


COMMENT. One could obtain the result to about +0.05 pH by reading the value directly from the 
graph. 


(a) The data are plotted in Fig. 19.10. Both samples give rise to tolerably linear curves, so we estimate 
the melting point by interpolation using the best-fit straight line. 
The best-fit equation has the form Tm /K = mf + b, and we want Tm when f = 0.40: 


Csat = 1.0 x 1072 mol ат: Tm = (39.7 x 0.40 + 324) К =| 340 К | 
Csat = 0.15 тої ат 2: Ти = (39.7 x 0.40 + 344) К =| 360 К | 


Р19.33 
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375 


T,/K 
> 
л 
сл 

| 











/ Figure 19.10 


(b) The slopes are the same for both samples. The different concentrations of dissolved salt simply offset 
the melting temperatures by a constant amount. The greater the concentration, the higher the melting 
point. This behavior is not what is typically observed with small molecules, where the presence of 
dissolved impurities disrupts freezing and depresses the freezing point. The dissolved ions can 
interact with charged regions of the macromolecule that might otherwise experience unfavorable 
intramolecular interactions. For example, if two regions bearing negative charge would have to 
approach each other in the absence of dissolved salts, the incorporation of a cation very close to 
each region and an anion in between them would turn an unfavorable interaction into a favorable 
one. (See Fig. 19.11). 


ӨС(- 


Figure 19.11 


The melting points are greater at both larger fractions of G—C base pairs and at larger salt con- 
centrations. Tm increases with the number of С—С base pairs because this pair is held togethar 
with the three hydrogen bonds in the double helical structure, whereas the A—T pair is held with 
two hydrogen bonds (see Section 19.11). The AH contribution is greater for ће С—С pair. Low 
salt concentrations destabilize the double helix by inadequately contributing to the attractive forces 
between the solution and the sugar-phosphate backbone of the double helix. This makes it easier for 
a base to rotate out from the center of the double helix. 


The peaks are separated by 104 g mol™!, so this is the molar mass of the repeating unit of the polymer. 
This peak separation is consistent with the identification of the polymer as polystyrene, for the repeating 
group of СН: СН(С,Н,) (8 C atoms and 8 Н atoms) has a molar mass of 8 x (12+ 1) g mol! = 104 
g mol-!. A consistent difference between peaks suggests a pure system and points away from different 
numbers of subunits of different molecular weight (such as the t-butyl initiators) being incorporated into 
the polymer molecules. The most intense peak has a molar mass equal to that of n repeating groups plus 
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that of a silver cation plus that of terminal groups: 
M (peak) = nM (repeat) + M (Ag^) + M (terminal). 
If both ends of the polymer have terminal t-butyl groups, then 


M (terminal) = 2M (t-butyl) = 2(4 x 12 + 9) g mol! = 114 g mol”! 


and n 





_ M (peak) — M(Ag^) — M (terminal) 25598 — 108 — 114 Ш 
M (repeat) 104 > 1 


The procedure is that described in Problem 19.7. The data are fitted to the Mark-Kuhn-Houwink- 
Sakurada equation. 


[n] = KM, [19.25]. 


The values obtained for the parameters are 


К = | 2.38 х 10-3 cm? g^! | апа а = |0.955 | 


This K value is smaller than any in Table 19.4 or that in Problem 19.7. The value for a is quite close 
to 1. When a = 1 exactly, the molar mass, My corresponds to the weight average molar mass, My. 


COMMENT. The magnitude of the constant a reflects the stiffness of the polymer chain as a result of 
л -orbital interactions between heterocyclic rings. 


020.1 


020.3 


020.5 


020.7 
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Answers to discussion questions 


Lattice planes are labeled by their Miller indices h, k, and l, where h, k, and / refer respectively to the 
reciprocals of the smallest intersection distances (in units of the lengths of the unit cell, a, b, and c) of 
the plane along the x, y, and z axes. 


If the overall amplitude of a wave diffracted by planes (hk/) is zero, that plane is said to be absent in the 
diffraction pattern. 


When the phase difference between adjacent planes in the set of planes (hkl) is x, destructive interference 
between the waves diffracted from the planes can occur and this will diminish the intensity of the 
diffracted wave. This is illustrated in Fig. 20.21 in the text. The overall intensity of a diffracted wave 
from a plane (Ak) is determined from a calculation of the structure factor, Ё, which is a function of 
the positions (hence, of the Miller indices) and of the scattering factors of the atoms in the crystal (see 
eqn 20.7). Ең is zero for the plane (hkl), that plane is absent. See Example 20.3. 


The majority of metals crystallize in structures that can be interpreted as the closest packing arrangements 
of hard spheres. These are the cubic close-packed (ccp) and hexagonal close-packed (hcp) structures. In 
these models, 74% of the volume of the unit cell is occupied by the atoms (packing fraction = 0.74). Most 
of the remaining metallic elements crystallize in the body-centered cubic (bcc) arrangement, which is not 
too much different from the close-packed structures in terms of the efficiency of the use of space (packing 
fraction 0.68 in the hard sphere model). Polonium is an exception; it crystallizes in the simple cubic 
structure, which has a packing fraction of 0.52. See the solution to Problem 20.24 for a derivation of all 
the packing fractions in cubic systems. If atoms were truly hard spheres, we would expect that all metals 
would crystallize in either the ccp or hcp close-packed structures. The fact that a significant number 
crystallize in other structures is proof that a simple hard sphere model is an inaccurate representation of 
the interactions between the atoms. Covalent bonding between the atoms may influence the structure. 


Because enantiomers give almost identical diffraction patterns it is difficult to distinguish between them. 
But absolute configurations can be obtained from an analysis of small differences in diffraction intensities 
by a method developed by J.M. Bijvoet. The method makes use of extra phase shifts that occur when the 
frequency of the X-rays approaches an absorption frequency of atoms in the compound. The phase shifts 
are called anomalous scattering and result in different intensities in the diffraction patterns of different 
enantiomers. See Section 23.7(b) of the 7th edition of this text for an explanation of the origin of this 
anomalous phase shift. The incorporation of heavy atoms into the compound makes the observation of 
the extra phase shift easier to observe, but with very sensitive modern diffractometers this is no longer 
strictly necessary. 


р20.9 


Е20.1(5) 


Е20.2(5) 


E20.3(b) 


390 STUDENT'S SOLUTIONS MANUAL 


The Fermi-Dirac distribution is a version of the Boltzmann distribution that takes into account the effect 
of the Pauli exclusion principle. It can therefore be used to calculate the population, P, of a state of given 
energy in a many-electron system at a temperature T: 


1 
= e(E—1)/kT +1 А 


In this expression, и is the Fermi energy, or chemical potential, the energy of the level for which 
P — 1/2. The Fermi energy should be distinguished from the Fermi level, which is the energy of the 
highest occupied state at T = 0. See Fig. 20.54 of the text. 


From thermodynamics (Chapter 3) we know that dU = —pdV + T 15 + и дп for a one-component 
system. This may also be written dU = —pdV + T dS + и У, and this и is the chemical potential 
per particle that appears in the F-D distribution law. The term in dU containing и is the chemical 
work and gives the change in internal energy with change in the number of particles. Thus, и has a 
wider significance than its interpretation as a partial molar Gibbs energy and it is not surprising that 
it occurs in the F-D expression in comparison to the energy of the particle. The Helmholtz energy, 
A, and и are related through dA = —pdV — SdT + и ДМ, and so и also gives the change in the 
Helmholtz energy with change in number of particles. To fully understand how the chemical poten- 
tial и enters into the F-D expression for P, we must examine its derivation (see Further reading) 
which makes use of the relation between и and A and of that between A and the partition function for 
F-D particles. 


Solutions to exercises 





(4.0, 1) is the midpoint of a face. All face midpoints are alike, including (3, 10) апа (0, }, )i 





There are six faces to each cube, but each face is shared by two cubes. So other face midpoints can be 
described by one of these three sets of coordinates on an adjacent unit cell. 


Taking reciprocals of the coordinates yields (i i. — 1) and (4. і, 1) respectively. Clearing the fractions 


yields the Miller indices | (313) and (643) 


The distance between planes in a cubic lattice is 


a 


авы = — s — rr 
= Ue +e + Bye 


This is the distance between the origin and the plane which intersects coordinate axes at (h/a, k/a, l/a). 
ei CR 
a= prr pA Le 
244 = yp 12Р 
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The Bragg law is 
nd = 24810 
Assuming the angle given is for a first-order reflection, the wavelength must be 
А = 2(128.2 pm) sin 19.76? = | 86.7 pm 
Combining the Bragg law with Miller indices yields, for a cubic cell 
А 
sin Ona = —(h? + K? +P)! 
2a 
In a face-centered cubic lattice, Л, k, and / must be all odd or all even. So the first three reflections would 


be from the (1 1 1), (2 0 0), and (2 2 0) planes. In an fcc cell, the face diagonal of the cube is 4R, where 
R is the atomic radius. The relationship of the side of the unit cell to R is therefore 


4R 
(AR? = а? +а? = 2а? 50 a= — 
/2 
Now we evaluate 
A A 154 pm 
==— = — _ = 0.189 
2а 428 = 44/2(144 pm) 
We set up the following table 
hkl sin Ө 6/° 20 /? 
111 0.327 19.1 38.2 
200 0.378 222 44.4 
220 0.535 32.3 64.6 


In a circular camera, the distance between adjacent lines is D = RA(20), where R is the radius of the 
camera (distance from sample to film) and 0 is the diffraction angle. Combining these quantities with 
the Bragg law (A = 2480, relating the glancing angle to the wavelength and separation of planes), 
we get 


А 
D =2RA6 = 2a чиг" x) 
2d 


96.035 


= 2(5.74 871------- 
(5.74 ст) х (sin 2(82.3 pm) 


95.401 pm 

5-1 

—————_ | =| 0.054 
in es) = [005d em] 


The volume of a hexagonal unit cell is the area of the base times the height c. The base is equivalent to 
two equilateral triangles of side a. The altitude of such a triangle is a sin 60°. So the volume is 





У=2 (2а х asin 60°) c = a?csin 60° = (1692.9 pm)? x (506.96 pm) x sin 60° 


= 1.2582 x 10? pm? =| 1.2582 nm? 
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The volume of an orthorhombic unit cell is 


3.86 x 108 pm? 


V = аЬс= (589 pm) x (822 798 = ————————— 
(589 pm) x (822 pm) x (798 pm) (1019 pm cm-1)3 


= 3.86 x 10-22ст3 


The mass per formula unit is 


135.01 g шог”! 


m-—————————.2224x102 
6.022 x 1023 шог”! е 


The density is related to the mass т рег formula unit, the volume V of the unit cell, and the number № 
of formula units per unit cell as follows 


Nm oV | (29gcm^) x (3.86 x 10722 cm?) 
= — о М =——.-————————= 
dm mi. m 224 х 10-22 g 


A more accurate density, then, is 
э жр = 29086] 
=———————=!2.90 -3 
р 3.86 x 10-22 cm? 


The distance between the origin and the plane which intersects coordinate axes at (л/а, k/b, [/с) is 
given by 


r Е P 
du = (Ж ++) 
4322 =| 182 рт 


The fact that the 111 reflection is the third one implies that the cubic lattice is simple, where all indices 
give reflections. The 111 reflection would be the first reflection in a face-centered cubic cell and would 
be absent from a body-centered cubic. 


р 


-( 3° + 2 T a ш 
~ \ (679 рт)? (879pm)? (860рт)2 


The Bragg law 
3 
sin буц = --(82 +k? + py? 
2a 
can be used to compute the cell length 


+02 + 2) = „1271р 


23 — — — (rP + 12 + 12)!2 = 390 pm 
а= ибн 25 17795 ) Р 





With the cell length, we can predict the glancing angles for the other reflections expected from a simple 
cubic 


А 
Oy = sin! (ze +102 + ву?) = sin^ 1(0.176(#2 + k? + 12)!/2) 
6100 = їп 1(0.176(12? + 0 + 0)!/?) = 10.1? (checks) 
0110 = їй 1(0.176(12 + 12 + 0)!2) = 14.4? (checks) 


6299 = зїп 1(0.176(22 + 0 + 0)!/?) = 20.6? (checks) 


Е20.11(5) 


E20.12(b) 


E20.13(b) 


E20.14(b) 
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These angles predicted for a simple cubic fit those observed, confirming the hypothesis of a simple 
lattice; the reflections are due to the | (100), (110), (111), and (200) | planes. 








The Bragg law relates the glancing angle to the separation of planes and the wavelength of radiation 


А 
А -—2dsinó so 6=sin! 2d 


The distance between the origin and plane which intersects coordinate axes at (h/a, k/b, l/c) is given by 


р2 12 P 
аш = (2 + Da t ) 


> 
= 


-1/2 


So we can draw up the following table 


hkl dik /рт Onki/° 
100 574.1 4.166 
010 796.8 3.000 


111 339.5 7.057 


All of the reflections present have h + k + / even, and all of the even h + k + l are present. The unit cell, 


then, is | body-centered cubic 


The structure factor is given by 





Ери = у де" where Qi = 2л (hx; + kyi + lzi) 


1 


All eight of the vertices of the cube are shared by eight cubes, so each vertex has a scattering factor 


of /8. 


The coordinates of all vertices are integers, so the phase ф is a multiple of 2л and e = 1. The 
body-center point belongs exclusively to one unit cell, so its scattering factor is f. The phase is 


Ф = 2л (1+ Mc M) 23 
When h + k + is even, ф is a multiple of 27 and е® = 1; when h + k + is odd, ¢ is zt + a multiple 
of 27 and ei? = —1. So e? = (—1)"*+*+! and 


Евы = 8(f /8)(1) + С) 


=|2f forh--k--leven and О огл + + [оаа 








There are two smaller (white) triangles to each larger (gray) triangle. Let the area of the larger triangle be 
A and the area of the smaller triangle be a. Since b = jB(base) апал = 5H (height), a= 1A. The white 


E20.15(b) 


E20.16(b) 


E20.17(b) 


E20.18(b) 





394 STUDENT'S SOLUTIONS MANUAL 


space is then 2N A/4, for N of the larger triangles. The total space is then (NA + (NA/2)) = 3NA/2. 
Therefore the fraction filled is NA/(3NA/2) = 


See Figure 20.1. 


Figure 20.1 


The body diagonal of a cube is a4/3. Hence 


aV3=2R+2r or V3R=R+r [a = 2R] 
Taur 
R 


The ionic radius of K* is 138 pm when it is 6-fold coordinated, 151 pm when it is 8-fold coordinated. 


(a) The smallest ion that can have 6-fold coordination with it has a radius of (v2 - 1) x (138 pm) = 


[Sr] 


(b) The smallest ion that can have 8-fold coordination with it has a radius of (v3 - 1) x (151 pm) = 
111 pm, 


The diagonal of the face that has a lattice point in its center is equal to 4х, where г is the radius of the 
atom. The relationship between this diagonal and the edge length a is 


4r=aV2 so a=2V2r 


The volume of the unit cell is аг, and each cell contains 2 atoms. (Each of the 8 vertices is shared among 
8 cells; each of the 2 face points is shared by 2 cells.) So the packing fraction is 


2Vuom | 2(4/3)1? л 
= = [0.370] 
Үсеп 


03202  3(2)37 





The volume of ап atomic crystal is proportional to the cube of ће atomic radius divided by the packing 
fraction. The packing fraction for hcp, a close-packed structure, is 0.740; for bcc, it is 0.680. So for 
titanium 





3 
Voce 21 samo (Taso) — 0.99 
Vicp 0.680 \ 126 pm 


E20.19(b) 


E20.20(b) 


E20.21(b) 
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The bcc structure has a smaller volume, so the transition involves a | contraction | (Actually, the data are 
not precise enough to be sure of this. 122 could mean 122.49 and 126 could mean 125.51, in which case 
an expansion would occur.) 


Draw points corresponding to the vectors joining each pair of atoms. Heavier atoms give more 
intense contributions than light atoms. Remember that there are two vectors joining any pair of atoms 


(AB and АВ); don’t forget the AA zero vectors for the center point of the diagram. See Figure 20.2 
for C6H6. 


cm C) 
оодо 


69 eta. 
Эс мэ” 
о5о 


C) Figure 20.2 


Combine E = ЕТ and E = im? =", to obtain 


5 
2т32” 





CEN M 6.626 х 10-3 Js = Бр] 
© (mkT)"/2 — [(1.675 x 10:27 kg) x (1.381 х 1023J K^!) x (800K)]!2 — Р 


The lattice enthalpy is the difference in enthalpy between an ionic solid and the corresponding isolated 
ions. In this exercise, it is the enthalpy corresponding to the process 





MgBr,(s) > Mg?* (g) + 2Вг (в) 


The standard lattice enthalpy can be computed from the standard enthalpies given in the exercise by 
considering the formation of MgBr>(s) from its elements as occuring through the following steps: 
sublimation of Mg(s), removing two electrons from Mg(g), vaporization of Вг›(1), atomization of 
Вг» (в), electron attachment to Br(g), and formation of the solid MgBr, lattice from gaseous ions 


ArH? (МеВгэ, s) = Asus H? (Mg, s) + Ais H? (Mg, g) + AvapH (Bra, 1) 
+ АН (Bra в) +2AcgH (Вг, в) — А.Н (MgBrs, s) 
So the lattice enthalpy is 
e е e 
ALH? (MgBr3,s) = АзьН (Mg.s) + Aion (Mg, g) + AvapH (Bro, 1) 


е = 
+ Дан (Br2.g)+2AcgH (Вг, в) — ДЕН? (МаВго,5) 


ALH (MgBr>, s) = [148 + 2187 + 31 + 193 — 2(331) + 524] kJ mol! = | 2421 kJ шог”! 


Е20.22(Ь) 


E20.23(b) 


E20.24(b) 


E20.25(b) 


E20.26(b) 
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Tension reduces the disorder in the rubber chains; hence, if the rubber is sufficiently stretched, crystal- 
lization may occur at temperatures above the normal crystallization temperature. In unstretched rubber 
the random thermal motion of the chain segments prevents crystallization. In stretched rubber these 
random thermal motions are drastically reduced. At higher temperatures the random motions may still 
have been sufficient to prevent crystallization even in the stretched rubber, but lowering the temperature 
to 0?C may have resulted in a transition to the crystalline form. Since it is random motion of the chains 
that resists the stretching force and allows the rubber to respond to forced dimensional changes, this 
ability ceases when the motion ceases. Hence, the seals failed. 


COMMENT. The solution to the problem of the cause of the Challenger disaster was the final achievement, 
just before his death, of Richard Feynman, a Nobel prize winner in physics and a person who loved to 
solve problems. He was an outspoken person who abhorred sham, especially in science and technology. 
Feynman concluded his personal report on the disaster by saying, ‘For a successful technology, reality must 
take precedence over public relations, for nature cannot be fooled' (James Gleick, Genius: The Life and 
Science of Richard Feynman. Pantheon Books, New York (1992).) 


Young's modulus is defined as: 


normal stress 
normal strain 


where stress is deforming force per unit area and strain is a fractional deformation. Here the deforming 
force is gravitational, mg, acting across the cross-sectional area of the wire, л r?. So the strain induced 
in the exercise is 


| stress mg 4mg 4(10.0kg)(9.8 m s?) 5 
аж 5 Ф эу S os c Ar ne 
sran EE л(4)22ЕЁ л48Е (0.0 x 10-3 m)2(215 x 10° Pa) 


The wire would stretch by 5.8%. 





Poisson's ratio is defined as: 


transverse strain 


Vp = z 
normal strain 


where normal strain is the fractional deformation along the direction of the deforming force and transverse 
strain is the fractional deformation in the directions transverse to the deforming force. Here the length 
of a cube of lead is stretched by 2.0 percent, resulting in a contraction by 0.41 x 2.0 percent, or 0.82 
percent, in the width and height of the cube. The relative change in volume is: 


V+ AV _ (1.020)(0.9918)(0.9918) = 1.003 
and the absolute change is: 


AV = (1.003 — 1)(1.0 dm? ) = [0.003 dm? | 


p-type; the dopant, gallium, belongs to Group 13, whereas germanium belongs to Group 14. 


dba -— = = | 2.71 х 10^ Hz 
Eg = hvmin and Vmin Eg/h 6.626 x 10:34 1а ( leV ) 
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E20.27(b) m = ge{S(S + 1)? pug 120.34, with 5 in place of s] 


Therefore, since т = 4.00 ив 


$(5+1)= (4) х (4.00)? = 4.00, implying that 5 = 1.56 


Thus 5 = 3, implying three unpaired spins. 
In actuality most Mn?* compounds have | 5 | unpaired spins. 


xM | (—19x1079) x (84.15 g mol!) 
E20.28(b - cu х ЭРЭН, зах OR Ж S „ш 23 к, 
€) tn = Vn = 0.8 Песш-3 


-1-82х 10-4 cm? шо! |= | —8.2 x 10-10 m? шог! 


E20.29(b) The molar susceptibility is given by 





_ NAgz Hong S (S + 1) 
Е 3kT 





Xm 


МО: is an odd-electron species, so it must contain at least one unpaired spin; in its ground state it has 
one unpaired spin, so $ = i. Therefore, 


Xm = (6.022 х 10? шог!) x (2.0023)? x (4л x 1077 T? Г m?) 


(9.274 x 1074 J T7? х (2) х (1 + 1) 
3(1.381 x 10-3 JK!) x (298K) 


= | 1.58 x 10-8 m? шог! 


The expression above does not indicate any pressure-dependence in the molar susceptibility. How- 
ever, the observed decrease in susceptibility with increased pressure is consistent with the fact that 
МО: has a tendency to dimerize, and that dimerization is favored by higher pressure. The dimer has 
no unpaired electrons, so the dimerization reaction effectively reduced the number of paramagnetic 
species. 





E20.30(b) The molar susceptibility is given by 


Nage ион 5 (5 + 1 ЗАТ 
_ МАВсиойВ ( ) 5(5 +1) = $a 
3kT МА Hola 
3(1.381 x 10723 JK-!) х (298K) 
(6.022 x 1023 mol ~!) x (2.0023)? 


Xm 


$($ +1) = 





: (6.00 x 10-8 m? тої!) 
(4л x 1077 T? J-! m3) x (9.274 х 10-24 JT-!)2 


nb up Hu chr a et ЭРТ” 


2 





Е20.31(Ь) 


E20.32(b) 


P20.1 
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corresponding to effective unpaired spins. The theoretical number is [2] The magnetic moments 
in a crystal are close together, and they interact rather strongly. The discrepancy is most likely due to an 
interaction among the magnetic moments. 


The molar susceptibility is given by 


_ МА Hog SS + 1) 
g 3kT 


Ми?” has five unpaired spins, so 5 = 2.5 and 


(6.022 x 1023 то!) x (2.0023? x (4л х 10-7 T? J-! m?) 


M = 3(1381 x 10:231К-1) 


р (9.274 х 10-24 J T7? x (2.5) x (2.5 +1) 
(298 K) 








—|1.85 x 1077 m? тог! 





The orientational energy of an electron spin system in a magnetic field is 
Е = g8eugMs 2 


The Boltzmann distribution says that the population ratio r of the various states is proportional to 


—AE 
= exp | —— 
ттер Ч. 
where AE is the difference between them. For a system with 5 = 1, the Му states are 0 and +1. So 


between adjacent states 


pes (2.0023) x (9.274 x 10-24 J TT!) x (1) x азат) 
(1.381 x 10-231К-1) х (298K) 


The population of the highest-energy state is r? times that of the lowest; r? = | 0.873 





Solutions to problems 


Solutions to numerical problems 


2a sin Өр 
(B+E +P)! 


= 2asin 6.0? = 0.209a. 


А = 24һи sin Өл = [eqn 20.5, inserting eqn 20.2] 


In an NaCl unit cell (Fig. 20.3) the number of formula units is 4 (each corner ion is shared by 8 cells, 
each edge ion by 4, and each face ion by 2). 


MATERIALS 2: THE SOLID STATE 399 





Figure 20.3 
Therefore, 

NM 4M ) 

= — = ——, implying that = | —— Exercise 20.8(a)]. 
p ҮМ, = NA implying that а (= [ 
4) х (58.44 g mol!) = 

- ПЕ Цинь = 563.5 pm 

(2.17 x 1016 g m-3) x (6.022 x 1023 mol!) 


and hence A = (0.209) x (563.5 pm) = 


P20.3 See Fig. 20.23 of the text or Fig. 20.1 of this manual. The length of an edge in the fcc lattice of these 
compounds is 


а= 2(r, + ғ). 
Then 
(1) a(NaCI) = 2(rya+ + гсү-) = 562.8 pm; (2) a(KCl) = 2(гк+ + rg1-) = 627.7 pm; 
(3) a(NaBr) = 2(rya+ + rg,-) = 596.2 pm; (4) a(KBr) = 2(rg+ + rg,-) = 658.6 pm. 
If the ionic radii of all the ions are constant then 

(1) + (4) = (2) + (3). 


(1) + (4) = (562.8 + 658.6) pm = 1221.4 pm. 
(2) + (3) = (627.7 + 596.2) pm = 1223.9 pm. 


The difference is slight; | hence the data support | the constancy of the radii of the ions. 


P20.5 For the three given reflections 
sin 19.076° = 0.32682, sin 22.171? = 0.37737, sin 32.256? = 0.53370. 


3) h2 12 P 1/2 
For cubic lattices sin Өм = IIT [20.5 with 20.2]. 
a 


First consider the possibility of simple cubic; the first three reflections are (100), (110), and (111). (See 
Fig. 20.22 of the text.) 


sin 0 (100) 1 0.32682 
БЫШЫ 
8ш0(110) 2 0.37737 





[not simple cubic]. 


Р20.7 
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Consider next the possibility of body-centered cubic; the first three reflections are (110), (200), and 
(211). 


8ш0(110) v2 1 , 0.32682 


910000) ^ J4 ^ J2 * 037737 (19080): 


Consider finally face-centered cubic; the first three reflections are (111), (200), and (220). 


зїп Ө(111) _ УЗ 


419000) = д = 086603 


which compares very favorably to 0.32682/0.37737 = 0.86605. Therefore, the lattice is 
face-centered cubic |. 


This conclusion may easily be confirmed in the same manner using the second and third reflection. 





A 2 
- +P +P)? = 
" 2800) ын. 





( 154.18 рт 


0) х oan | x УЗ = [408.55 pm | 


NM 4) x (107.87 [^ 
р = —— [Exercise 20.8(a)] = eee ШИЙШЕ 
NaV (6.0221 x 1023 mol!) х (4.0855 x 10-8 cm)? 


= | 10.507 вст”! | 
This compares favorably to the value listed in the Data section. 
А = 2азт 0100 as 4100 = a. 
А 


Therefore, а = —— —— and 
erefore, a S" 


а(КС _ sin ®o(NaCl)  sin6?0' 
a(NaCl)  sin6jogy(KCD sin5?23' 


Therefore, a(KCl) = (1.114) x (564 pm) =| 628 pm | 


The relative densities calculated from these unit cell dimensions are 
p(KC) _ ( M(KCD ) . p 2 (227) 3 Е ЖРА 
p(NaCl) — VM(NaCI) a(KCl) / — V5844 628 pm i 


Experimentally 


= 1.114. 














p(KCl) _ 199gcm^? 
р(МаС 2.17 әст-3 


and the measurements | are broadly consistent |. 


= 0.917. 
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P20.9 As demonstrated in Justification 20.3 of the text, close-packed spheres fill 0.7404 of the total volume of 
the crystal. Therefore 1 cm? of close-packed carbon atoms would contain 


0.74040 cm? 


(en) 


( = (523) pm = 77.225 pm = 77.225 х 10-"°cm) | 


= 3.838 х 1023 atoms 


Hence the close-packed density would be 


mass іп 1cm? _ (3.838 x 1023 atom) х (12.01 u/atom) x (1.6605 x 10 ?* gu!) 


1 cm? Е 1 cm? 


= | 7.654 g ст-3 | 


The diamond structure (solution to Exercise 20.17(a)) is a very open structure, which is dictated by the 
tetrahedral bonding of the carbon atoms. As a result many atoms that would be touching each other in a 
normal fcc structure do not in diamond; for example, the C atom in the center of a face does not touch 
the C atoms at the corners of the face. 


_ m (unit cell) _ (2) x (M(CH2CH2))/NA 
P20.11 P у (nite) = абс 


x (2) x (28.05 g шог!) 
_ (6.022 x 1023 mol!) x [(740 x 493 x 253) x 10-39] m3 


= 1.01 x 10° ртг? =| 1.01 естт? | 


P20.13 (a) When there is only one pair of identical atoms, the Wierl equation reduces to 








2 sin sR 


I(0) =f 





4 1 
where s= aad sin -0. 
3 2 


Extrema occur at sR = sin sR/cos sR = tan sR and this equation may be solved either graphically 
or numerically to give the extrema values shown in Fig. 20.4(a). 
The angles of extrema are calculated using the Br? bond length of 228.3 pm (Table 13.2), the equation 


5КА 
Ө —2sin^! (=). and sR extrema values shown in Fig. 20.4(a). 
л 


Neutron diffraction: бїх max = 0, 





. 4 (0.9534 х 3л/2)(78 pm) 
j 1 -— o 
Oist min = 2 sin ( 4л(229.0 pm) ) = 


. _1 / (0.9836 x 5п/2)(78 pm) 
= 2 1 — E o { 
92nd max sm ( 41(229.0 pm) 
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Extrema in units of 7/2 





1//2 
0.9836 * 5 
* 
09950 59 0.9986 * 17 
"hc Aem 0.9989 * 19 
0.9534 * 3 
0 5 10 15 20 25 
88/(л/2) Figure 20.4(a) 


Electron diffraction: Oist max = 0, 
. 1 (0.9534 x 31/2)(4.0 рт) 
И) Р 
Ist min : ( An (229.0 pm) [0.72° | 


.. , / (0.9836 x 5x/2)(4 pm) 
Ө. шд 77 E pel 1.239| 
шака ( 4л(229.0 pm) ) 


sin sR; j 4n . 1 
: = sin 0 





SRij 


b) 1=) ff 
ij 


sin sRca 2 sin sRcici 


= AfcK — —— — [4C—Clpairs, 6CI—CI pairs 
C sRca € 5Каа : pars 


sin sin($)!?x 


=. 2 six 2 
= @ x © хат) xq^x( 5 )+® anon UE 


: sin (8 ы х 
I cog) xc SES uL CM 
f“ x 
This function is plotted in Fig. 20.4(b). 
We find Xmax and Xmin from the graph, and Smax and Smin from the data. Then, since x = sRcci, we 
can take the ratio x/s to find the bond length Асс. The calculation of s requires the wavelength of 
the electron beam. 


[x = sRccil. 


р? 
I— —eV ог p= (2meeV)!/?. 
2me 


From the de Broglie relation [8.12], 
h h 


Пр Оте? 
_ 6.626 x 10—375 
~ (2 х (9.109 х 10-3! kg)(1.609 х 10-19 C)(1.00 х 104 V)} 


= 12.2 pm. 
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400 


200 


I/f? 


-200 








-400 
0 5 10 15 20 25 30 35 40 


х Figure 20.4(b) 


We draw up the following table. 





Maxima Minima 





O(expt.) 32075022 7554 1946 46 6°40’  9?10' 


s/pm ^! 0.0270 0.0482 0.0710 0.0159 0.0368 0.0599 0.0819 
x(calc.) 4.77 8.52 12.6 2.89 6.52 10.6 14.5 
(x/s)/pm 177 177 177 177 177 177 177 


Hence, | Асс = 177 pm | and the experimental diffraction pattern is consistent with tetrahedral 


geometry. 


P20.15 The volume per unit cell is 


V = abc = (3.6881 nm) х (0.9402 nm) x (1.7652 пт) = 6.121 nm? = 6.121 x 107?! cm. 


The mass per unit cell is 8 times the mass of the formula unit, RuN2C2gH44S4, for which the molar 
mass is 


М = (101.07 + 2(14.007) + 28(12.011) + 44(1.008) + 4(32.066)} g то”! = 638.01 g mol". 


The density is 


m 8M 8(638.01 g тог!) эн 
p= mL. =|1385вст?| 
У МУ (6.022 х 1023 mol!) х (6.121 x 10-2! cm3) 


The osmium analog has a molar mass of 727.1 g mol! . If the volume of the crystal changes negligibly 
with the substitution, then the densities of the complexes are in proportion to their molar masses, 


727.1 2: 
Pos = 638.01 (1.385 ёст 3) = | 1.578 вст k 


P20.17 G = Goe EXT 


In(G/S) = In(Go/S) — (Eg/2k) х 1/T. 


Р20.19 


Р20.21 
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Thus, the slope of a In(G) against 1/T plot equals —E,/2k. The data has minimal uncertainty so the 
slope can be calculated by the two-point difference method. Alternatively, a linear regression fit of 
(1/T,In(G/S)) data points gives the slope. 


Aln(G/S) | (0847) — In(2.86) 
sl = Å- ZE Á T MlM 
soe = уту = (/312К)-(1/420К) 79K 


E, = —2k x (slope) = —2 х (1.381 x 107” J К) x (—4270) = 1.18 x 10:71. 


This is equivalent to 71.0 kJ/mol or | 0.736 eV |. 


The molar magnetic susceptibility is given by 











Nag2uong SS + 1) к 8+0 a 
= ve Be (6.3001 x 10 2 т i 3]. 
Xm 3T (6.3001 x )x Т/К m mol [//lustration 20.3] 
6.3001 x 10-6) х (2) х (2+1 
For 5 = 2, Xm = : 2 = Re ! admi = 0.127 х 10-6 m? mol”! | 
6.3001 х 1079) x (3) x (3+1 
Ford, Хаа! 5 o ) x GF D п mol! = [0254 х 10-5 m? mor"! | 
6.3001 x 1075) x (4) x (4+1 
Кей ad, Ry РЕНО anis! es 0428 « Inr mat | 
298 
Instead of a single value of 5 we use an average weighted by the Boltzmann factor 
—50 x 10? J тог”! _9 
ехр 5 =17x 107. 
(8.3145 J mol! K-!) х (298 K) 


Thus the 5 = 2 and 5 = 4 forms are present in negligible quantities compared to the 5 = 3 form. The 


compound's susceptibility, then, is that of the 5 = 3 form, namely | 0.254 х 10-6 m? mol”! | 


If the unit cell volume does not change upon substitution of Ca for Y, then, the density of the 
superconductor and that of the Y-only compound will be proportional to their molar masses. 


Msuper = [2(200.59) + 2(137.327) + (1 — x) x (88.906) + x(40.078) 
+ 2(63.546) + 7.55(15.999)] g mol", 
Mguper/(g mol!) = 1012.6 — 48.828. 
The molar mass of the Y-only compound is 1012.6 g mol~!, and the ratio of their densities is 


- 1 
Psuper _ 1012.6 — 48.828х — (ди ээс $ох= (:- Pu). 
PY-only 1012.6 0.04822 PY-only 








The density of the Y-only compound is its mass over its volume. The volume is 
Vy-only = а?с = (0.38606 пт)? х (2.8915 nm) = 0.43096 nm? = 0.43096 x 1072! ст", 
so the density 


2M _ 2(1012.6 g mol!) 
МАУ (6.022 x 1023 тог!) x (0.43096 x 10-2! cm?) 





DY-only — — 7.804 g сш”. 
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The extent of Ca substitution is 


І 7.651 
e БӘН ius ИГР 
i 204855 £) 


COMMENT. The precision of this method depends strongly on just how constant the lattice volume 
really is. 


Solutions to theoretical problems 


P20.23 If the sides of the unit cell define the vectors a, b, and с, then its volume is V = a - b x с [given]. 
Introduce the orthogonal set of unit vectors i, j,k so that 


а= ай + ау] + a-k, 
b = bj + by} + b.k, 


c= cxi ын су) + с.Ё. 


ах ау а: 
Треп У =а.Ьхс= by by, bi. 
Cx су С; 


Therefore 


ах ау аа, Фу а; 
= b, bj||b b, b 
Cy Cy Cz||Cx Cy € 

ах ау а; ах dy а; 
=|by b, bb. by bi 


Cx Cy C;|C€x Су Cz 
[interchange rows and columns, no change in value] 


ахах + ауа, + аа; аЬ, + ayby + azbz ахсх + аусу + azcz 
= |bxax + Буа, + baz Бур; + Буру + Б.р. Бусх + bycy + bic; 
схах + суа, + сга. сурх + суру + Cub; CxCx + сусу + с:с: 


а a-b a-c а? abcosy ассоѕ В 
=|b-a b ^ Ь.с| = (аЬсоѕу b? bc cosa 
c.a cb c ассоѕ В Бссово с? 


= а2Ь2с2(1 — cos? а — cos? В- соз” y +2cosacos В cos y^. 


Hence | V = abc(1 — cos? a — cos? В — cos? y + 2cosa cos В cos у)!/? | 








For a monoclinic cell, o = y = 90° 


V = abe(1 — cos? В)! =| abc sing | 


Р20.25 


Р20.27 
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For an orthorhombic cell, a = В = y = 90°, and 


V —|abc |. 


The four values of hx + ky + Iz that occur in the exponential functions of F have the values 0, 5/2, 3, 
and 7/2, and so 


Fria x 1 +e + ебі" +e =1-1+1-1=[0] 


According to eqn 20.18, 


E 


and К = —————. 
3(1 — 2vp) 


т S rw) 


Substituting the Lamé-constant expressions for E and vp into the right-hand side of these relationships 
yields 


и(35. + 2и) 
34-2 
ga ex + pete and K= Ate | 
2 (: + x) 3 ( = — 
2(A + и) А+ ш 
Expanding leads to: 
(4 (34 + 2p)/A + и) _ AX + 2p) 





[=] 


- 2(QA24 +^)/ бои) 3A42n 


and K= и(3). + 2н)/0.+и) | и(ЗА+2и) _ | 3А +21 
(306 -c-4-3/(6 t9) 3H | 3 
as the problem asks us to prove. 


Permitted states at the low energy edge of the band must have a relatively long characteristic wavelength 
while the permitted states at the high energy edge of the band must have a relatively short characteristic 
wavelength. There are few wavefunctions that have these characteristics so the density of states is lowest 
at the edges. This is analogous to the MO picture that shows a few bonding MOs that lack nodes and 
few antibonding MOs that have the maximum number of nodes. 


Another insightful view is provided by consideration of the spatially periodic potential that the electron 
experiences within a crystal. The periodicity demands that the electron wavefunction be a periodic 
function of the position vector r. We can approximate it with a Bloch wave: V œ ek? where k = 
к? + kj + kek is called the wavenumber vector. This is a bold, ‘free’ electron approximation and in the 
spirit of searching for a conceptual explanation, not an accurate solution, suppose that the wavefunction 
satisfies a Hamiltonian in which the potential can be neglected: Н = -R /2т)У?. The eigenvalues 
of the Bloch wave are: Е = h2|k|?/2m. The Bloch wave is periodic when the components of the 
wave number vector are multiples of a basic repeating unit. Writing the repeating unit as 27 /L where 
L is а length that depends upon the structure of the unit cell, we find: ky = 2nyz/L where n, = 0, 
X1,22,.... Similar equations can be written for А, and k; and with substitution the eigenvalues become: 


E = 1/2m Qxh/L)? (n + n? + n). This equation suggests that the density of states for energy level 
E can be visually evaluated by looking at a plot of permitted лу, ny, n; values as shown in Fig. 20.5. The 


Р20.31 


Р20.33 
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number of ny, ny, n; values within a thin, spherical shell around the origin equals the density of states 
that have energy E. Three shells, labeled 1, 2, and 3, are shown in the graph. All have the same width but 
their energies increase with their distance from the origin. It is obvious that the low energy shell 1 has a 
much lower density of states than the intermediate energy shell 2. The sphere of shell 3 has been cut into 
the shape determined by the periodic potential pattern of the crystal and, because of this phenomenon, 
it also has a lower density of states than the intermediate energy shell 2. The general concept is that the 
low energy and high energy edges of a band have lower density of states than that of the band center. 








Figure 20.5 
2 
= 28 а 
& = Gia. (r°) 
2 ; 1/2 
(r?) =] ry’ dr with y = (55) e 7/40 
0 таў 


oo 
- “| r*y?^dr [dt =4тг?аг] 
0 





4 [° afa 2 TE ou n! 
= re = odr = Зар x"e dx = — |. 
ад Jo 0 алж 
9 9 
—е“ас 
Therefore, | & = н 
2M. 


Then, since xm = Na o£ [20.32, m =0], 


—Машое?а; 
а) 
2те 


If the proportion of molecules іп the upper level is Р, where they have a magnetic moment of 2up (which 
replaces (S(S + 1)}!/?ив in eqn 20.35), the molar susceptibility 





_ (6.3001 х 1079) x [S(S + 1)] 
E T/K ii 


3 тог”! [Illustration 20.3] 





Хт 
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is changed to 


(6.3001 x 10-6) x (4)x P_, = 2529р 
- - Jes -6 3 1-1 
T/K m` то!” [2° replaces S(S + 1)] = T/K х 107° т” mol’. 





Xm 


The proportion of molecules in the upper state is 











егЛсу/КТ 1 
= 14 e hei kT [Boltzmann distribution] = 14 елт 
and “<? — (14388 стК) х (121 ст!) 174 
kT — Т © T/K’ 
-6 m3 -1 
a dcos 25.2 х 1079 т? mol | 
(Т/К) х (1 + e!74/(T/K)) 
This function is plotted in Fig. 20.6. 
ge Т 
B i 
2i 
Е = . 
гад : 
8 
0 100 200 300 400 500 
T/K Figure 20.6 


COMMENT. The explanation of the magnetic properties of NO is more complicated and subtle than indicated 
by the solution here. In fact the full solution for this case was one of the important triumphs of the quantum 
theory of magnetism which was developed about 1930. See J.H. van Vleck, The theory of electric and 
magnetic susceptibilities. Oxford University Press (1932). 


Solutions to applications 


The X-ray diffraction pattern of fibrous B-DNA (Figure 20.26) is discussed in Impact 120.1. Figures 20.27 
and 20.28 provide definitions of the helical tilt angle o and the base-layer spacing h. The helical pitch 
p is the vertical rise per turn of the helix. The characteristic X-shape of the diffraction pattern is that 
of a helix with incident radiation (Cu Ko 0.1542 nm) perpendicular to the cylindrical axis. An angle 
0 — 2.6? between the line of the incident radiation and the line from sample to the first spot on the X 
gives p = A/sin@ = 0.1542 nm/ sin(2.6?) = 3.4 nm. 10 spots (counting two ‘missing fourth’ spots) 
along the X diagonal indicate that there 10 base-planes per turn of the helix with each accounting for 
a turn of 36°. The very large spot is at a distance (1/h) which is 10 times the distance 1/p shown in 
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Fig. 20.7(a). Consequently, h = 0.34 nm. The missing fourth spots on the X diagonals indicate two 
coaxial sugar-phosphate backbones that are separated by 3p/8 along the axis. The periodic h spacing of 
the large, very electron-dense phosphorus atoms causes the 1/h spots to be very intense. The fact that 
the fibrous X-ray sample was saturated with water suggests that the phosphates are to the outside. 


1/й 


Fourth spot in each 
direction is missing. 
Counting the missing 
spots, there are a total 
of 10 spots along the 
diagonal. 






Figure 20.7(a) 


Figure 20.7(b) shows the two-dimensional zig-zag projection of the helical sugar-phosphate backbone. 
It serves to define the projection length /, perpendicular distance d between backbone planes, and the 
helix radius г. Examination of the right triangle that shows the definition of o yields 


$us p _ 34nm 
^ 4tan(v)  4tan(409) 





tan(a) = PF Or = 1.0 nm. 
4r 





Figure 20.7(b) 


Examination of the right triangle containing the angle о also shows that / sin(v) = p/2 while the right 
triangle containing the angle 2a shows that / sin(2o) = d. Dividing these two equations yields 


sin(2a@) 2d 2 sin(@) cos(a) 2d d 
= or = — or cos(a)=-. 
р р 





sing) p sin(o) 
d = pcos(a) = (3.5 nm) cos(40°) = 2.6 nm. 
Finishing, 


= р 3.4 пт 
^ Qsin(a)  2sin(409) 





— 2.6 nm. 
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Refer to Fig. 20.8. 


tO OO ON CO ТЭЭ 





Figure 20.8 


Evaluate the sum of +(1/r;), where rj is the distance from the ion i to the ion of interest, taking +(1/r) 
for ions of like charge and —(1/r) for ions of opposite charge. The array has been divided into five 
zones. Zones B and D can be summed analytically to give — In2 — —0.69. The summation over the 
other zones, each of which gives the same result, is tedious because of the very slow convergence of 
the sum. Unless you make a very clever choice of the sequence of ions (grouping them so that their 
contributions almost cancel), you will find the following values for arrays of different sizes 





10x10 20x20 50x50 100x100 200 x 200 


0.259 0.273 0.283 0.286 0.289 





The final figure is in good agreement with the analytical value, 0.289 259 7... 


For a cation above a flat surface, the energy (relative to the energy at infinity, and in multiples of 
e? (Алегу) where го is the lattice spacing (200 pm)), is 


Zone C+ D + = 0.29 — 0.69 + 0.29 = | —0.11 





which implies an attractive state. 


PART 3 Change 


021.1 


021.3 


021.5 


021.7 


1 Molecules in motion 





Answers to discussion questions 


(a) See Section 24.1 which discusses the collision theory of gas phase reactions. Their rate depends 
on the number of collisions having a relative kinetic energy above a certain critical value ¢,. The 
relative kinetic energy, in turn, depends on the relative velocities of the colliding molecules. The 
rate of reaction also depends on the number of collisions per unit volume per unit time, or collision 
density, Zap, the formula for which is derived in Justification 24.1. Zap also depends on the average 
relative velocity of the colliding molecules. 


(b) A complete analysis of the composition of planetary atmospheres is a complicated process. See 
the solution to Problem 21.35 for detailed calculations on the depletion of the Earth’s atmosphere 
and on the atmosphere of planets in general. Also see the solution to Problem 16.21 which deals 
with the inherent instability of planetary atmospheres. The simple answer to this question, though, 
is that light molecules are more likely to have velocities in excess of the escape velocity than are 
heavy molecules. Therefore, heavy molecules will remain in the atmosphere much longer than light 
molecules, though all will eventually escape, unless there is a source of replenishment. 


Gases are very dilute systems and on average the molecules are very far apart from each other except 
when they collide. So what little resistance there is to flow in a gaseous fluid is almost entirely due to the 
collisions between molecules. The frequency of collisions increases with increasing temperature (see 
eqns 21.1 1b and 24.8); hence the viscosity of gases increases with temperature. In liquids, on the other 
hand, the molecules are very close to each other, which results in there being strong forces of attraction 
between them that resist their movement relative to each other. However, as the temperature increases, 
more and more molecules are likely to have sufficient kinetic energy to overcome the forces of attraction, 
resulting in decreased viscosity. 


(a) This is Fick’s first law of diffusion in one dimension written in terms of concentrations rather than 
activities; hence, it applies strictly only to ideal solutions. 


(b) In addition to the restriction to ideal solutions as in (a), the derivation of this expression uses the 
additional approximation that the frictional retarding force on a moving particle is proportional to 
the first power of the speed of the particle (as opposed to a more general functional relation). 


(c) The restrictions of parts (a) and (b) still apply, as well as a third, which is the assumption that the 
particle is spherical. 


Because the drift speed governs the rate at which charge is transported, we might expect the conductivity 
to decrease with increasing solution viscosity and ion size. Experiments confirm these predictions for 
bulky ions, but not for small ions. For example, the molar conductivities of the alkali metal ions increase 


E21.1(b) 


E21.2(b) 
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from Li* to Cs* (Table 21.6) even though the ionic radii increase. The paradox is resolved when we 
realize that the radius a in the Stokes formula is the hydrodynamic radius (or ‘Stokes radius’) of the ion, 
its effective radius in the solution taking into account all the H2O molecules it carries in its hydration 
sphere. Small ions give rise to stronger electric fields than large ones, so small ions are more extensively 
solvated than big ions. Thus, an ion of small ionic radius may have a large hydrodynamic radius because 
it drags many solvent molecules through the solution as it migrates. The hydrating H2O molecules are 
often very labile, however, and NMR and isotope studies have shown that the exchange between the 
coordination sphere of the ion and the bulk solvent is very rapid. 


The proton, although it is very small, has a very high molar conductivity (Table 21.6)! Proton and 
7O—NMR show that the times characteristic of protons hopping from one molecule to the next are 
about 1.5 ps, which is comparable to the time that inelastic neutron scattering shows it takes a water 
molecule to reorientate through about | rad (1 — 2 ps). 


Solutions to exercises 


(a) The mean speed of a gas molecule is 
SRT ү!? 
c= | — 
(5) 
c(He) [= ) л [m ын 
so — — = = | — = | 7.079 
59 ане) \М(Не) 4.003 
(b) The mean kinetic energy of a gas molecule is } mc?, where c is the root mean square speed 


3RT ү!? 
e=- 
Us] 


So j mc? is independent of mass, and the ratio of mean kinetic energies of He and Hg is [1] 





(a) The mean speed can be calculated from the formula derived in Example 21.1. 


1/2 =й cad 1/2 
c= (557) mol кш = [4.75 х тв | 
л 


л х (28.02 х 10-3 kg mol!) 


(b) The mean free path is calculated from А = КТ/(27/2ор) [21.13] with о = zd? = л х (3.95 x 
10-19 m)? = 4.90 х 10-9 m? 


(1.381 x 1072 JKT!) x (298K) 
2U? x (4.90 x 1071? m?) x (1x 10-9 Torr) x (жй) х (Loupe Pa) 


I atm 
Голы 


(с) The collision frequency could be calculated from eqn 21.11, but is most easily obtained from 
eqn 21.12, since А and c have already been calculated 


_ 475 x 102 ms! _ 1x 102571] 
4.46 х 105 т 





Then, A = 





>| ol 


м 


E21.3(b) 


E21.4(b) 


E21.5(b) 


E21.6(b) 
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Thus there are 100 s between collisions, which is a very long time compared to the usual timescale of 
molecular events. The mean free path is much larger than the dimensions of the pumping apparatus 
used to generate the very low pressure. 


kT 
p= элуу 121431 
V2 (036nm? V? 
wea. de (2) = cae) = 0.34пт 
л л 


(1.381 х 10-33 K^!) х (298 K) [24 x 107 Pal 
= А йу 10) Pa 
P = (212) х (0.36 х 10-18 m2) х (0.34 x 10? m) [24 x 107 Pal 
This pressure corresponds to about 240 atm, which is comparable to the pressure in a compressed gas 


cylinder in which argon gas is normally stored. 


The mean free path is 


kT 1.381 x 10-3 J K-'! 217K 
ШИШИ ЕЛУ MN IEEE 7 


2120р р | 43 x (10-9 mj] x (12.1 x 103 Paatm-!) 





Obtain data from Exercise 21.4(b) 
The expression for z obtained in Exercise 21.5(a) is z — [16/ GcmkT)]? ор 
Substituting с = 0.43 nm?, p = 12.1 x 10? Pa, т = (28.02 и), and Т = 217K we obtain 


4 х (043 x 10:18 m?) х (12.1 х 10? Pa) 
[т х (28.02) x (1.6605 х 10-27 kg) x (1.381 х 10-3JK-1) х Q17K)] ^ 


-199 x 10887! 


The mean free path is 


7 
& 


_ AT — (1381 x 1072JK77) x (25+ 273)К _ 5.50 x 10-3 mPa 
2\?op 21/2 [0.52 x (10-9ш) |р р 


5.50 x 107? m Pa 2 

(а) À m ———————=|37х10°?т 

(15аша) x (1.013 x 105 Paatm^!) 

5.50 x 10-3 m Pa 
09 ote x Uf Paba-1j [2 Г 
5.50 x 10 mP. 

© 2a = a 10m 

(1.0Torr) x (1.013 x 105 Paatm~'/760 Torr atm~') 


The fraction F of molecules in the speed range from 200 to 250 m 87! 18 


250ms^! 
F= | f(v) dv 
2 


00 m 87! 
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where f (v) is the Maxwell distribution. This can be approximated by 








м ү. -My? 
Е = ›) Ду =4 j" Av, 
РО) Ау a(z) у exp ( ORT ) у 


with f (v) evaluated in the middle of the range 





=з =i 3/2 
Fx4 44.0 x 1077 kg mol 
X 4л 
2л (8.3145 J K^! mol!) x (300K) 


— (44.0 х 10-3 kg mol!) x (225 т5-!)? 
шыс Rid Je E ome 
2 (8.3145 J K^! mol!) x (300K) 


F x 9.6 x 107? 


COMMENT. The approximation we have employed, taking f (v) to be nearly constant over a narrow range of 
speeds, might not be accurate enough, for that range of speeds includes about 10 percent of the molecules. 
You may wish to do the integration without this approximation (a considerably more complicated process) 
to see how much difference there is. 


x (225ms-!) 


E21.8(b) The number of collisions is 


pAt 
QzmkT)? 
(111 Pa) х (3.5 x 10? m) x (4.0 x 107? m) x (108) 
© рл x (4.000) х (1.66 x 10-27 kgu-!) x (1.381 x 1023 JK-!) x (1500K)] 


= [53 x 10! 


E21.9(b) Тһе mass of the sample in the effusion cell decreases by the mass of the gas which effuses out of it. 


М = ZwAt = 





1/2 


That mass is the molecular mass times the number of molecules that effuse out 








Am = mN = mZwAt = РА = ра.) = ar( 5 ү 
ТИТИ = Onm P” 2r kT =R 27 RT 


2 
= (0.224 Pa) хл x (3 x 300 x 10? m). х (24.00) х (36008177) 





-3 "d 1/2 
300 х 107° kg mol 
х 
2л x (8.31451 K^! mol!) х (450K) 


= | 4.98 x 107^ kg 


E21.10(b) The time dependence of the pressure of а gas effusing without replenishment is 


р = poe" where т ос Ут 
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The time / it takes for the pressure to go from any initial pressure ро to a prescribed fraction of that 
pressure /ро is 


I ри" 
ро 


so the time is proportional to т and therefore also to „/т. Therefore, the ratio of times it takes two 
different gases to go from the same initial pressure to the same final pressure is related to their molar 
masses as follows 


t M 1/2 t 2 
2 = Ge) and М» — М, (2) 
to М» ti 


E 823sV = 
So  Mfuorocarbon = (28.01 5 mol ) x 185 = |554 g mol 
JS 


E21.11(b) The time dependence of the pressure of a gas effusion without replenishment is 











р = рое!" so t=tInpo/p 
V (m 1/2 2лМ 1/2 
where t =— | —— = 
Ao kT 
3 * 1/2 
22.0 т" 2л х (28.0 x 1077 kg mol!) r 
= = 2.4 х 1078 
х (0.50 x 10-3 m (8.3145 J K7! mol!) x (293 K) 





122 kPa 
so г = (8.6 x 10? s)1 2117 р 
Е 


E21.12(b) The flux is 


dT 1 dT 
J = -к— = —-ACy mc [X] — 
е 3^ V.mC[ le 


where the minus sign indicates flow toward lower temperature and 


1-2 үтү? (8ктү!? 
hes Hs" c= шэн = м 9 and [M] = n/V = N/Na 





2Су 7 RT NUT ат 
50/-- ws] 3 
Зо М, \ nM 4: 


2 x (28.832 — 8.3145) J K^! mor! 
3 x [0.27 x (10-9 шу | x (6.022 x 1023 mot!) 





" (ee mol!) x (260K) 


3.5Кш”! 
л х (2.016 х 10-3 kg mol!) | инж 


0.17Jm^? s^! 
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E21.13(b) The thermal conductivity is 


1 2С ЕТ ү!? 2 RT V 
к = 2ACv me [X] = e ) soc = e ( ) 








3 Зо NA лМ = 3кМА лМ 


-4 
c= (0.240 mJ ст”? 8) х (кепт!) = 0.240 x 107! Jm"! s7! K7! 
2 х (29.125 — 8.3145) J K7! mor! 


80“ =  — —  ——————————————— 
3 х (0.240 х 107! J m7! s=! К-!) х (6.022 x 1023 шог!) 


(8.31451К7! шог!) х (298 K) V^ 
л х (28.013 x 10? kg mol!) 


=) Let x 10:25 m? 


E21.14(b) Assuming the space between sheets is filled with air, the flux is 


EE a 3142.1 ах" [50 — (—10) К] 
= а =[(0.241 хо Jcm^?s ) x (Kem ) x 
= 145 х 10?Jcm 2871. 


So the rate of energy transfer and energy loss is 


ЈА = (1.45 x 107? Jem? 87!) х (1.50m?) x (100cm m™!)? = 


E21.15(b) The coefficient of viscosity is 


NE. (со 1/2 2 (mkT \'/? 
= -AmNc = — | — so o = — | — 
3 3 За л 3n л 


п = 1.66 uP = 166 x 1077 кетт! s7! 


2 
од = | ——_ 
3 ( х (166 x 1077 кетт! =) 


1/2 
(a2 x 1073 kg mol-!) х (1.381 x 10-3 JK-!) х аю) : 
VI EMEN uM EADEM нэ кешт 


л x (6.022 x 1023 тої!) 
= | 3.00 х 107? m? 


E21.16(b) The rate of fluid flow through a tube is described by 





2 
dV (Pin — pay) лг "- (m 3 Г 
Nu in — 


Ф: 16їро mr dr Рош 


Several of the parameters need to be converted to SI units 


r—-l(15x10?m)275x10?m 
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and 47 = 8.70cm3 x (10-2 тетт!) 5-1 = 8.70 x 10-6 m? 5-1. 


Also, we have the viscosity at 293 К from the table. According to the Т!/ 2 temperature dependence, the 
viscosity at 300 K ought to be 


293 K 293 
= 1.78 x 1077 kgm^! s^! 
16 (10.5 т) х (178 x 1077 кетт!) x (1.00 x UM) 
Pin = 4 
л x (7.5 х 10? m) 


300K \'/? 300) '/ 
n 800K) = п (293K) x ( шд ) = 076 x 10-7 kgm! s7) x (553) 





1/2 
х (8.70 x 10-6 m? s7!) + (1.00 x 10° Pay] 


= 1.00 x10? Pa 


COMMENT. For the exercise as stated the answer is not sensitive to the viscosity. The flow rate is so low 
that the inlet pressure would equal the outlet pressure (to the precision of the data) whether the viscosity 
were that of № at ЗОО К or 293 К, or even liquid water at 293 К! 


E21.17(b) The coefficient of viscosity is 


1... 2 (mkTV? 
п = zAmNc = — | — 
3 л 


2 (78.12 x 10-3 kg mol!) х (1.381 x 10:23К-1) rV ^ 
3 [0.88 x (10-90) | л х (6.022 х 10 тог!) 


= 5.72 x 1077 х (T/K)! кетт! s^! 


(a) At273K у = (5.72 x 1077) x (273)!/? кет” 187! 210.95 x 10-5 kg m7! s^! 
(b) At298K у = (5.72 x 1077) х (298)? кет” 187! =| 0.99 x 1075 kg m^! s7! 
(c) At1000K у = (5.72 х 1077) x (1000)!/? kgm-! 5-1 = | 1.81 ж10-5 kg m^! s7! 


E21.18(b) The thermal conductivity is 


2Cya / RT XU 
30Na Vx M 





k = iACv mč [X] = 
2 x [020.786 — 8.3145) JK^! mol] 
(a) к = | -MMM 
3 [0.24 х (10-9 т)? | х (6.022 x 1023 тог) 


(8.31451 K^! тог) x (300K) V ^ 
л (20.18 x 10? kg mol!) 


=| 0.0114 Ј тт! s7! K7! 
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The flux is 


ШР Tra uel 
J = =z = (001141т sT! K ) х 


< 


(= — 295) К 


= 0.76] т72 s7! 
0.15 т ) ЕТ 


so the rate of energy loss is 


JA = (0:761m7 s~") x (0.15m)? = [0.017151] 


2 x [(29.125 — 8.3145) JK^! шог | 











(b) C= TT MMMMMÃħÃõIÁ 
3[0.43 х (10-9 m)"] х (6.022 х 102 шог) 
“Жел 1/2 
8.3145 JK-! шог!) x (300K) 
л (28.013 х 10-3 kg mol!) 
= [9.0 x10-3J m-! s-!K-"| 
The flux is 
dT - 
J=-k— = (9.0 x if Jm! ас к") x | OR) EA авы 2.7 
4: 0.15 т 


so the rate of energy loss is 


JA = (0,601 2 87) х (0.15m)? -(0014187 | 


E21.19(b) The rate of fluid flow through a tube is described by 


dv E (Pin — Pout) nri 


dt 16тро 


so the rate is inversely proportional to the viscosity, and the time required for а given volume of gas to 
flow through the same tube under identical pressure conditions is directly proportional to the viscosity 


ti nı nt 
— = — so 


7A цаана 


t n ti 


_ (208 иР) х (18.08) Ш 2 7 "A 
ПСЕС = шилэн, F 52.0 uP | = 52.0 х 107 кет 5 


The coefficient of viscosity is 


РЕ 2 ткт A |? 2 (my 
=- = | — | x | — = | — | х | — 
Л 3 eee 30 л 3ла2 л 
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so the molecular diameter is 
( 2 ү. a 
i > "T сэл 
3л1) л 


1/2 
7 \зл(52.0х 1077 kg m^! s~!) 


(200 x 107? kg mol!) x (1.381 x 10-3 J K7! 
‘ л x (6.022 х 1023 mol!) 


= 9.23 x 10770 m = 


l _ 28s (ЕТ \!? 
=-А ' [X] = - = 
K 3 Cv mē [X] 30: МА (25) 





«eme 


E21.20(b) 





1/2 
2 х (29.125 — 8.3145) 1К—! шог”! (eee mol!) x ою) i 
= х 

3 [0.43 x (10-9 ш) | x (6.022 x 103 шог”) л x (28.013 x 10-3 kg mol!) 

= | 9.0 х 10-3 Jm! s^! K^! 


E21.21(b) The diffusion constant is 





l.c 2(RTy? 
D = -Ас 


"m 3o pNA (t M)!? 





2 [(8.3145J K7! mol!) х 298K)] ^ 

3 [0.43 x (10-9 m)" | p (6.022 х 10% mol!) х {л (28.013 х 10-3 кето!)” 
_ 107m?s^! 
^ p[Pa 


The flux due to diffusion is 


pM. tire. [52 
ulia s" > Dz (у)= (zz) 


dx 


where the minus sign indicates flow from high pressure to low. So for a pressure gradient of 
0.10 atm стт! 


2-1 
= с Ж йе, x (0.20 x 105 Pam-!) 
(8.3145J K-! mol ) x (298 K) 
— (8.1 mol m? $1) х (D/(m? yy 


1.07 m? s7! 
(а) р = П1:5 


2 – |0107 m? 57! 
10.0 


and J = (8.1 mol m^? 57 


s 4 x (0.107) =| 0.87 mol m? s^! 





Е21.22(Ь) 


E21.23(b) 


E21.24(b) 


E21.25(b) 


E21.26(b) 
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1.07 m? 57! 
= шиг -(107 х 105m? 5—1] 


b DEE дэлэн 
b) 100 x 103 








and J = (8.1 mol m? s^!) x (1.07 х 1077) =|87 x 10? mol m? s^! 
1.07 m? s^! 3 
© | D=- =|713х10-®т?5—! 
15.0 х 106 
and J = (8.1 mol m? s^!) x (7.13 x 10-8) = | 5.8 х10-7 mol m~? s7! 


Molar ionic conductivity is related to mobility by 





A = гиЕ = (1) x (4.24 х 1078 m? 7! v7!) х (96485 C шог”) 


= | 4.09 x 10-3 $ m? тог! 


The drift speed is given by 


иАф (4.01 x 1075 m? s! У!) x (12.0 V) > 
5 = UE = 1 CUN, ID 9 w— 4.81 x 10 5ms^! 


The limiting transport number for СГ” in aqueous NaCl at 25°C is 


и_ 7.91 
t = —— = ———— = 0.604 
© им 5194+791 





(The mobilities are in 10-8 m? s-! v-1) 


The limiting molar conductivity of a dissolved salt is the sum of that of its ions, so 
AS, (Мать) = à (Mg?*) + 2 (17) = Аў, (Mg (C2H302)2) + 24$, (Nall) — 24$, (NaC2H302) 


= (18.78 + 2 (12.69) — 2(9.10)) mS m?mol^! = | 25.96 mS m? mol! 


Molar ionic conductivity is related to mobility by 


A 
A-—zuF so и=— 





zb 
ia 2 =й 
i шеа eee = | 5.74 х 10-8 m? V-! 87! 
(1) х (96485 C mol!) 
-8 бна га 
СІ ue САР ш 7.913 х 10-8 m? У?! s 





~ (1) x (96485C mol!) — 


cq s 2d 
Br: из IN и -18.09 х 10-8 m? Уг! s7! 
(1) х (96485 C mol!) 
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E21.27(b) The diffusion constant is related to the mobility by 


p= “ЁТ (4.24 x 1078 m? s~! V-!) х (8.3145 J K7! mol!) х (298К) 
о (1) х (96485 C mol!) 


= | 1.09 x 10-9 m? 57! 








E21.28(b) The mean square displacement for diffusion in one dimension is 


E21.29(b) 


E21.30(b) 


E21.31(b) 


(x?) = 2Dt 


In fact, this is also the mean square displacement in any direction in two- or three-dimensional diffusion 
from a concentrated source. In three dimensions 


paesa w epp pe enu 


So the time it takes to travel a distance ,/(r?) is 


г?) (1.0 x 10-2 m? 

r 0 x m 

т=з = —+______~___ =|41 х1078 

6D 6 (4.05 x 10-9 m2 5-1) 41 x10 s | 

The diffusion constant is related to the viscosity of the medium and the size of the diffusing molecule 


as follows 


"T WEM kT (1.381 x 107 J K7!) х (298K) 
— а = = 
бл па блир бл (1.00 х 10? kg m-! s-!) x (1.055 x 10-9 m? s-!) 


а = 2.07 x 1079 m = [207 pm | 


The Einstein-Smoluchowski equation related the diffusion constant to the unit jump distance and time 











А2 12 
= Se 50 т= 5р 


If the jump distance is about one molecular diameter, ог two effective molecular radii, then the jump 
distance can be obtained by use of the Stokes—Einstein equation 











kT kT kT 
= =— so A= 
блуа 3mm. 312D 
НЭЭН... ЖН [(1.381 x 10:23 K-!) х (298 ЮГ 


18 (ли)? D3 — 18 [ (0.387 x 10-3 kg m~! sp х (3.17 x 10-9 m? sl)? 
= [200 x 10-!! 5 |= 20р» 


The mean square displacement is (from Exercise 21.28(b)) 


5 


2 

К (r?) (1.0 x 107 m) 
Ў = 60 а |17 х10728| 
(2) t so 1 6D ^ 6(1.0x 10 mi s- Tj 1.7 x107* s 


Р21.1 


Р21.3 
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Solutions to problems 
Solutions to numerical problems 


The time in seconds for a disk to rotate 360? is the inverse of the frequency. The time for it to advance 2? 


is (22/360?) /v. This is the time required for slots in neighboring disks to coincide. For an atom to pass 
1.0 ст 


(2/360)/v 
Hence, the distributions of the x-component of velocity are 


through all neighbouring slots it must have the speed v, = = 180 v cm = 180(v/Hz)cms™!. 


v/Hz 20 40 80 100 120 


ух/(ст 871) 3600 7200 14400 18000 21600 
I (40 К) 0.846 0.513 0.069 0.015 0.002 
1(100К) 0.592 0.485 0217 0.119 0.057 


Theoretically, the velocity distribution in the x-direction is 


1/2 2 эр 
fx) = (222) e1/T (216, with M/R = m/k]. 


1\12 А 
Therefore, as / e f, I х (5) ету: /2kT | 


ту; _ 83.8 x (1.6605 x 10727 кв) х {1.80(v/Hz)ms~'}? 1.68 x 10 7(v/Hz) M 
OKT — (2) х (1.381 x 10-23 J K7!) x (T) T/K у 
1/2 


T/K e-163x10 (v/H2*/T/K) and draw up the following table, obtaining the constant 


of proportionality by fitting 7 to the value at T = 40K, v = 80 Hz 


Since 








write / < 





v/Hz 20 40 80 100 120 


1/40К) 0.80 0.49 (0.069) 0.016 0.003 
1/(100 К) 0.56 046 0.209 0.116 0.057 


in fair agreement with the experimental data. 


1 
(= 5 >. N;X; [see Problem 21.2]. 


(а) (h) = s; 180m +2 x (1.82 m) +---+ 1.98 т} -(189т| 


(b) \_ 1 2 ЖА 21 — 3.57 т? 
(i?) = = (0.80) 42x (1.82m)? + + (1.98m)"| 57m 


Vie) = [89m] 
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Р21.5 The number of molecules that escape in unit time is the number per unit time that would have collided 
with a wall section of area A equal to the area of the small hole. That is, 


А 
ES sedie P 


= [21.14 
dt (2mmkT)!/2 | | 


where р is the (constant) vapor pressure of the solid. The change in the number of molecules inside the 


cell in an interval Ar is therefore AN = —ZwAAt, and so the mass loss is 
m 1/2 m 1/2 
Aw = ANm = —Ap | —— At = —Ap (—— 
4 ами Ixus) К EXTA 


Therefore, the vapor pressure of the substance in the cell is 


(58) eu ын 
p= \|—]*x 8 
АЛІ М 


For the vapor pressure of germanium 





E 43 x 1075 kg ) (2л) х (8314JK-! mol!) x (1273К)\ ^ 
P = x x (50 x 107m х (72005) 72.6 x 10? kg mol” 


= 7.3 x 1073 Pa, or [7.3 mPa | 


P21.7 The atomic current is the number of atoms emerging from the slit per second, which is ZwA with 
A = 1 x 10-7 m?. We use 


p 
= ——_ [21.14 
Ы (2лтКТ)!/2 | | 


р/Ра 
[Q70 х (M/gmol™!) х (1.6605 x 10-27 кв) х (1.381 x 10-231К71) x (380K)] 


= (1.35 х 1023 m7? =) x (2). 
(М /в mol !)!/2 





1/2 


(a) Cadmium: 


ZwA = (1.35 x 102 m=? 57!) x (1 x 10-7 m?) х (аттат) -[2 x 1055-1] 


(b) Mercury: 


ZwA = (135 x 10? m~? 87) х (1 х 107 m?) x (sant) -|1х1078:1| 
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С 
Р21.9 Am = A8, — Жс! [21.29], Am = = [21.28] 
2 


where С = 20.63 m^! (C = к*А*, where к* and R* are the conductivity and resistance of a standard 
solution, respectively). 


Therefore, we draw up the following table. 


c/M 0.0005 0.001 0.005 0.010 0.020 0.050 
(c/M)!/2 0.224 0.032 0.071 0.100 0.141 0.224 
R/Q 3314 1669 342. 1741 89.08 37.14 


Am/(mS m? mol!) 1245 12.36 12.06 1185 11.58 11.11 


The values of Aq are plotted against c!/? in Fig. 21.1. 






mol!) 
гэ 
һә 


> 


Аһ/(т$ т 
P 
© 


11.6 1 5 3 $ 1 H Н 1 Н 1 : $ 
0 0.03 0. 0.00 0.12 °0.15 


c/M Figure 21.1 





The limiting value is AS, = 12.6 mS m? mol"! | The slope is —7.30; hence 
Ж —|730mSm? mol! M^!7 | 





(a) Am = (5.01 + 7.68) mS m?mol^! — (+7.30 mS m^mol^!) x (0.010)? 


=| 11.96 mS m? mol”! | 


(b) к= cAg = (10 mol m7?) x (11.96 mS m? шог”! ) = 119.6 mS m? m? = | 119.6 mS m^! | 
=I 
(c) Bate. 6m dimsal 
K 


^ 119.6 m$ m7! 
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10 V 
1.00 cm 


s(Li*) = (4.01 x 1074 cm? s^! V7) x (10Vcm^!) 2|40 х 10-3 cms! | 
s(Na*) = (5.19 x 1074 cm? s^! V7!) x (10Vcm^) = | 5.2 x 10? ems^! | 
s(K*) = (7.62 х 107* cm? s^! V7!) x (10Vcm ^!) 2|7.6 x 10 ems?! | 


t = d/s with d = 1.0cm: 


1147) — d. LIT = t(Na*) = [1905] (К+) = 1305] 


= 10У стг!. 





Р21.11 s = иё [21.42] with @ = 


(a) For the distance moved during a half-cycle, write 


1/2v 1/2v 1/2v 
d -| sdt =] иё = uso | sin(2xvt)dt [4 = «0 sin(2xvt)] 
0 0 0 


и& их (10У ст!) 2 р 
my лх (1.0 х 10351) [assume 60 = 10 V] = 3.18 x 10 "u V s cm 


That is, d/cm = (3.18 х 10-3) х (u/cm? V-! s~!). Hence, 


d(Li*) = (3.18 х 1072) х (4.0 x 107^ cm) = 1.3 x 10-6 cm 
а(Ма*) =| 1.7 х 10-6ст |, d(K*) = |2.4 х 10-6 ст | 


(b) These correspond to about [43] and solvent molecule diameters respectively. 








P21.13 Pass zcVF = zcAFI [21.52] 
ТА: 1Аї 
(21 mol m^?) x (x) х (2.073 х 10-3 m)? x (9.6485 x 10* C шог!) 1 
ээ д х — 
18.2 x 10-3 А At 
1 1 
= (1.50 x 103 m^! s) x (=) = (1.50) x (28) 
At At/s 
Then we draw up the following table. 
At/s 200 400 600 800 1000 
1/тт 64 128 192 254 318 
fe 0.48 0.48 0.48 0.48 0.48 


t-=1—-t, 052 0.52 0.52 0.52 0.52 
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Hence, we conclude that t+ =| 0.48 | and t_ =| 0.52], For the mobility of K* we use 


о 
m 


А+ u,F 
ty = — [21.50] = —— [21.44 
+= ле [ 1 А [ ] 


to obtain 


24° (048) x (149.9 $ cm? тог”! 5 
"ЭРЭ... E Li 22-03 ) 175 x 1075 em? s! V~ | 
F 9.6485 x 104 C mol 
А+ = t4 AS, [21.50] = (0.48) x (149.9 $ cm? тог!) = | 72 $ ст? mol”! | 











RT > 
acd # 2-5. к [21.58], 
с dx 
de (005-010M oy ig " 
со 0.10 т ANS т” [linear gradation]. 


RT = 2.48 x 103 J mol! = 248 x 10° № mmol". 


-2.48 kN m mol”! 

(а) F = (“S| х (—0.50M тт!) = 12kNmol7! |, | 2.1 х 10-20 N molecule"! | 
—2.48kN mmol"! 

b 2-1--------- —0.50М тт!) =| 17k zi ; -20 a! 

(b) | 0075М K т) N mol` |, | 2.8 x 10 ^" N molecule 
—2.48kN ү 

(с) F= (a) х (-0.50M m7!) =| 25 КМ mol"! |, | 4.1 х 10-20 N molecule”! | 








0.05 M 


P21.17 If diffusion is analogous to viscosity [Section 21.5, eqn 21.26] in that it is also an activation energy 
controlled process, then we expect 


D x e PART 


Therefore, if the diffusion constant is D at T and О’ at T’, 


D' 2.89 
-1 mg]! 
R In (5) (8.314) K^! шог") x In (=) 





Ее я 552 Е. -1 
E. = 1 үү = Ї 1 9.3kJmol™. 
(7-1) 298K 273К 
That is, the activation energy for diffusion is | 9.3 kJ mol"! | 
kT 
P21.19 (9) =2р [21.83], р = —— [21.67]. 
блађ 
Непсе, 
kT kTt 1.381 x 107? JKT! x (298.15 К) x t 
n е ау насаа саве ат eS m 


© блра 3ла() (Зл) х (2.12 х 107 m) x (x2) 


= (2.06 x 10751m7) х (=) 


Р21.21 
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2.06 х 107!! (t/s) 
and therefore n/ (кетт! s^!) = шэн Пу) 


(г?) /em?) 
We draw up the following table. 
t/s 30 60 90 120 
105(2)/cm? 882 1134 128 144 


10°n/(kgm7's~!) 0.70 109 145 1.72 


Hence, the mean value is | 1.2 x 107? кетт! s^! | 


The viscosity of a perfect gas is 


ТЕ S. cH [uy 5 2 = Vs 
=>. АС = = — | —— CoS e | . 
т=з ‘ 30/2 3o л 3n\ л 








The mass is 


_ 17.03 x 10? kg mor! 


m = ——— — ———— —— = 2.828 x 10726 kg. 
6.022 х 1023 mol! 5 


2 
ў жеге а 

3 (9.08 х 1076 кет” s-!) 

(2.828 х 10-26 kg) х (1.381 x 10-3 JK-!) х (270K) V^ 
ИНО а ЦЕ RN) 
л 
4.25 х 10:19 шд ү!? 
= 4.25 x 107 m? = nd? so d= Gee) = | 3.68 x 10-10 m | 
л 
2 

(9) а = 





3 (17.49 х 10-6 kg m7! s~!) 


(ess x 10726 kg) x (1.381 x 10-3 JK-!) х eon)" 
soll Ape Oe Ne Nee 
л 


1/2 


pA -19 n2 
= 2.97 х 10-9 m2 = xd? so d= (^) —|3.07 x 1079 m | 
T 


COMMENT. The change in diameter with temperature can be interpreted in two ways. First, it shows the 
approximate nature of the concept of molecular diameter, with different values resulting from measurements 
of different quantities. Second, it is consistent with the idea that, at higher temperatures, more forceful 
collisions contract a molecule's perimeter. 


Р21.23 


Р21.25 
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Solutions to theoretical problems 


The most probable speed of a gas molecule corresponds to the condition that the Maxwell distribution 
be a maximum (it has no minimum); hence we find it by setting the first derivative of the function to 
zero and solve for the value of v for which this condition holds. 





3/2 2 2 M 
ҒО) = (55) y2e "v ГЖТ — const х y297mv /?АТ Е = =] А 
df (v) ту? 
----0 h 2-—)=0. 
ds en ( kT ) 





or’ sorry 
So, | v (most probable) = с* = (23 - (57) | 
т M 





The average kinetic energy corresponds to the average of imv. The average is obtained by determining 
(v?) = Ју if (dv = 4л(т/2х)??? x (1/КТ)3/2 f? уде-тл/287 dy, 


The integral evaluates to (3/8) x!/? (m/2kT) 5/2. Then 


3/2 3/2 5/2 
je) ы ыт: 
2л КТ 8 т т 
thus (e) = 1 (у?) = ЗАТ. 


Write the mean velocity initially as a; then in the emerging beam (vy) = К / vxf(vx)dvy where 
K is a constant that ensures that the distribution in the emergent beam is also normalized. That is, 
1 = К fe f(v)dv, = К (m/2nkT) ? fo етт/23Т ду,. This integral cannot be evaluated analytically 
but it can be related to the error function by defining 

2 


2 mv, 


х = OUT 





which gives dv, = (ОКТ /т)!/? dx. Then 


кыз iu [E [= 4х [o = (т/2Т)!/ x a] 


K I". 
= =a | e dx = 1Кегї(Ъ) 
л 0 





where erf (2) is the error function [Table 9.2]: erf (2) = (2/п!/?) fo e? dx. 


2 
v C 
Therefore ӨНӨ) 


The mean velocity of the emerging beam is 


m V ре алат т (С) [* а. emm 
== , ХГ ж — ue s dv, 
М en (5588 | ын ын к(а) m Јо dw ( ) 


--k (25) (eo -). 








Р21.27 


Р21.29 
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Now use а = (у) аа = (2КТ /тл)!7. 


This expression for the average magnitude of the one-dimensional velocity in the x direction may be 
obtained from 


eo eo m 1/2 / 2 
(уу) = 2| vf (Ve)dvy =2 | Vy (zz) e "m / AT dv, 


-( m j^ (E -(=)" 
~ \QnkT m) \тл | 


It may also be obtained very quickly by setting а = oo in the expression for (уу) in the emergent beam 
with erf (b) = erf (со) = 1. 








Substituting a = (2kT /тт)!? into (vy) in the emergent beam, ета? /2kT = e!/™ and erf (b) = 
erf (1/2'/?). 


E ]—e-U 
X ——— 

1 
«(а8) 


From tables of the error function (expanded version of Table 9.2), ог from readily available software, or 
by interpolating Table 9.2, 


Therefore, (vy) = (= 
тт 


1 
ert (т) = erf (0.56) = 0.57 and e /* = 0.73. 


Therefore, (vx) = | 0.47(vx) initial | 


The most probable speed, c*, was evaluated in Problem 21.23 and is 


25) 


c* = v(most probable) = ( 
m 


Consider a range of speeds Av around c* and пс“; then, with у = c*, 


f(nc*) Е (пс* )2е—тп^с*/2АТ 


f(c*) ce me? АТ [214] = ne" "Dm PAT = [ea] 
3 ж 4 ж 
Therefore, = =9 хе =| 3.02 x 1073 п = 16 x e™!5 =| 4.9 x 10% |, 


The current /; carried by an ion j is proportional to its concentration cj, mobility uj, and charge number 
[< (Section 21.7). Therefore 








Ij; = Acjujzj 
where A is a constant. The total current passing through a solution is 


I= =A} cjujzj. 
j j 
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The transport number of the ion / is therefore 


245. 4049 cui 
FUE C ASF ил Ул | 
I АУ сијј ус) 


If there are two cations in the mixture 


P21.31 




















р(х) = [Justification 21.7], s = =. 
[я [м a 
N! 
p(6d) = : 
рое кк-өу)эох 
(а) № = 4, p(6A) = [o] (m! = со for m < 0). 
6! 1 1 
(b) N = 6, p(6A) = 610126 = 56 = gi = 0.0616 |. 
12! 12х11х10 
(© N 12,26%) = Soo = 55 = [0.054] 
(NB 0! = 1). 
N! 
P21.33 P= 


0 EDMAN = 0) 

The intermediate mathematical manipulations of Justification 21.7 begin with the above expression. 
Simplification of the expression proceeds by taking the natural logarithm of the expression, applying 
Stirling’s approximation to each term that has the In(x!) form, checking for term cancellations, and 


simplification using basic logarithm properties. 
Stirling’s approximation: In x! = 1п(2л)!/? + (x + 3) Inx — x. 


Basic logarithm properties: In(x x y) = ln x + In y 


In(x/y) = Inx — Шу 


ln(x”) = y Inx 
Taking the natural logarithm and applying Stirling's formula gives 


N! 
In P — In IO EH =m)" 
= InN! — In({5(N + 0)]) — In((4(N — n)}!) – In2" 
= ве" + (N+ D)InN - Y 
— [n£3517 + {N +n) + 5}In{3(N + п) – 39€ +A)] 


— MT) + {EN — п) + 5} In{5(N – п) – 39€ М — n2. 
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InP = (N + 4)InN — (2) !/2 — In 2" 
— {LN +n) + НЦ + п) — (Q5 — n) + 5} nfa N — 0) 


1 
(№/2)*+2 


zd -иузааан( (81) -НУ-н-ин(20-1)| 


1 
(м/2)/*? N n 
= In | ——__ Aene ns (2) + (1+1) 


д1/2 
N n 
1 — — — 
ма (5) += (1 =)| 
(N23 Мү | п 


N n 
- Hw + nm (2) - v - n nim (| -x) 


1 
(N/2)*2 NY | n 
= т - Wt in ( > - HN en Lin (14 x) 


= ИМ -n tm (1-х) 


1 
(N/2)"*3 


т р 2y Iim n 
=n) raya HN +n+1}In(1+—) Lin n+1}in(1 x). 


3 X12 l n | п 
inp =1n(—) - HN -+n+1)In(1+ 5) - SUI 2n nm (1 7). 


Solutions to applications 


P21.35 The work required for a mass, т, to go from a distance r from the center of a planet of mass m' to 
infinity is 


оо 
w= | Fdr 
r 


where F is the force of gravity and is given by Newton’s law of universal gravitation, which is 


Gmm' 
= —3 





С is the gravitational constant (not to be confused with g). Then 








: © Gmm' Gmm' 
w= 5 dr = > 
Р r r 


Since, according to Newton’s second law of motion, F = mg, we may make the identification 


_ Gm 
8 = r2 * 
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Thus, w — grm. This is the kinetic energy that the particle must have in order to escape the planet's 
gravitational attraction at a distance г from the planet's center; hence w = imn? = mgr. 


Ve — (2g Ry)? [Rp = radius of planet] 
which is the escape velocity. 


(а) ve = [Q) x (981 ms~2) x (6.37 х 10° m)]!/? = 


(Mars) — R(Earth)? 6.37 V? 
(b) Mars) = Z — -2 
g(Mars) m(Earth) x R(Mars)? x g(Earth) = (0.108) x (=) х (9.81 т$ ^) 


= 3.76 572, 


Hence, ve = [(2) х (3.76572) х (3.38 x 10° т)]!/2 = [5.0 km s~!] 


Since c = (8RT/xM)!/*, T = nM@2/8R 





and we can draw up the following table. 


10-37/К Н He О» 


Earth 11.9 23.7 190 [@=11.2kms7!] 
Mars 24 48 38 [= 5.0 кт!] 





In order to calculate the proportion of molecules that have speeds exceeding the escape velocity, ve, we 
must integrate the Maxwell distribution [21.4] from ve to infinity. 


ee ee m \3/2 3 2 әр М т 
Р = dv = 4 g-mv /ЖТа, НЕ LS 
r f(v)dv [ slaap) уе vut 


This integral cannot be evaluated analytically and must be expressed in terms of the error function. We 
proceed as follows. 





Defining В = m/2kT and y? = Ву? gives v = В-1/2у, v? = 87 !y?, ve = Bo! ye, 


ye = BI? v, and dv = 87 !"?dy. 


p 3/2 5 [9.4 а 4 сы 2 
Р =4т (£) gg | уе? ау = TL | ye dy 
л В nl? Л виз», 


4 ые 2 ШИГ зүй 
mies | ye dy — | yle^ dy |. 
The first integral can be evaluated analytically; the second cannot. 


oo 2 л!/? 
Í ye” dy = ——; hence 
0 4 


2 В 2 2 В" 7. 
Р-1--тд 5 ye" Ody) 21- a5 f уд(-е7 ). 
=a | ye ? (2ydy) xi? 1, yd( ) 
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This integral may be evaluated by parts 


2 , Bly, 
Р-1-шаү не") | еба 
0 





1/2 
= erfc(B!? v.) + 2 (£) vee P"*  [erfc(z) = 1 — erf(z)]. 
л 


т М 
Егот 8 = ЗЕ ae and ve = (2gRp)!/?, 


1/2 
gi, = (MRN 
5 RT | 


For H2 on Earth at 240K 


5 1/2 
phys (0.002016 kg mol!) x (9.807 ms~2) х (6.37 х 109 m) | m" 
(8.314J K^! mol!) x (240K) 


7.94 2 
P = е (71.94) +2 | —— Je-7?9' = (2.9 x 107?) + (3.7 x 1072) -137х 10777 | 
ене) + (292) 6-09" = дә хто-®) + ал 10) = [S7 977] 
At 1500 К 


gua (0.002016 kg mol!) x (9.807 m s?) х (6.37 x 105m) V ^ T 
ye = | _— C = 2.16, 
ё (8.3147 K^! шог) x (1500К) 


3.18 2 = 
Р = erfc(3.18) +2 (273) e G18 = (69 x 1075) + (1.46 x 10-4) = 1.5 x 1074]. 


For Н» on Mars at 240 К 


git, — ((9902016kg mol ^) х (3.76m s~) х (3.38 х 10° m) Qu T 
(8.314J K7! шог!) x (240K) ны 


Т. азид 7 Е i 
P = erfe3.58) +2 (375 e (3.58)" — (4.13 x 1077) + (1.10 x 1075) =] 1.1 10-5 | 


At 1500 K, В1/2у, = 1.43, 
P = егїс(1.43) + (1.128) x (143) x e~"-49 = 0.0431 + 0.209 = [0225] 


For He on Earth at 240 K 





(8.314J K7! mol!) x (240K) 


P = erfe(11.2) + (1.128) х (11.2) x e-012* = 0 + (4 x 107%) = [4 x 10794] 


5 1/2 
(0.004003 kg mol~!) х (9.807 ms~2) х (6.37 x 106 5 
а g ) x ( ms ^)x( x 10° m) — 11.19, 
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At 1500 К, В!/2у, = 4.48, 


Р = erfc(4.48) + (1.128) х (4.48) x e~ 448)" = (2.36 х 107!) + (9.71 х 10-9) 


For He on Mars at 240 K 





pity, | SOS mol!) х (3.76ms~) х (3.38 x 105m) V^. 5.05 
(8.3147 K7! шог!) x (240K) = 5.05, 


Р = erfc(5.05) + (1.128) x (5.05) x e~ 5) = (9.21 х 10713) + (4.79 x 107!) 


At 1500 К, В!/2у, = 2.02, 


Р = erfc(2.02) + (1.128) х (2.02) x e- 292" = (4.28 x 10-3) + (0.0401) = [0.444 | 





For О on Earth it is clear that P ~ 0 at both temperatures. 


For О) on Mars at 240 K, В!/?у, = 14.3, 


Р = erfc(14.3) + (1.128) x (14.3) x e-(043* = 0 + (2.5 x 10-88) =|2.5 x 10-88 | ~ 0. 


At 1500 K, £1? y, = 5.71, 


Р = erfc(5.71) + (1.128) х (5.71) x e~ 7" = (6.7 х 1075) + (4.46 x 10714) 


Based on these numbers alone, it would appear that H2 and He would be depleted from the atmosphere 
of both Earth and Mars only after many (millions?) years; that the rate on Mars, though still slow, would 
be many orders of magnitude larger than on Earth; that O2 would be retained on Earth indefinitely; 
and that the rate of О» depletion on Mars would be very slow (billions of years?), though not totally 
negligible. The temperatures of both planets may have been higher in past times than they are now. 


In the analysis of the data, we must remember that the proportions, P, are not rates of depletion, though 
the rates should be roughly proportional to P. 


The results of the calculations are summarized in the following table. 





240 К 1500 К 
H2 He О» Н: Не О: 
P(Eath) 3.7 х 10-27 4х 10754 0 15х10:5 1.0x 1078 0 


P(Mas) 1.1 х 10-5 49x10-! 0 0.25 0.044 4.5 x 10!4 
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Dry atmospheric air is 78.08% N2, 20.95% O2, 0.93% Ar, 0.03% CO», plus traces of other gases. 
Nitrogen, oxygen, and carbon dioxide contribute 99.06% of the molecules in a volume with each 
molecule contributing an average rotational energy equal to kT. The rotational energy density is given by 


Eg 0.9906№(=®) 0.9906(=Е®)рМА 
то су 

0.9906kT pNA 
= КТ 


= 0.9906(1.013 х 10° Ра) = 0.1004 1 ст. 


PR = 


= 0.9906p 


The total energy density (translational plus rotational) is 


рт = рк + pr = 0.15 Jcm? + 0.10 cm 3 

рт = 0.25 J em 3. 
For order of magnitude calculations we restrict our assumed values to powers of 10 of the base units. 
Thus 


p= 18 ст? ex 10? kg m^, 


n(air) = 1 x 1075 kg m^! s^! [see comment and question below]. 


We need the diffusion constant 


= kT 
^ 6лла` 





а is calculated from the volume of the virus which is assumed to be spherical 


_ ах 10° ш) x (1 x 10727 кеит!) 
1 x 10? kg m? 


1/3 
y^! 1 х 10-25 m3 \ / m 
а 4 А цэг сын 7: | x 10 ^m. 


на (1 x 10-23 J K7!) х (300 К) 
(бт) х (1 х 10-5 kg m~! 5-1)(1 х 10-5т) 


x 1 x 10-25 m3. 


) x 1 x 107? т? 871. 
For three-dimensional diffusion, 


e. 1m? Ne 
dni ЕГЕДА! 


Therefore it does not seem likely that a cold could be caught Бу the process of diffusion. 





COMMENT. Ina Fermi calculation only those values of physical quantities that can be determined by scientific 
common sense should be used. Perhaps the value for n(air) used above does not fit that description. 


Question. Can you obtain the value of n(air) by a Fermi calculation based on the relation in Table 21.3? 
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c(x,t) = co + (c, — co) {1 — erf(&)} where &(х, t) = unm 


In order for с(х, г) to be the correct solution of this diffusion problem it must satisfy the boundary 
condition, the initial condition, and the diffusion equation (eqn 21.68). According to Justification 9.4, 


mE 


2 гә, 
её) = 1 — | e" dy. 
E 


At the boundary х = 0, 8 = 0, and erf(0) = 1 — (2/n!/?) f° е-Уфу-1- (2/х!/?) х (х!/?/2) = 0. 


Thus, с(0,1) = co + (cs — co)(1 — 0} = су. The boundary condition is satisfied. At the initial time 
(t = 0), £(x,0) = оо and erf(oo) = 1. Thus, с(х,0) = co + (cs — co) {1 — 1} = co. The initial condition 
is satisfied. We must find the analytical forms for дс/дт and д2с/дх?. If they are proportional with a 
constant of proportionality equal to D, c(x, г) satisfies the diffusion equation. 


ác) _ |) [ 1 (с; — со)х зан | 





х |2,/т(ру3? 
92с(х, t) - 1 (cs — co)x „—Х\/лш 
дх2 12 Yr (D1)3/2 | 


The constant of proportionality between the partials equals D and we conclude that the suggested solution 
satisfies the diffusion equation. 


Diffusion through alveoli sites (about 1 cell thick) of oxygen and carbon dioxide between lungs and 
blood capillaries (also about | cell thick) occurs through about 0.075 mm (the diameter of a red blood 
cell). So we will examine diffusion profiles for 0 < x < 0.1 mm. The largest distance suggests that the 


Oxygen concentration profiles at г 


N 
л 
= 


c 
104 тод 
a 


0 0.02 0.04 0.06 0.08 0.1 
x/mm Figure 21.2 
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longest time that must be examined is estimated with eqn 21.82. 


MES oe 2 л(1 x 1074m)? 


4D | 4(2.10 x 10-9 m? s-!) 


^ 


пах 2 





= 3.745. 


Figure 21.2 shows oxygen concentration distributions for times between 0.01 s апа 4.0 s. 


Illustration 5.2 uses Henry’s law to show that the equilibrium concentration of oxygen in water equals 
2.9 x 1074 mol dm~?. We use this as an estimate for с. and take co to equal zero. 


D22.1 


The rates of chemical 
reactions 


Answers to discussion questions 


The timescales of atomic processes are rapid indeed: according to the following table, a nanosecond is an 
eternity. Note that the times given here are in some way typical values for times that may vary over two 
or three orders of magnitude. For example, vibrational wavenumbers can range from about 4400 ст”! 
(for H2) to 100 ст”! (for 15) and even lower, with a corresponding range of associated times. Radiative 
decay rates of electronic states can vary even more widely: Times associated with phosphorescence 
can be in the millisecond and even second range. A large number of timescales for physical, chemical, 
and biological processes on the atomic and molecular scale are reported in Figure 2 of A.H. Zewail, 
Femtochemistry: atomic-scale dynamics of the chemical bond. J. Phys. Chem. A 104, 5660 (2000). 


Process t/ns Reference 





Radiative decay of electronic excited state 1x10! ^ Section 13.3b 


Rotational motion 3x 107? Be lcm! 
Vibrational motion 3x10? йж 1000 cm7! 
Proton transfer (in water) 2х 1077 Section 21.7a 
Initial chemical reaction of vision* 1х 1074+ Impact 114.1 
Energy transfer in photosynthesis* 1х 10-3 Impact 123.2 
Electron transfer in photosynthesis 3 х 10-3 Impact 123.2 
Polypeptide helix—coil transition 2х 10? Impact 122.1 
Collision frequency in liquids 4 х 10-% Section 21.16 





*Photoisomerization of retinal from 11-cis to all-trans. 

+Time from absorption until electron transfer to adjacent pigment. 

Use formula for gas collision frequency at 300 К, parameters for benzene 
from Data section, and density of liquid benzene. 


Radiative decay of excited electronic states can range from about 10-9 s to 1074 s—even longer for 
phosphorescence involving ‘forbidden’ decay paths. Molecular rotational motion takes place on a scale 
of 10—12 to 1077 s. Molecular vibrations are faster still, about 10715 to 107"? s. The mean time between 
collisions in liquids is similarly short, 107^ to 10-13 s. Proton transfer reactions occur on a timescale 
of about 10:19 to 10-9 s. Impact 114.1 describes several events in vision, including the 200-fs photoi- 
somerization that gets the process started. Impact 123.2 lists timescales of several energy-transfer and 
electron-transfer steps in photosynthesis. Initial energy transfer (to a nearby pigment) has a timescale of 
around 10713 to 107 !! s, with longer-range transfer (to the reaction center) taking about 107 !? s. Immedi- 


ate electron transfer is also very fast (about 3 ps), with ultimate transfer (leading to oxidation of water and 
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reduction of plastoquinone) taking from 107 10 to 10-3 $. Impact 122.1 discusses helix—coil transitions, 
including experimental measurements of timescales of tens or hundreds of microseconds ( 10-5 to 107* s) 
for formation of tightly packed cores. The rate-determining step for the helix—coil transition of small poly- 
peptides has a relaxation time of about 160 ns in contrast to the faster 50 ns relaxation time of large protein. 


The determination of a rate law is simplified by the isolation method in which the concentrations of 
all the reactants except one are in large excess. If B is in large excess, for example, then to a good 
approximation its concentration is constant throughout the reaction. Although the true rate law might 
be v = k[A][B], we can approximate [B] by [B]o and write 


v=k [A], where К’ = k[B]o [22.10] 


which has the form of a first-order rate law. Because the true rate law has been forced into first-order 
form by assuming that the concentration of B is constant, it is called a pseudo first-order rate law. The 
dependence of the rate on the concentration of each of the reactants may be found by isolating them 
in turn (by having all the other substances present in large excess) and so constructing a picture of the 
overall rate law. 


In the method of initial rates, which is often used in conjunction with the isolation method, the rate is 
measured at the beginning of the reaction for several different initial concentrations of reactants. We 
shall suppose that the rate law for a reaction with A isolated is у = K[A]"; then its initial rate, vo is given 
by the initial values of the concentration of A, and we write vo = k[A]g. Taking logarithms gives 


log vo = logk + alog[A]o. [22.11] 


For a series of initial concentrations, a plot of the logarithms of the initial rates against the logarithms 
of the initial concentrations of A should be a straight line with slope a. 


The method of initial rates might not reveal the full rate law, for the products may participate in the 
reaction and affect the rate. For example, products participate in the synthesis of HBr, where the full 
rate law depends on the concentration of HBr. To avoid this difficulty, the rate law should be fitted to 
the data throughout the reaction. The fitting may be done, in simple cases at least, by using a proposed 
rate law to predict the concentration of any component at any time, and comparing it with the data. 


Because rate laws are differential equations, we must integrate them if we want to find the concentrations 
as a function of time. Even the most complex rate laws may be integrated numerically. However, in a 
number of simple cases analytical solutions are easily obtained, and prove to be very useful. These 
are summarized in Table 22.3. In order to determine the rate law, one plots the right-hand side of the 
integrated rate laws shown in the table against г in order to see which of them results in a straight line 
through the origin. The one that does is the correct rate law. 


The rate-determining step is not just the slowest step: it must be slow апа be a crucial gateway for the 
formation of products. If a faster reaction can also lead to products, then the slowest step is irrelevant 
because the slow reaction can then be side-stepped. The rate-determining step is like a slow ferry crossing 
between two fast highways: the overall rate at which traffic can reach its destination is determined by 
the rate at which it can make the ferry crossing. 


If the first step in a mechanism is the slowest step with the highest activation energy, then it is rate- 
determining, and the overall reaction rate is equal to the rate of the first step because all subsequent steps 
are so fast that once the first intermediate is formed it results immediately in the formation of products. 
Once over the initial barrier, the intermediates cascade into products. However, a rate-determining step 
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may also stem from the low concentration of a crucial reactant or catalyst and need not correspond to 
the step with highest activation barrier. A rate-determining step arising from the low activity of a crucial 
enzyme can sometimes be identified by determining whether or not the reactants and products for that 
step are in equilibrium: if the reaction is not at equilibrium it suggests that the step may be slow enough 
to be rate-determining. 











Саве 1 Савс П Case III 
R 
G 
Р, 
Р, 
Reaction coordinate Reaction coordinate Reaction coordinate Figure 22.1 


Simple diagrams of Gibbs energy against reaction coordinate are useful for distinguishing between 
kinetic and thermodynamic control of a reaction. For the simple parallel reactions R > Р and R — Р», 
shown in Fig. 22.1 cases I and II, the product Р! is thermodynamically favored because the Gibbs energy 
decreases to a greater extent for its formation. However, the rate at which each product appears does not 
depend upon thermodynamic favorability. Rate constants depend upon activation energy. In case I the 
activation energy for the formation of P, is much larger than that for formation of P2. At low and moderate 
temperature the large activation energy may not be readily available and P; either cannot form or forms 
at a slow rate. The much smaller activation energy for Р» formation is available and, consequently, P» 
is produced even though it is not the thermodynamically favored product. This is kinetic control. In this 
case, [P2]/[P1] = k2/kı > 1 [22.46]. 


The activation energies for the parallel reactions are equal in case II and, consequently, the two products 
appear at identical rates. If the reactions are irreversible, [P2]/[P1] = k2/kı = 1 at all times. The results 
are very different for reversible reactions. The activation energy for P; — R is much larger than that for 
P2 — В and P, accumulates as the more rapid P2 — R — Р occurs. Eventually the ratio [P»]/[P1] 
approaches the equilibrium value for which 


(ТЫ) — е—(Аб›-Аб)/Т |, 
1207 





This is thermodynamic control. 


Case III represents an interesting consecutive reaction series R — P, — P». The first step has relatively 
low activation energy and P, rapidly appears. However, the relatively large activation energy for the 
second step is not available at low and moderate temperatures. By using low or moderate temperatures 
and short reaction times it is possible to produce more of the thermodynamically less favorable Р. This is 
kinetic control. High temperatures and long reaction times will yield the thermodynamically favored P2. 


The ratio of reaction products is determined by relative reaction rates in kinetic controlled reactions. 
Favorable conditions include short reaction times, lower temperatures, and irreversible reactions. Ther- 
modynamic control is favored by long reaction times, higher temperatures, and reversible reactions. 
The ratio of products depends on the relative stability of products for thermodynamically controlled 
reactions. 
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The primary isotope effect is the change in rate constant of a reaction in which the breaking of a bond 
involving the isotope occurs. The reaction coordinate in a C—H bond breaking process corresponds to 
the stretching of that bond. The vibrational energy of the stretching depends upon the effective mass 
of the C and H atoms. See eqn 13.50. Upon deuteration, the zero point energy of the bond is lowered 
due to the greater mass of the deuterium atom. However, the height of the energy barrier is not much 
changed because the relevant vibration in the activated complex has a very low force constant (bonding 
in the complex is very weak), so there is little zero point energy associated with the complex and little 
change in its zero point energy upon deuteration. The net effect is an increase in the activation energy 
of the reaction. We then expect that the rate constant for the reaction will be lowered in the deuterated 
molecule and that is what is observed. See the derivation leading to eqns 22.51-22.53 for a quantitative 
description of the effect. 


A secondary kinetic isotope effect is the reduction in the rate of a reaction involving the bonded isotope 
even though the bond is not broken in the reaction. The cause is again related to the change in zero 
point energy that occurs upon replacement of an atom with its isotope, but in this case it arises from 
the differences in zero point energies between reactants and an activated complex with significantly 
different structure. See /llustration 22.3 for an example of the estimation of the magnitude of the effect 
in a heterolytic dissociation reaction. 


If the rate of a reaction is altered by isotopic substitution it implies that the substituted site plays an 
important role in the mechanism of the reaction. For example, an observed effect on the rate can identify 
bond breaking events in the rate-determining step of the mechanism. On the other hand, if no isotope 
effect is observed, the site of the isotopic substitution may play no critical role in the mechanism of the 
reaction. 


Solutions to exercises 


Е d[A] _ 1 d[B] [С] 1 d[D] з 
v= ШО Ө alae = 22а "l0 moldm S ,SO 


Rate of consumption of A = | 1.0 mol dm? 87! 
Rate of consumption of В = | 3.0 mol dm? 87! 


Rate of formation of C — | 1.0 mol dm? 571 | 














Rate of formation of D = | 2.0 mol dm~? 87! | 


Rate of consumption of B = -TI = | 1.00 mol dm~? 87! 
1 d[B 

Rate of reaction = publ 0.33 mol dm? 87! | = HEY Tam ER. G 
3 dt 2 dt 


dt dt 

















Rate of formation of C =| 0.33 mol dm? 87! | 











Rate of formation of D = | 0.66 mol dm? 87! | 








Rate of consumption of A = | 0.33 mol dm ^? 87! | 
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The dimensions of k are 


dim of v amount x length~> x time"! 


(dim of [A]) x (dim of [B]? (amount x length ?)? 





ll 


length? x amount? x time" 


In mol, dm, s units, the units of К are 








d[A] 2 „| А] 2 
=—-—== К ме — = — ны 
(a) v ds [AJIBI" во — k[A][B] 
d[C d[C 5 
(b) v= alc} so i o k[A][B]* 
dt 
The dimensions of k are 
dim of v _ amount x length ? x time"! — -i 
dim of [A] х dim of [B] x (dimof[CD-! amount x length 


The units of k are [5—1] 


The rate law is 
v = А] ор“ = (po(1 —f)}* 
where a is the reaction order, and f the fraction reacted (so that 1 — f is the fraction remaining). Thus 


я {роб = Л)“ (5 —fi ) In(vi/v) In(9.71/7.67) 
аА (1-5) "^ „(1 =) TE 20007 
1—f 1 — 0.200 


The half-life changes with concentration, so we know the reaction order is not 1. That the half-life 
increases with decreasing concentration indicates a reaction order <1. Inspection of the data shows the 
half-life roughly proportional to concentration, which would indicate a reaction order of 0 according to 
Table 22.3. More quantitatively, if the reaction order is 0, then 
a) 
1/2 p 


туо xp and ЧЭ 


fj 








We check to see if this relationship holds 


1 
пуз _ 340s 


^ 178s 


pi _ 55.5КРа _ 


-191 and —= = 
p2 28.9 КРа 


1.92 








(2) 
11/2 
so the reaction order is [o]. 


The rate law is 


yi _ 14ГА] = [А] 
2 4 
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The half-life formula in eqn 22.13 is based on the assumption that 


d[A] _ 
—— = МА! 


That is, it would be accurate to take the half-life from the table and say 


where k’ = 2k. Thus 


чт [1.80 x 1055] 
S| 180 ИР 
11/2 2(2.78 х 10-7 8-1) 


Likewise, we modify the integrated rate law (eqn 22.126), noting that pressure is proportional to 
concentration: 


p= poe 2“ 


(a) Therefore, after 10 h, we have 


р = (32.1 kPa) exp[—2 х (2.78 x 107757!) x (3.6 x 105 s)] = | 31.5 kPa 


(b) After 50 h, 


р = (32.1 kPa) exp[—2 х (2.78 x 1077 s^!) x (1.8 x 10? s)] = | 29.0 kPa 


From Table 22.3, we see that for A + 2B — P the integrated rate law is 


[Alo([Blo — 2[Р]) 
ia 6 и 
' = Ву — 2[Alo | (Alo — [PD[Blo | 


(a) Substituting the data after solving for К 





k= 1 VN Е х (0.080 — 0.060) 
(3.6 х 10? s) х (0.080 — 2 x 0.075) х (mol dm?) (0.075 — 0.030) x 0.080 


= | 3.47 x 10-3dm3mol7!s~! 


(b) The half-life in terms of А is the time when [A] = [A]o/2 = [P], so 


1 In E ([Blo — | 
k([B]o — 2[A]o) ([A]o[B]o/2) 





t/2(A) = 
which reduces to 


1ү/2(А) = 





1 á ( Е ur) 
k([B]o — 2[A]o) [Во 


E 1 e ( 0.150 
(3.47 х 10-3 dm? mol! s-!) х (—0.070 mol dm?) 0.080 


= 8561s = [24h] 
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The half-life in terms of B is the time when [B] — [B]o/2 and [P] — [B]o/4: 


[Ab (iei, - 50) 
2 

1/20) хавь А | (i, Bl) rg 

dius (i - EP) ums 


which reduces to 


1 [Alo/2 
B) = ———————— ТАЛА — TRIATA 
п/2(В) k([B]o — 2[A]o) " па - КЕН) 


_ 1 гч ( 0.075/2 
(3.47 х 10-3 dm? тог 181) x (—0.070 mol dm?) 0.075 — (0.080/4) 
= 1576s = [0.44 h. 
E22.9(b) (а) The dimensions of a second-order constant аге 


dim of v amount х length? х їе”! И. t! x time"! 
Е = = len x amount x tim 
(dim of [A]? (amount x length)? ed 


In molecule, m, s units, the units of k are | m? molecule~! s7! 


The dimensions of a third-order rate constant are 





dimofv _ amount x length ? x тет! 
(dim of [A]? ^ ^ (amount x length 2)? 


In molecule, m, s units, the units of k аге | m? molecule? $7! 


COMMENT. Technically, “molecule” is not a unit, so a number of molecules is simply a number of individual 
objects, that is, a pure number. In the chemical kinetics literature, it is common to see rate constants given 
in molecular units reported in units of m8 s71, mê 877, cm? 877, etc. 





ES length? x amount ? x бте! 


(b) The dimensions of a second-order rate constant in pressure units are 


dimofv _ pressure x time”! 
(dim ofp)? (pressure)? 


In SI units, the pressure unit is N m7? = Pa, so the units of k are 


The dimensions of a third-order rate constant in pressure units are 


= ргевзиге”! x time! 


dimofv | pressure x time! 
(dim of p? ^ (pressure)? 


In SI pressure units, the units of К are [Ра-2 5-1] 


E22.10(b) The integrated rate law is 


Эв) . = 
= pressure ? x time! 


1 [Alo((Blo — 21С]) 


kt = —————— Ig telae M 02 
‘= Bb —2[Alo ^ (Alo — ICDIBlo 


[Table 22.3] 


Е22.11(Ь) 


E22.12(b) 


E22.13(b) 
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Solving for [C] yields, after some rearranging 


. [A]o[B]o{explkt([B]o — 2[A]0)] — 1) 








С] = 
i [B]o exp[At([B]o — 2[А]о)] — 2[A]o 
[C] _ (0.025) x (0.150) x (e9?1x(0.100)x1/s — 1) _ (3.75 x 107°) x (е? /5 — 1) 
50 moldm- (0.150) x е0215(0л09х(75-02х(0025) — (0.150) x e?021x17s — (0.050) 
(3.75 x 10-3) x (e®?! — 1) -3 -3 a 
= XS mol dm^ =| 6.5 x 10-3 mol йт” 
09 = пуха a [65 x 10-3 mol dm-?| 








b) iC 1ат-3 = [0.025 mol dm 
(D [O= (0150 х 126 — (0050) ^ dm — 


The rate law is 


LLL И. 
2 dt 


which integrates to 
os P. 1 А 1 1 
t = – | — - — so = | | 
2 \[АР [АБ 4k \[AP [А] 


1 1 1 
(-51--------------ш-- |х | a – ———————_—— 
(5 х 10-4 аш? mol? =) (= moldm^?)? (0.077 mol ==) 
= | 1.5х 106$ 


А reaction nth-order in A has the following rate law 


дА] _ " d[A] 
ЗЭВ. - КГА] 50 ГАГ” 





= —kdt = [A]"" А] 


Integration yields 


[A] – [А " _ 
1—п Е 


—kt 


Let гууз be the time at which [A] = [A]o/3, 


ИА l-n _ l-n 1-пүү1ү1-л _ 
so Аз = GI lo) [Alo ES [Alo [G) 1] 





l-n 1= п 


37-1 =] 
d 1/3-11--1А " 
апа дуз k(n — p! lo 


The equilibrium constant of the reaction is the ratio of rate constants of the forward and reverse reactions: 


Kr 
кес so ke = Kk. 


г 


The relaxation time for the temperature jump is (Example 22.4): 


T = {kf + 6018] + (С])) 7 so = тт! — &,((B] + [CD 
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Setting these two expressions for kr equal yields 


1 


Kk, = т^! — K([B] + [C k= Kx [BI (CD 
T ([В] + [C]) so т(К + [В] + [C]) 


Непсе 


1 
k= 
"(3,0 x 10:68) х (2.0 10-6 + 2.0 x 10-4 + 2.0 х 10-4) mol dm ? 


= | 8.3 x 105 dm? шог 187! 
and kr = (2.0 x 10716 mol dm~?) х (8.3 х 108 dm? mol`! s7!) =| 1.7 х 107787! 


E22.14(b) The rate constant is given by 











E. 
k -Aep( 50) [22.31] 





so at 24°C it is 


1.70 x 1072 dm? mor! 57! = Aexp (saa) 
(8.3145J K-! шог!) x [(24 + 273) К] 


and at 37 °C it is 





2.01 х 1077 dm? mol! s^! = A exp ( -Ба ) 
(8.31451К-1 шог!) x [(37 + 273) К] 


Dividing the two rate constants yields 


1.70 x 107? ( -Ё, ) 1 1 ) 
201 х 10-2 ^ "P|Vg3145IK-! mor! *\ 507K 310К 
EN (51403) ( -Ба " ( 1 | 
2.01 x 10-2] 1831451К-1тшоГ! 297K  310K 


1 j \ Жы 
and E, = — ( ) In (src) x (8.31457 K^! mol!) 








297К  310K 2.01 x 10-2 
= 9.9 x 10° Jmol! = |9.9 kJ тог! 
With the activation energy in hand, the prefactor can be computed from either rate constant value 


9.9 x 103 Jmol”! | 


Е; 2 
А = Кехр (&) = (1.70 x 107? dm? шог 187!) х ехр раса 
k -1 mo x 


=| 0.94 dm? тої! 87! 


E22.15(b) (a) Assuming that the rate-determining step is the scission of a C—H bond, the ratio of rate constants 
for the tritiated versus protonated reactant should be 








kr E п? 1 1 : " 1/2 
— =e ^, where А = x — | [22.53 with Ac» = ho = h(k/u) ^] 
1/2 1/2 

їн 2kaT ин ио 
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The reduced masses will be roughly 1 u and Зи respectively, for the protons and 3H nuclei are far 
lighter than the rest of the molecule to which they are attached. So 


_ (1.0546 x 10-34 Js) х (450Nm7!)!/? 
~ 2x (1381 x 10:231К-1) x (298K) 





1 1 2 
х (zum == su) х (1.66 х 10-27 kgu-!)-!? 


А 2.8 


"m X АВ 
50 Ёо =| 0.06 = 1/16 


H 


(b) The analogous expression for !6O and !*O requires reduced masses for C—!9O and C—!*O bonds. 
These reduced masses could vary rather widely depending on the size of the whole molecule, but in 
no case will they be terribly different for the two isotopes. Take !?CO, for example: 


(16.0u) x (12.0u) (18.0u) x (12.0u) 
= = 6.86 d = = 7.20 
216 = (160 120)u = ae PS Порода 5 





_ (1.0546 х 10724 Js) х (1750 Мш!))72 
~ 2x (1.381 x 10:21К-1) х (298K) 





1 1 К ES 
x (exces = ama) х (1.66 х 10-27 крш)! 


= 0.12 


k 
o —3 =е 012 — [0.89 
Ki6 
At the other extreme, the O atoms could be attached to heavy fragments such that the effect- 


ive mass of the relevant vibration approximates the mass of the oxygen isotope. That is, p16 = 
16u and pig < 180 





$0 А А 0.19 so kis —e7919 = | 0.83 
к 


E22.16(b) ВЕ a 
k Какы Кард 


Therefore, for two different pressures we have 


I T 1/1 1 
k К k\p pj 








[analogous to 22.67] 








1 1 1 1 2s 
= (т х 103 Ра zx) " (17 х10-35-1 22x эт) 














= |9.9 x 10-5s-!Pa-! | - |9.9 s- 'MPa-! | 








Р22.1 
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Solutions to problems 
Solutions to numerical problems 


A simple but practical approach is to make an initial guess at the order by observing whether the half-life 
of the reaction appears to depend on concentration. If it does not, the reaction is first-order; if it does, 
it may be second-order. Examination of the data shows that the first half-life is roughly 45 minutes, 
but that the second is about double the first. (Compare the 0 — 50.0 minute data to the 50.0 — 150 
minute data.) Therefore, assume second-order and confirm by plotting 1/[A] against time. If the reaction 
is second-order, it will obey 


1 1 
— =k —— [22.15Ь]. 
pi^ ^u ша 


We draw up the following table (A = NH4CNO). 


1/ min 0 20.0 500 650 150 
m(urea)/g 0 70 121 13.8 17.7 
m(A)/g 229 159 108 9.1 5.2 


[A]/(mol dm?) 0.381 0.265 0.180 0.152 0.0866 
[A] !/(dm? mol!) 2.62 378 556 6.60 11.5 





The data are plotted in Fig. 22.2 and fit closely to a straight line. Hence, the reaction is | second-order | 


The rate constant is the slope: | k = 0.0594 dm? шог”! пи! | 





0 20 40 60 80 100 120 140 
t/min Figure 22.2 


To find [A] at 300 min, use eqn 22.15c: 


zi 
[A] = . UM,  0382moldm о ом 


1+ А[АЈо 1 + (0.0594) х (300) x (0.382) 


Р22.3 


Р22.5 


Р22.7 
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The mass of NH4CNO left after 300 minutes is 
т = (0.0489 mol dm?) x (1.00 dm?) x (60.06g шог!) =| 2.94 g | 


The procedure adopted in the solutions to Problems 22.1 and 22.2 is employed here. Examination of the 
data indicates the half-life is independent of concentration and that the reaction is therefore | first-order | 
That is confirmed by a plot of In (1) against time (eqn 22.12b). We draw up the following table 
(A = nitrile). 


1/(107 $) 0 2.00 4.00 6.00 8.00 10.00 12.00 
[A]/(moldm~*) 1.10 0.86 0.67 052 041 0.32 0.25 
ue 1 078 0.61 0.47 037 0.29 0.23 
In (181) 0 —0.246 —0496 —0.749 —0.987 —1.235 —1.482 


A least-squares fit to a linear equation gives k = —slope = | 1.23 x 10:587! | with a correlation 


coefficient of 1.000. 


As described in Example 22.5, if the rate constant obeys the Arrhenius equation [22.29], a plot of 
In k against 1/T should yield a straight line with slope —E,/R. However, since data are available only 
at three temperatures, we use the two-point method, that is, 


—R In (Кэ/К1) 
((1/Т>) — (1/Т,))` 
For the pair Ө = 0°С and 40°C, 


which yields Е, = 


—R In (576/2.46) 


= TM ade aS en ^4 4 zi 
((1/313 K) — (1/273 K)) 9.69 x 10^ J mol 


a 


For the pair Ө = 20°С and 40°С, 


—К1п (576/45.1) 


= oa = 9.71 х 10% =, 
((1/313 К) — (1/293 К)) сайын 


а 


The agreement of these values of E, indicates that the rate constant data fits the Arrhenius equation and 


that the activation energy is | 9.70 х 1051 шог! | 


The data for this experiment do not extend much beyond one half-life. Therefore the half-life method 
of predicting the order of the reaction as described in the solutions to Problems 22.1 and 22.2 cannot be 
used here. However, a similar method based on three-quarters lives will work. For a first-order reaction, 
we may write (analogous to the derivation of eqn 22.13) 


3 

ЗЇАЮ 3 4 0.288 

зуд = —1п —— = -In= =1п- = 0.2 = ——. 
3/4 п [Alo nx ng 0.288 ог 13/4 k 


Р22.9 
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Thus the three-quarters life (or any given fractional life) is also independent of concentration for a first- 
order reaction. Examination of the data shows that the first three-quarters life (time to [A] = 0.237 mol 
dm~*) is about 80 min and by interpolation the second (time to [A] = 0.178 mol dm™?) is also about 
80 min. Therefore the reaction is first-order and the rate constant is approximately 


p 0.288 0.288 








= = 3.6 x 10? min™!. 
13/4 80 min bli 


A least-squares fit of the data to the first-order integrated rate law [22.12b] gives the slightly more 


accurate result, k = | 3.65 x 10-3 ши! | The half-life is 
1/2 = —— = = 
! К 3.65 x 10-3 тіпт! 


The average lifetime is calculated form 


N 





[A] ы 
— =e ™ [22.12b]. 

[A]o 
which has the form of a distribution function. The ratio 1 is the fraction of sucrose molecules that 
have lived to time т. The average lifetime is then 


[o ле Жар 1 


аа, 


The denominator ensures normalization of the distribution function. 


COMMENT. The average lifetime is also called the relaxation time. Compare to eqn 22.28. Note that the 
average lifetime is not the half-life. The latter is 190 minutes. Also note that 2 х зуд 4 t1/2. 


The data do not extend much beyond one half-life; therefore, we cannot see whether the half-life is 
constant over the course of the reaction as a preliminary step in guessing a reaction order. In a first- 
order reaction, however, not only the half-life but any other similarly defined fractional lifetime remains 
constant. (That is a property of the exponential function.) In this problem, we can see that the 3-Ше 18 
not constant. (It takes less than 1.6 ms for [CIO] to drop from the first recorded value (8.49 што] dm~?) 
by more than i of that value (to 5.79 j. mol dm); it takes more than 4.0 more ms for the concentration 
to drop by not even i of that value (to 3.95 што! dm 3). So our working assumption is that the reaction 
is not first-order but second-order. Draw up the following table. 


tims [СО (ито! dm?)  (1/[CIO]/(dm? umol!) 


0.12 8.49 0.118 
0.62 8.09 0.124 
0.96 7.10 0.141 
1.60 5.79 0.173 
3.20 5.20 0.192 
4.00 4.77 0.210 


5.75 3.95 0.253 
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The plot of [CIO] vs. г in Fig. 22.3 yields a reasonable straight line; the linear least squares fit is: 
(1/[C1O})/(dm3 ито! !) = 0.118 + 0.0237(t/ms) R? = 0.974. 
The rate constant is equal to the slope 


k = 0.0237 dm3,:mol~! ms~! = | 2.37 x 107 dm? mol! s7! 


The half-life depends on the initial concentration (eqn 22.16): 


І 10-44 -4Ї эхн | 


12 = СЮ] (237 x 10-7 dm? mol ' s-1)(8.47 x 10-6 mol dm 2) 





0.30 
В 025 
É 
= 
5 0.20 
© 
С 0.15 
0.10 
Figure 22.3 
d[P 
P22.11 A+B—>P, = k[A]"[B]" 


and, for a short interval ôt, 
51Р| ~ КГААТ”(В176/ 


Therefore, since 6|Р| = [P], — [P]o = [Р], 


[Р] нАР-ЦВр 
ТА] = HAT" 18181. 


(Chloropropane] ._. z : = 
ни ны is independent of [Propene], implying that т = 1. 


[СШогоргорапе] . Jp(ACl) 10 75 5.0 
[НСІ] E 0.05 0.03 0.01 


These results suggest that the ratio is roughly proportional to р(НСІ)2, and therefore that т = 3 when 
A is identified with НСІ. The rate law is therefore 


d[Chloropropane] 
dt 


and the reaction is in propene and in HCl. 


= k[Propane][HCI]? 


Р22.13 


Р22.15 


Р22.17 
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2НСІ = (НСІ), Kı [(HCD;] = Ki[HCI]? 
НСІ + CH3CH=CH2 = complex K» [complex] = Ko[HCI]|CH3CH =СН»] 
(НСІ), + complex —^ CH3CHCICH; + 2НСІ К 


_ d[CH3CHCICH;] 
T dt 


rate = k[(HCI)?][complex]. 


Both (HCl)? and the complex are intermediates, so substitute for them using equilibrium expressions: 
rate = k[(HCI)?][complex] = k (Kı [HC1]?) (K2[HCI][(CH3CH=CH>]) 


= | kK, K;[HCIP [CH3CH—CH;] 


which is third-order in HC] and first-order in propene. One approach to experimental verification is to look 
for evidence of proposed intermediates, using infrared spectroscopy to search for (НСП, for example. 





We can estimate the activation energy of the overall reaction by proceeding as in P22.5: 


—R n (н/к) -Rin3 
aet = (DT) — 0/T)) ^ (1/292К) -(1/343К) = 28 E mol 


To relate this quantity to the rate constants and equilibrium constants of the mechanism (P22.13), we 
identify the effective rate constant as keff = KK; Кэ and apply the general definition of activation energy 
(eqn 22.30): 


т? 910 ker — рт2 918 еї d(l/T) | я 


[A IS. S | 
<< dT аа/т) dT d(1/T) 











This form is useful because rate constants and equilibrium constants are often more readily differentiated 
when considered as functions of 1/7 rather than functions of T, as in this case: 


In keff = Ink + In Kı + In Кә 


Ч In keff Lu dink din Kj din Кэ 














= Ea + А.Н + АН) 











= аут) апау) аа/т) ‘аа 
dink —A,H 
since s es Г [van't Hoff equation, 7.23b]. 
d(1/T) R 
Hence E, = Eaeff — ArH; — АН» = (—18 + 14 + 14) kJ тог”! = | +10 kJ mol! | 
| ka + - [anal to 22.67] 
-= — [analogous to 22.67]. 
i; th à 


1 1 
We expect a straight line when ^ is plotted against —. We draw up the following table. 
p 


p/Torr 841 11.0 2.89 0.569 0.120 0.067 


1/(p/Torr) 0.012 0.091 0.346 1.76 8.33 14.9 
10-*/(k/s-!) 0.336 0.448 0.629 1.17 2.55 3.30 


Р22.19 


Р22.21 
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These points are plotted in Fig. 22.4. There are marked deviations at low pressures, indicating that the 
Lindemann theory is deficient in that region. 


10-4 /(kerr/s~') 





1/(р/ Torr) Figure 22.4 


The reasoning that led to eqn 22.46 holds as long as the rate laws for the two products have the same 
reaction orders: 


[Ph № АВТ А, 





[Ph ёр Але LAT _ Ар үд тукт. 


Then, since E41 > Ea», the exponent in the exponential function is negative, and it gets less 
negative as the temperature increases. Therefore, the exponential function itself increases and the 


product concentration ratio also increases |. 


COMMENT. A qualitative argument can be made that leads to the same conclusion, provided one under- 
stands that the activation energy is a measurement of the strength of a reaction’s temperature dependence. 
(See eqn. 22.30.) Since Еа 1 > Ea», the rate of reaction 1 increases faster with increasing temperature than 
does the rate of reaction 2. 


Solutions to theoretical problems 


A=B 
dA] — 3 ав), 
Е We k[A] + K [B] and a = КВ] + k[A]. 


At all times, [А] + [В] = [A]o + [В]. 
Therefore, [B] = [A]o + [B]o — [A]. 


АГА 
T = —k[A] + K'([Alo + [Blo — [A]] = —(k + &)[A] + К (АТ + [Blo). 


To solve, one must integrate 


ПИ. а = -fa 
(k + КОГА] — (Alo + [Bld — ` 
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КА + [B]o) + (k[A]o — &'[B]o)e +! 
k+k’ s 


The final composition is found by setting t = оо: 





The solution is [A] = 


k 
[Als = (ктр) x ([A]o + [Blo). 


К 
апа [В] = [A]o + [Blo — [Aloo = (тур) x ([Alo + [B]o). 





Note that [Bloc = = н 
А] k’ 
d[A] 2 
P22.23 r xm —2k[A]-[B], 2A--B- Р. 


(a) Let [P] = x at t, then [A] = Ao — 2x and [В] = Bo — x = х — x. Therefore, 


ЧА] „dx : 
тр = = —2МАо — 20)? x (Bo — 1), 

ах 1 1 

— = А(Ао — 2x)? х | 4o — x | = (А0 — 2х)? 
dr (Ao — 2x)* x (55 x) 76040 2x), 


5 


1 х dx 1 1 2 1 ү? 
kim eS gg В, 
2 Jo (40-20) 4 (555) (5) | 


2х(Ао — 
Therefore, | kt = Ея ! 
Ag (Ao — 2x)? 


(b) Now Bo = Ао, 50 





ах 5 
dr = Кдо— 20)? x (Bo — х) = КАо- 2x)? х (Ao — x), 


u- [a 
~ Jo (Ao — 2x)? x (Ao х). 


We proceed by the method of partial fractions (which is employed in the general case too), and look 
for the values of a, В, and у such that 


1 "EE SEC ЕЕ: 
(Ao — 2x)? x (Ao x) (Ао – 2x)  Ao-2x  Ao—-x 





This requires that 
a (Ao — x) + B(Ao — 2x) x (Ao — х) + y (Ao — 2x)? = 1. 
Expand and gather terms by powers of x: 


(Aoa + АЗВ + Ady) — (a + 3BAo + Ay Ao)x + Qf + 4y)x? = 1. 
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This must be true for all x; therefore 
Ада +А 8 +A у =1, 
а + ЗАоВ + 3Aoy = 0, 


28 +4у =0. 


—2 1 
andy = —. 


2 
These solve to give a = — 
2 Ао’ ire АВ” А2 


Therefore, 


x 2 2 
н- | | Q/A) _ C/D | ex) ч 
0 








(Ао 2х)?  Ao-2x Ао-х 


x 





(1/Ао) 1 
= - (029+ gp п(Ао — 2x) A In(Ao ») 


2x 1 (2-2) 
=| (——— | +) № ; 
(= xs) (2) Ao — x 





0 





P22.25 The rate law тА = —k[A]" for n 5 1 integrates to 





1 1 1 
до (; = ) = (хэн = ae) [E22.12(2)]. 
1 2 п-1 1 п-1 
Att = 1, ва (55) (Би) - (ax) | 
1 4 п-1 1 п-1 
Att= 13/4, kt3/4 = (; — ;) (555) (55) | 








Непсе, аа 
13/4 
Р22.27 у = k([A]o — x)([B]o + x). 
ПР S 
ч; = ([A]o — x) — K([B]o + х). 


d 
The extrema correspond to Е = 0), ог 


_ [Alo – [Blo 


[A]o — x = [В]о +x ог 2х = [А] – [В] or 2 
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Substitute into v to obtain 


fea ok (5 " =) 4 (E РЧ a ES (® + my | 





2 2 2 2 2 


Since v and x cannot be negative in the reaction, 


[En 5141) 


To see the variation of v with x, let [B]o = [A]o. The rate equation becomes 


v = k([A]o — x)([A]lo +x) = АТА]; — х2) = КА] — kx? 


y x? X X 
e | bu - («ar a) 
КА | =) [Alo [A]o 


2 

v x х 

Thus we plot =(1 )=а-х®а ainst —— = Х from X = 0. 
K[Ao] [Ao]? БОЛ (Aol 








х X А 
— —.| —— < | corresponds to reality |. 
[Alo | [Alo 


The plot is shown in Fig. 22.5 in which X = 





0.8 


0.6 


0.0 





x Figure 22.5 


Solutions to applications 
P22.29 The integrated rate law is 


In2 
[^c] = ['^C]oe^* [22.12b] with k = 22 [22.13]. 
1/2 
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Solve for t. 
1, [Сју пр, [Clo /5730y 27) 2720 | 
(--1 =——1! - In {| — | = | 2720у. 
k ^ [HC] ^ In2 ^ [HC] In2 /^ (072 
A simple but practical approach is to make an initial guess at the order by observing whether the half-life 
of the reaction appears to depend on concentration. If it does not, the reaction is first-order; if it does, 
it may be second-order. Examination of the data shows that the half-life is roughly 90 minutes, but it 
is not exactly constant. (Compare the 60 — 150 minute data to the 150 — 240 minute data; in both 


intervals the concentration drops by roughly half. Then examine the 30 — 120 minute interval, where 
the concentration drops by less than half.) If the reaction is first-order, it will obey 











In (2) = —kt [22.12b]. 


co 
If it is second-order, it will obey 
1 1 
— = kt + — [22.15b]. 
є со 


See whether a first-order plot of In c vs. time or a second-order plot of 1/c vs. time has a substantially 
better fit. We draw up the following table. 


t/ min 30 60 120 150 240 360 480 
c/(ng ст?) 699 622 413 292 152 60 24 
(ng ст” 3)/с 0.00143 0.00161 0.00242 0.00342 0.00658 0.0167 0.0412 


In (c/ng cm-?)) 6.550 6.433 6.023 5.677 5.024 4.004 3.178 








55 


4.5 


In{c/(ng cm?)) 








0 100 200 300 400 500 
t/min Figure 22.6(a) 


The data are plotted in Figs. 22.6(a) and (b). The first-order plot fits closely to a straight line with just a hint 
of curvature near the outset. The second-order plot, conversely, is strongly curved throughout. Hence, 
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: : ‘R? = 0.8403: 
0104 derasan СЕНИИ —— С х 


0.03 


(ng ст” Ус 


0.02 


0.01 





0 100 200 300 400 500 
t/min Figure 22.6(b) 


the reaction is [first-order | The rate constant is the slope of the first-order plot: k = | 0.00765 min™! | = 
0.459 ho! | 


The half-life is (eqn 22.13) 


n2 №2 
n2 =-—==———— =[151h]=[91 min]. 


k 045017! 


COMMENT. As noted in the problem, the drug concentration is a result of absorption and elimination of the 
drug, two processes with distinct rates. Elimination is characteristically slower, so the later data points reflect 
elimination only, for absorption is effectively complete by then. The earlier data points, by contrast, reflect 
both absorption and elimination. It is, therefore, not surprising that the early points do not adhere so closely 
to the line so well defined by the later data. 


P22.33 (a) For the mechanism 


ka 
hhhh ... = hchh ... 
k, 


hchh ... —cccc... 


the rate equations are 


аллаа... 

I = —ka[hhhh . ..] +k [Rchh. . ., 

d[Achh... 

dtd = k,[hhhh...] — ki [hchh...]— ke[hchh . . .] + К[сссс...], 
d[cccc . . .] 


T = &[Лєһһ...] — К[сссс...]. 


(b) 


(c) 
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Apply the steady-state approximation to the intermediate: 


d[hchh...] 


ar = k,[hhhh...] — k;[hchh . ..] — kg[hchh . . .] + К[сссс...] = 0 


ЛАНА. А-Ы есев..; 
м: т 








ki + kp 
d[hhhh... kak kk, 
Therefore, ТАНАЙ =... [hhhh ...] + — b [cccc . . .]. 
dt ki + К ki + К 


This rate expression тау be compared to that given in the text [Section 22.4] for ће mechanism 
k 

A — B. 
" 


keff ka ky 


Kk, 
Here АЛАА... => cccc... with Кей = 4 ав 


и + kp’ eff — и ck 





Km 
Itis difficult to make conclusive inferences about intermediates from kinetic data alone. For example, 
if rate measurements show formation of coils from helices with a single rate constant, they tell us 
nearly nothing about the mechanism. The rate law 


d[cccc . . .] 


= k[hhhh . .. 
d [ ] 


is consistent with a single-step mechanism, with a two-step mechanism with a rate-determining 
second step, and with a two-step mechanism with a steady-state intermediate. Even if kinetic mon- 
itoring of the product shows production with two rate constants, the rate constants could belong 
to competing paths or to steps of a single reaction path. The best evidence for an intermediate's 
participation in a reaction is detection of the intermediate, or at least detection of structural features 
that can belong to a proposed intermediate but not reactant or product. 


P22.35 We assume a pre-equilibrium (as the initial step is fast), and write 


_ [unstable helix] 


АВ] ‚ implying that [unstable helix] = K[A][B]. 


The rate-determining step then gives 


d[double helix] 
= 


= = ky[unstable helix] = kyK[A][B] = | КГА] [B] | [k = ЮК]. 


The equilibrium constant is the outcome of the two processes 


Therefore, with у = k[A][B],| k = Чэ | 
1 


kh , ky 
А + В => unstable helix, К = — 
и ki 





P22.37 The Arrhenius expression for the rate constant is 


k = Ae™™/RT [2231] so Ink = ША — E,/RT [22.29]. 
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A plot of In К versus 1/T will have slope —E,/R and y-intercept In A. The transformed data and plot 
(Fig. 22.6) follow. 





T/K 295 223 218 213 206 200 195 
10-9k/(dm? mol"! 5-1) 3.55 0.494 0452 0.379 0.295 0241 0217 
Ink/(dm? шог! 877) 15.08 13.11 13.02 12.85 12.59 1239 12.29 
10-3 K/T 339 448 459 469 485 5.00 5.13 





15 Ink = –1642 K/T + 20.585 
R?=0.9937 


Ink 











12 
0003 0.0035 0004 0.0045 0.005 0.0055 


K/T Figure 22.7 


So E, = —(8.3145J К-! тої!) x (—1642 К) = 1.37 х 10* J mol! = | 13.7 kJ шог! 
and A = е20585 dm? mol`! s7! = | 8.7 х 108 dm? шог 187! 


P22.39 The rate constants are: 


a 
RT 





k = A exp ( ) [22.31]. 


kı = (1.13 x 10? dm? 57! LT 


= |3.82 x 106 dm? mol! s7! |, 


ky = (6.0 x 105 dm? 87! serbe 


=|5.1 x 105 dm? mor! s7! 


ks = (1.01 x 10? dm? 87! | 


= | 4.17 x 10°dm? тог 187! 


Compared to reaction 1, reaction 2 shows a significant kinetic isotope effect whereas reaction 3 shows 
practically none. This difference should not be surprising: in reaction 2 а C—D bond is broken, whereas 


—14.1 x 103 J mol”! 
(8.3145 J К-! шог) х (298 К) 


—17.5 х 10° J mol! 
(8.3145 J K-! шог) х (298 К) 


—13.6 х 1071 mol! 
(8.3145 J К-! шо!) x (298 К) 
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in reaction 3 the D atom is simply along for the ride already attached to the O atom. Compare the 
measured isotope effect of 0.13 to that expected in reaction 2. 


1/2 
ka hk, 1 1 
Е = exp | ВТ | 12 x) [E22.15(a)]. 


Hcy “ср 





We take ucu ^ my and иср 7 тр 7 2my, so 





k2 -(1.0546 x 10734 J s) х (500 kg в72)172 ( 1 ) 
= ex x d" 
kı p 2(1.381 x 1072 J K7!) х (298 K) 2172 





1/2 
6.022 х 1023 те) / 
х 


1 х 10-3 kg шог”! 


- [1з] 


in agreement with the experimental value. 


D23.1 


D23.3 


D23.5 


4 The kinetics of complex 
reactions 





Answers to discussion questions 


(a) (1) AH > А: +Н: Initiation [radicals formed] 
(2) А. > В. +С Propagation [new radicals formed] 
(3) АН +В: > A-+D_ Propagation [new radicals formed] 
(4) А. +В. > P Termination [non-radical product formed] 
(b) (1) Аз > А: +А: Initiation [radicals formed] 
(2) А. > В. +С Propagation [radicals formed] 
(3) А. +P —> В. Retardation [product destroyed, but chain not terminated] 
(4) А. +В: > P Termination [non-radical product formed] 


The Michaelis-Menten mechanism of enzyme activity models the enzyme with one active site that, 
weakly and reversibly, binds a substrate in homogeneous solution. It is a three-step mechanism. The first 
and second steps are the reversible formation of the enzyme-substrate complex (ES). The third step is 
the decay of the complex into the product. The steady-state approximation is applied to the concentration 
of the intermediate (ES) and its use simplifies the derivation of the final rate expression. However, the 
justification for the use of the approximation with this mechanism is suspect, in that both rate constants 
for the reversible steps may not be as large, in comparison to the rate constant for the decay to products, 
as they need to be for the approximation to be valid. The simplest form of the mechanism applies only 
when kp Ж K;. Nevertheless, the form of the rate equation obtained does seem to match the principal 
experimental features of enzyme-catalyzed reactions; it explains why there is a maximum in the reaction 
rate and provides a mechanistic understanding of the turnover number. The model may be expanded to 
include multisubstrate reaction rate and provides a mechanistic understanding of the turnover number. 
The model may be expanded to include multisubstrate reactions and inhibition. 


The primary quantum yield is associated with the primary photochemical event in the overall photo- 
chemical process which may involve secondary events as well. An example that illustrates both kinds 
of events is the photolysis of HI described in Section 23.8(a). The primary quantum yield is defined as 
the ratio of the number of primary events to the number of photons absorbed (eqn 23.28) and its value 
can never exceed one. However, in reactions described by complex mechanisms, the overall quantum 
yield, which is the number of reactant molecules consumed in both primary and secondary processes per 
photon absorbed, can easily exceed one. Experimental procedures for the determination of the overall 


023.7 


E23.1(b) 
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quantum yield involve measurements of the intensity of the radiation used, defined here as the number 
of photons generated and directed at the reacting sample, and of the amount of product formed. This 
ratio is the overall quantum yield. See Example 23.5. In addition to chemical reactions, the concept 
of the quantum yield enters into the description of other kinds of photochemical processes, such as 
fluorescence and phosphorescence, and in each case there are techniques specific to the process for the 
determination of the quantum yield. 


The Forster theory of resonance energy transfer examines the interaction between an induced oscil- 
lating dipole moment in chromophore S, the energy donor, with a second chromophore Q, the energy 
acceptor. The oscillating dipole moment of S is induced by incident electromagnetic radiation and the 
chromophores are separated by distance К. S transfers the excitation energy of the radiation to О via a 
mechanism in which its oscillating dipole moment induces an oscillating dipole moment in Q. Resonance 
energy transfer can be efficient when R is short (typically less than about 9 nm) and when the absorption 
spectrum of the acceptor overlaps with the emission spectrum of the donor. 


Fluorescence resonance energy transfer (FRET) experiments commonly use the fluorescent spectrum 
and relaxation times of the Fórster donor and acceptor chromophores to find the distances between 
fluorescent dyes at labeled sites in protein, DNA, RNA, etc. FRET is a type of spectroscopic ‘ruler’. The 
computation uses either experimental quantum yields or relaxation lifetimes to calculate the efficiency 
of resonance energy transfer Ет. 


Epl ei pazi. 


Ет is used to calculate R. 


R6 | — Ep V 6 
Ет = ——À or R=R ( ) [23.38]. 
TRS + RO Ч : 








Solutions to exercises 


In the following exercises and problems, it is recommended that rate constants are labeled with the 
number of the step in the proposed reaction mechanism and that any reverse steps are labeled similarly 
but with a prime. 


The intermediates are NO and NO3 and we apply the steady-state approximation to each of their 
concentrations 


k2 [NO2] [NO3] — k3 [NO] [№05] = 0 
kı [№205] — k; [NO2] [NO3] — k2 [МО] [NO3] = 0 


1 
Rate = „Т PROS] 
2 dt 


d |М:05| j 
— € —ki [N205] + А [NO2][NO3] — k3[NO][N20s] 
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From the steady-state equations 


Кз [NO] [№205] = k2 [NO2] [NO3] 











kı №05] 
NO>][NO3] = ————— 
[NO2] [NO3] K 5 
Substituting, 
d [05] kk kok, 21182 
шэн es cuit ИН №05 271003] = 
Я; 1 [N205] Bt esl ай 099 я rag О 
Куо 
Rate = №05] = k [N20 
E as EA [N205] 
E23.2(b [К] / 2 
.2(b) dp = 201 [R2] — ke [R] Ro] + ks [R] — 2k4 [R] 


d|R’ 
18) = k [R] [R2] — ks [В] 
t 
Apply the steady-state approximation to both equations 
2kı [R2] — k2 [R] [Ro] + Аз [R/] — 2k4 [R]? = 0 
ka [R] [R2] — ks [В] = 0 
my À 
The second solves to [В] = q, IRIIR2] 
3 


k 1/2 
and then the first solves to [R] — (2 вэ) 
4 


[К2] 


а 
Therefore, 





"RIZ 
= —k, [R2] — k2 [R2] [В] =| —kı [R2] — k2 (=) [R2]? 





E23.3(b) (а) The figure suggests that a chain-branching explosion at temperatures as low as 
700 К. There may, however, be a thermal explosion regime at pressures in excess of 10° Pa. 
(b) The lower limit seems to occur when 


log(p/Pa) = 2.1 so р = 10%! Ра = | 1.3 x10? Pa 


There does not seem to be a pressure above which a steady reaction occurs. Rather the chain- 
branching explosion range seems to run into the thermal explosion range around 


log (p/Pa) = 4.5 so р = 10 Ра = |3 x10*pa 


E23.4(b) The rate of production of the product is 


d [BH*] 
dt 





= k [HAH* | [В] 


E23.5(b) 


E23.6(b) 


E23.7(b) 


E23.8(b) 
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HAH? is an intermediate involved in a rapid pre-equilibrium 


[НАН*] А Ч 
[HA] [H*] = К 50 [НАН* | = 


d[BH*] _|дю к 
апа ий” шиш i PN [H+] [B] 


This rate law can be made independent of [H+] if the source of H* is the acid HA, for then H* is given 
by another equilibrium 


ki [HA] [H*] 
к 





[HAT] y [H+]? 
[НА] 5 [HA] 





so [Н+] = (K,[HA]'? 








d{BH*] _ | мока? 
and 25 


3/2 
di K [HA] [В] 


À» appears in the initiation step only. 


d[A2] 
dt 





= —ki [A2] 


Consequently, the rate of consumption of [A2] is first order in Az and the rate is independent of 
intermediate concentrations. 


The maximum velocity is kp [E]o and the velocity in general is 


САЗИЕМ ug Я, 


~ Км +[S] - [5] 
-3 
— EIU Ал ЭЭР” х 107^ mol dm=3s~!) =| 2.57 х10-4 moldm-? s~! 
0.890 mol dm ^ 


The quantum yield tells us that each mole of photons absorbed causes 1.2 x 10? moles of A to react; 
the stoichiometry tells us that 1 mole of B is formed for every mole of A which reacts. From the yield of 
1.77 mmol B, we infer that 1.77 mmol A reacted, caused by the absorption of 1.77 x 10-3 mol/(1.2 x 


v = k [Elo 





10? mol Einstein^!) =| 1.5 x 107? moles of photons 





The quantum efficiency is defined as the amount of reacting molecules пд divided by the amount of 
photons absorbed nabs. The fraction of photons absorbed fabs is one minus the fraction transmitted firans; 
and the amount of photons emitted прһоюп can be inferred from the energy of the light source (power Р 
times time г) and the energy of the photons (hc/A). 


Ш nAhcNA 
Е (1 — ftrans) АРІ 


_ (0.324 mol) х (6.626 х 10-375) х (2.998 x 105 тѕ-!) х (6.022 x 1023 шог!) 
~ (1—0.257) х (320 х 10-9 т) х (87.5 №) x (280 тіп) x (605 ши!) 


"m 


Ф 





468 STUDENT'S SOLUTIONS MANUAL 


Solutions to problems 
Solutions to numerical problems 
P23.1 Н + №) > OH+NO, kı = 2.9 х 10! dm? шог 1871. 
OH + OH > H20 +0, k = 1.55 x 10? dm? mol"! s. 
O+OH > 02+H, k= 1.1 х 10! dm? шог 1871. 
[Ню = 4.5 х 10719 шо! сш-3, |МОо1о = 5.6 x 10770 mol cm^?. 


d[O] d[O»] 








— = 2 = 
dp ^ ОН + ОПОН}, d; = ОНОН], 
d[OH 2 d[NO 
som = kı [H] [NO2] — 2k2[0H]* — k3[O][OH], л -pa —kı [H][NO2], 
d[H] 


"de SIONS — Анмор. 


These equations serve to show how even a simple sequence of reactions leads to a complicated set of 
nonlinear differential equations. Since we are interested in the time behavior of the composition we 
may not invoke the steady-state assumption. The only thing left is to use a computer and to integrate 
the equations numerically. The outcome of this is the set of curves shown in Fig. 23.1 (they have 
been sketched from the original reference). The similarity to an A — B — C scheme should be 
noticed (and expected), and the general features can be analysed quite simply in terms of the underlying 


reactions. 
3.0 
$ 
g 20 
o 
© 
Е 
= 
X 
> 1.0 
0.0 | eII 
0 2 4 6 8 10 
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P23.3 The roles are 


(1) NoO>N2+0 initiation, 

(2) O-SiH4 — SiH} + OH propagation [or transfer], 
(3) ОН + SiH, — SiH; + HO propagation [or transfer], 
(4) SiH3 + N20 — SiH30+ № propagation, 

(5) SiH3O + SIH4 — SiH3OH + SiH3 propagation, 

(6) SiH3 + SiH30 — (H3Si)20 termination. 


The rate of silane consumption is 


d[SiH | 
| = 31 2 -ioISiH410] — k[SiH4][OH] — Ks[SIHSOIISIHa]. 





Steady-state approximation (SSA) for O 








dio] _ 222 һм] 
"ar = ki[N20] — &o[SiH4][O] 20 so [O] = PISH] 

SSA for OH 
d[OH 
TOTI = k[SiH4][O] — ks[OH]ISiH4] ~ 0 = ki [N20] — НИНА 

_ Ю| М0)| 

50 [ОН] = BISHI 

SSA for SiH30 and SiH3 
= = k4[SiH3][N2O] — ks[SiH3O][SiH4] — kg[SiH3O][SiH3] = 0, 
T = Io[SiH4][O] + [ЗН [OH] - k4[SiH3][N20] 


+ ks[SiH3O][SiH4] — ke[SiH3O][SiH3] 
= 2k, [N20] — k4[SiH3][N2O] + ks[SiH3O][SiH4] — ke[SiH3O][SiH3] ~ 0. 
Adding these expressions together yields 


ky [N20] 


0 = 2k, [№20] — 2k6[SiH3O][SiH SiH3] = ——— 
1[N20] e[SiH3O][SiH3] so [SiH3] [НО] 


and subtracting them gives 
0 = 2k, [N20] — k4[SiH3][N20] + ks[SiH3O][SiHa]. 
Solve for [SiH30]: 


kık4[N20]? 
0 = 2k [N20] — SERO + ks[SiH3O][SiH4] 


= 2k ke[SiH3O][N20] — Ki k4[N2OD? + ksks[SiH3 O]? [SiH4]. 
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—2kiks[N20] + (4K?k2 [N2OP? + 4ki kakske[N2O]?[SiHy])!/? 





[SiH30] = 





2kske[SiHA4] 
kı [N20 iHa] V? 
2 il 2 1 -1 + (14 SE | 
ks[SiH4] kiko 


If kı is small, then 


| к. [А0] меана kk ү? 
[51830] вы ( kike ivo а) | 


Putting it all together yields 








d[SiH4] : р вы Үү? ki kaks ү!? | 
ee as БОЛ ИЮ 0y g 1/2 
4: 110] НАМ (ант) ( в ) [N20][SiH4] = 
d[HI] 5 
P23.5 — — = 2К61-ГЇН21. (1) 
dt 
diI-] 


-~ = lb] - 2k [I]? — 2k [E [Ho]. 


In the steady-state approximation for (1-1, 


d[I-] 
dt 





= 0 = 24,151 — 2/55 — 2$ [H2] 


Ls £—— © 
[ Iss m TB 2] ) 
Substitution of (2) into (1) gives 


d[HI] 24410192] 
dt ЮК + ky [Ho] 





This simple rate law is observed when step (b) is rate-determining so that step (a) is a rapid equilibrium 


and [I-] is in an approximate steady state. This is equivalent to k,[H2] < k; and hence, 


d[HI 
M es 2kpK [12 ][H2] 
dt 
1 1 t 
Р23.7 | (a) Г =e~"/ [23.31] or In (+) € 
lo lo то 
A plot of ш(//10) against t should be linear with a slope equal to — 1 /то (i.e. то = —1/slope) and 


an intercept equal to zero. Consequently, we make the plot to determine whether it is linear. If it 
is linear (it is), we do a linear regression fit with a zero intercept and use the regression slope to 
calculate то. See Fig. 23.2. Alternatively, average the experimental values of (1/1) In (К /10) and 
check that the standard deviation is a small fraction of the average (it is). The average equals —1/To 


(i.e. то = —1/average). 
Slope = —0.150 871, 
то ---0(-0.1508:1)7, 
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(b) ke = фе/то [23.34] = 0.70/(6.67 ns) 


kr = [0.105 ns“ | 


In(Ip/ Ip) 





0 5 10 15 20 25 
ths Figure 23.2 


Since К = kt[S*]; = kr[S*]o е'/ 9, we surmise that a graph of In(J¢/Jo) against t should be linear with 











P23.9 
a slope equal to —1/то in the absence of a quencher. The plot is in fact linear with a regression slope 
equal to —1.004 x 107871, 
то = : = 9.96 us 
97 1.004 x 1055-1225 
In the presence of a quencher, a graph of In(/¢ /10) against t is still linear but with a slope equal to —1/т. 
This plot is found to be linear with a regression slope equal to —1.788 х 10°s~!. 
! 5.59 us 
t = ———_—_ = 5. Я 
1.788 х 105 s~! Р 
1 1 
— = — + ko[Q] [23.36]. 
т то 
= cto! _ ею) 
7 [N2] PN; 
_ (0.08206 dm? atm K^! mol) (300 К)(1.788 — 1.004)10 s! 
i 9.74 x 10-4 atm | 
Ка = | 1.98 х 10? dm? mol! s~! | 
Solutions to theoretical problems 
d[CH3CH3] 
Р23.11 —————— = —ka[CH3CH3] — &j[CH3][CH3CH3] — ka[CH3CH3][H] + ke[CH3CH2][H]. 


dt 
We apply the steady-state approximation to the three intermediates СНз, СНзСНо, and Н. 


d[CH3] 
dt 





= 2k,[CH3CH3] — kh [CH3CH3][CH3] = 0 


ба 2 
which implies that [CH3] = =. 
b 
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d[CH3CH;] 
ныг хийн ky [CH3][CH3CH3] — ke[(CH3CH2] 
+ ka[CH3CH3][H] — ke[CH3CH2][H] = 0. 
d[H 
ЯН = Kk [CH3CH?] — ka[CH3CH3][H] — Ke [CH3CH;][H] = 0. 


These three equations give 


ke 


[H] = — снент, 
[CHCE] 
ke + ka [CHCH] 


kaka 
keke 


5 1/2 
Ka Ёс Y. Ка 
or [СН5СН»] — (25102) Ч) [CH;CH;] 


which implies that 


3 1/2 
Lok (h) (мүн 
m - ce (8) + (8) Ч) | 


If Ка is small in the sense that only the lowest order need be retained, 





[CH3CH;]? — (=) [CH3CH3][CH3CH2] — ( ) [СНзСНЗР = 0, 





kaka 
kcke 


[H] ~ ke d (m 
ke + Ка (keke Кака)! kake | 





1/2 
[СНзСН?] = ( ) [CH3CH;], 








The rate of production of ethene is therefore 


d[CH5CH;] 
dt 


kakcka 





1/2 
= kc [CH3CH?] = ( ) [CH3CH;]. 


The rate of production of ethene is equal to the rate of consumption of ethane (the intermediates all have 
low concentrations), so 


d[CH3CH k NE 
ээн = al. CCl Ф ( чеч) i 
е 





Different orders may arise if the reaction is sensitized so that k, is increased. 


Бэ? M -— 
P23.13 (Муу = т [690 23.8a with (М)м = (MI. 
-p 


The probability P, that a polymer consists of n monomers is equal to the probability that it has n — 1 
reacted end groups and one unreacted end group. The former probability is p"-! ; the latter 1 — p. 
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Therefore, the total probability of finding an n-mer is 
Р,-р" 1 — p). 


= 4 4 
(M?)N = М? (п?) = М? У nP, = M°- р) ) ирт! = М? “Agra ур" 
п п п 





dp 

4 4 М?(1+р) 

= М?(1 — p)—p—(1—p) = 5. 

Pap ар? (1 —p)? 

We see that (2) = Gat 
- 1+р 1 РМ? 

and that (M?)y — (M ‚=м( - =) 255 
Mg А a-p? (=p?) (=p)? 





1/24 
re fom -| 
1-р 


The time dependence is obtained from 


kt[A ]o 


РЕНА n 


and 





= 1 + kt[A]o [23.8b]. 

1—р 

p? 

Hence E p (1 + kr[A]o) = {КИА]о(1 + kt[A]o)}!/2 








and 6M = | M{kt[A]o(1 + kt[A]9))! 2 | 





Р23.15 In termination by disproportionation, the radicals do not combine. The average number of monomers in 
a polymer molecule equals the number in the radical, the kinetic chain length, v. 


(n) = v =| СМИТ"? | [23.14]. 


P23.17 (а) А +P — P+ P autocatalytic step, у = k[A][P]. 
Let [A] = [A]o — x and [P] = [P]o + x. 


We substitute these definitions into the rate expression, simplify, and integrate. 


у= в. = k[A][P] 
dt 
d([A]o — x) 
л dt 
dx 


([Alo —([Plo +x) — 


= K([A]o — x)([P]o + x). 


k dt. 





1 1 | 
[A]o + [Plo (кы d Бүрт) ara kar 
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1 л 1 1 t 
ters (а ы вр) =. / x 


[Alo [Plo +x 
—— | , 
[A]o + [Plo | 4 (ar 2) +m( [Plo )| kt 

[Alo f [Plo +x 
l трі = 
" ( [Plo ) (Eh = 3I k([A]o + [Р]о)г. 


[Alo [P] 
І тр TAG. 4 ү — OPES = 
: | ( =] s + [Plo — =) k(Alo + [Plo)t 


А Е И? 
м | (5) Case 80“ dee an A НЫ) and Boro 











[P] ра 
[Al +P- P]  — 


[Р] = ([Alo + [Plo)be™ — be“ [P]. 








(1 + be"")[P] = [Plo (1 + i53 Ье“ = [Plo (1 + ;) be! = [P] (b + Ne”. 
[Plo 5 
ЇР| Ш е“! 
PR ie 


(b) See Figure 23.3(а). 


Autocatalytic process 
T T 








[P]/[Plo 


at Figure 23.3a 


The growth to [P] reaches a maximum at very long times. As t — oo, the exponential term in the 
denominator of [P]/[P]o = (b+ 1) (е /(1 + be^*)) becomes so large that the denominator becomes 
be“. Thus, ([Р]/[Р]о) цах = (b+1)(e“ /be™) = (b + 1)/b where b = [P]o/[A]o and this maximum 
occurs as f — oo. 


The autocatalytic curve [P]/[P]o = (b+ 1)(e^' /(1 + be^')) has a shape that is very similar to that of 
the first-order process ([P]/[A]o) = 1 — е“. However, [Р]тах = [Alo at t — оо for the first-order 
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First-order process 


0.8 

0.6 
[РИА 

0.4 


0.2 





Figure 23.36 


process whereas [Р] шах = (1 +1/b)[P]o for the autocatalytic mechanism. In a series of experiments 
at fixed [A]o and assorted [P]o, only the autocatalytic mechanism will show variation in [P]max. 
Another difference is that the autocatalytic curve is initially concave up, which gives an overall 
sigmoidal curve, whereas the first-order curve is concave down. See Fig. 23.3(b). 


(c) Let [Р], be the concentration of P at which the reaction rate is a maximum and let tmax be the 


corresponding time. 


v = k[A][P] = k([A]o — x)([P]o + x) 


= k([A]o[P]o + ([Alo — [Plo)x — х2). 


dv 
жээ k([A]o — [Plo — 2x). 


The reaction rate is a maximum when dv/dt = 0. This occurs when 


_ _ . [Alo — [Plo [P 541 
х = [Pli — [Plo = 2 € UP 72 





Substitution into the final equation of part (a) gives 


ЇР. Р+1 ema 
wo mae „= Т ee Hp. рў — 
[Plo 25. OF DT реш 


Solving for fmax, 


1 + ре тах = 2ребїтах, 


ema — po! 


аймах = In(b7!) = — In(b). 


tmax =| —+ In(b) | 
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d[P] " 
(d) PS = КА] [P]. 


d[P] dx 


Ард, [уа = -2 
[А] o—x, [Р] ox d T 


= k(Ao — x)? (Po + x) 


тж сты 
о (Ao = х)2 (Ро +x) — 
Solve the integral by partial fractions 


1 а " p " y 
(Ао = х)2(Ро +x) (Ao—-x? Ao-x  Po+x 











_ «(Ро + x) + B(Ao — x)(Po + x) + y (Ao = х). 
(Ао — x)? (Po + x) 





Poa + АоРоВ + Аду = 1 
a + (Ао — Po)B — 2Аоу = 0 
-В+у = 0 

This set of simultaneous equations solves to 


1 a 
“Хуй PY ААВ 








Therefore, 


Е) ts 
~ do + Po / Jo Ag = х Ао + Ро/ \Ao-x Рох 

1 1 1 1 Ао Po+x 
- (o) (ars) Р 7 [in 2) + ( Ро )| 
т. хы ар! 
© Mo + Po Ao(Ao — х) Ao + Po (Ao — х)Ро/ | 


А х Po 
Therefore with y = — andp = —, 
Ао Ао 


у 1 ri) 
Ao(Ao + Po)kt = l | 
por EUM (25)* (5) G5; 


The maximum rate occurs at 






































d 
СУР 0, vp—K[APIP] 
dt 

and hence at the solution of 


2k (> ) [АР] + МАР = 0. 


— 2k[A][P]vp + КА] vp = 0 [as va = —vp]. 
k[AYTA] — 2[p])vp = 0. 
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That is, the rate is a maximum when [A] = 2[P], which occurs at 
Ао —x=2Po+2x, or х= 1(А0 – 2Р0); y= 4(1—2p). 


Substituting this condition into the integrated rate law gives 





1 1 1 
Ao(A Ро) = 1—2 In — 
0(Ao + Po)Ktmax (55) (5 р) + >) 


ог | (Ао + Po)?ktmax = 4 — p — 1n 2p |. 


d[P 
(e) ы = k[A][PY.. 








ах 
a= k(Ao —x)(Po +x)? [х = P — Po]. 


a= [ 7_— 
~ Jo (Ao — 3) (Po + 3)? 


Integrate by partial fractions (as in part (d)) 


(к) E (55) * Ger) хэ: “ха. 

^ Ао + Po J Jo Po +х Ao + PoJ | Р-+х Ao—x 

Ш 1 i d 1 Po +x Ao 

= (x I кү) + Gon) [el Ро (=) 
(н) anra) "laco t ac] 

^ \Ao + Po Po(Po + x) Ao + Po Ро(Ао — х) / |. 


Therefore, with = and Po 
, With y = —— =—, 
[Alo — Ag 


y 1 pty 
didai Ein Keri. "(oa 23) 


The rate is maximum when 
dm ару (Al) pp 
2 2k[A][P] ( dr ) +k (72) ЇР 
= 2k[A]I[P]vp — А[Р]?ур = К[Р](2[А] — [Р])ур = 0. 









































That is, at [А] = 1[Р]. 


On substitution of this condition into the integrated rate law, we find 


2-р 1 2 
АА +P Otis, = ( ) + ( ) in 
mx \ 2p. +p) 1+р/ p 


2- 2 
ог (Ag + Po) Kg =| 2-2 +n | 
2p Р 
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P23.19 Аэ 2К I. 
A+R—>R+B k. 
К+Е > В k. 


d[A] d[R 
“ар TELE IIR} an = 21 — 2k3[R]? = 0. 


1/2 
The latter implies that [R] = (5) ‚ апа зо 
3 


d[A 1 \!? 
ЧЭ -1--8(6) [А], 


dt a 
m [АЛК] = k ET [A] 
d ^ За | 
"ИО. Зүйл, : 
Therefore, only the combination -y; may be determined if the reaction attains a steady state. 
k 


3 
COMMENT. Ifthe reaction can be monitored at short enough times so that termination is negligible compared 
to initiation, then [В] ~ 2/t and 98] А Ко! [A]. So monitoring B sheds light on just Ко. 


d[Cr(CO)s] _ 
dt г 


Р23.21 I — ko[Cr(CO)5][CO] — &3[Cr(CO)5][M] + k4[Cr(CO);M] = 0 [steady state]. 


I + k4[Cr(CO)4 M] 


Hence, [Cr(CO)s5] = Ю[СО] + k3[M] ` 


d[Cr(CO);M] 


dr = k3[Cr(CO)5][M] — Ка С (СО) М1. 
Substituting for [Cr(CO);] from above, 


а[Сг(СО)5 М] EN k3I [M] — kok4[Cr(CO)5M[CO] 425, 
иг Coche Ю1СО] + [М] "UEM 


kok4[CO] 


itf = СО] + ІМ] 


and we have taken k3/[M] «< Ko»k4[Cr(CO)5M][CO]. Therefore, 
1 1 k3[M] 


f ^ ЮЫСО] 
and a graph of 1/f against [M] should be a straight line. 


Solutions to applications 
P23.23 (a) The mechanism considered is 


ka ka 
Bae E THEE 
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We apply the steady-state approximation to [(ES)]. 


d[ES 
E ] = k,[E][S] — k,[(ES)] — ky [(ES)] + kK [EMP] — 0. 


Substituting [E] = [E]o — [(Е$)] we obtain 


ka([Elo — [(ES)DIS] — k, [(ES)] — ky[(ES)] + ky ([E]o — [(ES)])[P] = 0. 


(—kalS] — ka — ks — ky[PI)[(ES)] + K[E]o[S] — &j[E]o[P] = 0. 


k,[Elo[S] + Kj[E]oP] _ [Elo[S] + (k5/Ka) ГЕОГР] ki + ko 
KESI a im aor e aai ue ee т p 
ka[S] +k, + № + ЕР] Км + [S] + (k; /ka) [P] ka 
d[P] _ Ш” _ „ 1810151 (&/ka) Ею] _„, 
Then, “дүр ~ ONES) — KEJE] = ho + IS] + (E/K) [P] FISI + (67) [P] КЫР] 


x (tgo - [Elo[S] + (ký /ka) [E]o[P] 
97 км + [S] + (KK) IP] 


_ № [ГЕ]о[$] + (6,/Ка) [EJo[P]] — [Е ю[Р]Км 
Км + [S] + (k/ka) [P] 


Substituting for Км in the numerator and rearranging 


d[P] _ КЫЕ]ОЇЗ] + (kaky/ka) [ГЕ]ОЇР] | = “| 
dt Kw- [S] + (kf /ka) [P] o dej 


(b) For large concentrations of substrate, such that [S] > Км and [S] > [P], 


d[P 
ай = [ЕЙ 


which is the same as for the unmodified mechanism. For [S] >> Км, but [S] ~ [P] 

















ЧР] [S] — (k/ky)[P] KK, 
C Set Loco 5 
ar = Eh | ako] | | eek з 
For [s] > o, ЧЕ] — -kak [E]o[P] _ | [Е ю[Р] 
dt ki + kp + ki [P] Kp + [P] 
К + kp 


where kp = 





№ 
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COMMENT. The negative sign in the expression for d[P]/dt for the case [S] — 0 is to be interpreted to 


mean that the mechanism in this case is the reverse of the mechanism for the case [P] > 0. The roles of P 
and S are interchanged. 


Question. Can you demonstrate the last statement in the comment above? 





P2325 (а) 3 
[ATP]/(pmol dm ^) 0.60 0.80 14 20 3.0 


v/(umoldm^?s-!) 0.81 0.97 1.30 1.47 1.69 
v/[ATP]/ 871 1.35 1.21 0.929 0.735 0.563 


Vmax 
v = ——— [23.21]. 
1+ KmISlo Г l 
Taking the inverse and multiplying by vmaxv, we find that 


v 


) = K 
=r SMT 


Thus, 


_ Vmax у 


7 Км Км 





v у 
У = Vmax — Км —— (Eadie-Hofstee plot) ог | —— 
шайы” 4 [Slo 
(b) The regression slope and intercept of the Eadie—Hofstee data plot of v against v/[S]o gives —Км 
and Vmax, respectively. Alternatively, the regression slope and intercept of an alternative form of the 


Eadie-Hofstee data plot of v/[S]o against v gives —1/Км, and Утах/Км, respectively. The slope 
and intercept of the latter plot can be used in the calculation of Км and Vmax. 


(c) We draw up the following table, which includes data rows required for a Eadie-Hofstee plot (v 
against v/[S]o). The linear regression fit is found for the plot as seen in Fig. 23.4. 


Vmax = | 2.30 pmol dm? s^! | апі Км =| 1.10 pmol dm? |, 








у=-1.1015х + 2.3031 
R? = 0.998 


v/umol dm? 87! 
© 
oo 


> 
> 





© 





v/[S]o/ 87 


Р23.27 
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When using reaction rates v, the Lineweaver—Burk plot without inhibition [23.22] has the form: 


1 _ 1 + (28) 1 
У Утах Утах / 1810 


where the intercept and slope are simple functions of ушах and Км. When using reaction rates relative to 
a specific, non-inhibited rate (уге = V/Vreference), the Lineweaver-Burk plot without inhibition has the 
same basic form: 





1 1 Км 1 
а [| — 
Уге! Угах е] Утах,ге! / [Slo 
The linear regression fit of the non-inhibited Lineweaver—Burk data plot is 


1 1 
— = 0.797 + (2.17) R? = 0.980. 


Уге] [CBGP]o/10-2 mol dm? i 


Consequently, Vmax,rel = 1/intercept = 1/0.797 = 1.25 and 
Км = slope х Vmax.ret = (2.17 х 10-2 mol dm^?) х (1.25) = 2.71 х 1072 mol dm. 


The Lineweaver-Burk plot with inhibition has the basic form 


b _ а! + «Км 1 
Yrel — "maxyel Vmax,rel / [Slo 
The linear regression fit of the Lineweaver-Burk data plot for phenylbutyrate ion inhibition is 


R? = 0.972. 





1 1 
— = 1.02 + (6.01) ; ET 
Уге] [CBGP]o/10-? mol dm 


Therefore, a’ = intercept х Vmax,rel = 1.02 x 1.25 = 1.28 and а = slope x Ушахга/Км = (6.01 x 
10-2 mol dm?) х (1.25)/(2.71 x 10-2 mol dm?) = 2.77. Since both a > 1 and o/ ~ 1 (see 
Section 23.6(c)), we conclude that phenylbutyrate ion is a competitive inhibitor of carboxypeptidase. 
The linear regression fit of the Lineweaver-Burk data plot for benzoate ion inhibition is 


1 1 
—— = 3.75 + (3.01) ‚ К? = 0.999. 
Уге] [CBGP]o/10-? mol dm? 





Therefore, a’ = intercept х Ушахла| = 3.75 х 1.25 = 4.69 anda = slope X Vmax.rel/KM = (3.01 x 
10-2 mol dm?) x (1.25)/(2.71 х 10-2 mol dm?) = 1.39. Since both a ~ 1 anda’ > 1, we conclude 
that benzoate ion is an inhibitor of carboxypeptidase. 


P23.29 ` 


P23.31 


P23.33 
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m=i- 21-35 337, 
фо TQ 
NE: [23.38] 
ТЭ мад OU 


0 


Equating these two expressions for Ey and solving for R gives 








Кб т 

6 ye d ecu 
К +R то 
К+ 1 

R Тю 


в \% | 1/6 
(8) M RET oec TE R= R(t) | 
Ко 1 — (t/t) | — (1/10) 1 — (1/10) 
1/6 
т/то = 10 р5/10° ps = 0.010 and R = 5.6 nm (72805) =[2.6 nm] 


Hypothesis: The 1270 nm emission band is the emission of the first excited state of О» (а! A2) as it 
returns to the Оз ground state (? X в). The singlet oxygen is produced by porphyrin photosensitization. 
P №, р 0) > P 40, 25 30, 
porphyrin 
Test of hypothesis: It is well known that the dioxygen state a! Ay is 0.977 eV (1270 nm) above the ground 
state. If the hypothesis is correct the emission intensity should be proportional to both the concentration 
of dissolved oxygen and to the intensity of the porphyrin absorption. 
(a) k2 = 6.2 x 10-34 спб molecule"? s~!. 
k4 = 8.0 x 107? cm? molecule! 871. 


The concentration of atomic oxygen will be very, very small making a binary collision between 
atomic oxygen extremely unlikely. In fact, the reaction 


О-0-М-0:-М v-ks[OP[M] 


is ternary which makes it even less likely. Rate terms in ks may be safely omitted from consideration. 


(b) For all practical purposes d[O2]/dt = 0 because very little dioxygen reacts to form either atomic 
oxygen or ozone. Using ‘molecules рег cm?', or simply ст-3, as the concentration unit, we find that 
Nap | NA(10 Torr) 


[02] = RT ^ К(298К) = 3.239 x 10!" molecules ст”? 





d[O 
19 = 2kı [02] — [0002]? + k3[O3] — k4[O][O3], 
= a» — a2[O] + a3[O3] — аа{О][Оз], 


d[O3] 


p 9 [ОПО]? — k3[O3] — k4[O][03] 





= a»[0] — аз[Оз] — a4[O][O;]. 
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where а = 2k [02] = 6.478 x 10? s^! сш-3, 
аз = Ю[Оз]? = 65.0365" !, 
аз = Кз = 0.016s"', 
a4 = Ка = 8.0 x 10:15 em? 871, 
(с) We break the time period in two. The early period encompasses the first 0.05 $ with the initial 
conditions [О]о = [Оз]о = 0. The second period covers the remainder of the 4 hours with the initial 


conditions provided by the [0]0.05 s = [O3]o.os s values of the early period. Numerical integration 
of the coupled differential equations yields the concentrations of Figs 23.5(a), (b), and (c). 


Early period 
25 
2 
т 
8 Б 15 
НЕ 
SJE 1 
о oc 
= 
0.5 
0 
0 0.01 0.02 0.03 0.04 
Time/s 
Figure 23.5a 


During the early period (t < 0.05 s) UV radiation causes the formation of a small amount of atomic 
oxygen (less than 108 molecules cm^?). A steady-state is approached in which a near balance is 
established between production of atomic oxygen by dioxygen dissociation and usage of atomic 
oxygen to produce ozone. There is, however, a 100-fold growth in the atomic oxygen concentration 
over the next 4 h so it is not a perfectly steady state. 


After 4 h of photochemistry the percentage ozone is 0.0123%. 


3.97 x 1013 cm? 
Percentage ozone ^ | —————__—_ |1 ^ 0. 1 
Беке (55s x Tos) „==... 


Ozone production does not require low pressure in the Chapman model. Changing the оху- 
gen pressure to 100 Torr gives 0.025% ozone after 4 h but the increased collision rate reduces 
atomic oxygen to 1/5’th the value at 10 Torr. However, a pressure increase may require the 
inclusion in the mechanism of the step Оз + М — О + О» + M. This would reduce ozone 
production. 
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Atomic oxygen 
10 yg 


Concentration 
10?atoms cm? 
o N ь a оо 


0 0.5 1 15 2 2.5 3 3.5 4 
Time/h 
Figure 23.5b 
Ozone 
8 = 
6 
х 
3| 5 
Sia 4 
91 2 
5| £ 
92 
e 
2 
0 
0 0.5 1 1.5 2 2.5 3 3.5 4 
Time/h 


Figure 23.5c 
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P23.35 In this solution the notation differs slightly from that in the problem. k; to k4 are replaced by ka to ka, 
respectively, with k4 replaced by k_g. k7 is replaced by ke (kg does not figure in the solution). 


(a) 2NO— N;O«*O ka initiation 
О-+МО > 0 +М kp propagation 
М+МО > № +О А propagation 
20-+М >» 05+ М А termination 
О+М > 20+М А initiation 
d[NO] 


(b) Е та —2 [МОР — ky[O][NO] — Kc[N]INO]. 


To determine the steady-state concentration of М, [N]ss, write the rate expression for d[N]/dt and 
set it equal to zero. 


d[N] 
a КОМО] — ke[N]ss[NO] = 0. 


К 
[N]ss = pa 


Substitution of [N]ss into the expression for d[NO]/dt indicates that, under steady-state conditions 
for [М], уь = у and 





шаг = —2kq[NO]? — 2 МО] 


[N] steady-state conditions: 
If the propagation step is much more rapid than initiation, the last term predominates 


ао] | 
| —q = ЖОЛМО) | 


[N] is in steady-state and initiation is very slow: 
If oxygen atoms and molecules are in equilibrium 





k 
20 +M £0 +M. 





Ка 
Ка [02] 
orm 7$ "шз 
5410 1/2 
лаа ( js 2) | 


Substitution into the previous rate expression yields 


d[NO] | ka ays 
E = ~2 (=) (05172 (МО) 


[N] is in steady-state; initiation is very slow; atomic and molecular oxygen аге in equilibrium. 
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(c) Since k œ e~Fa/RT 


the form k; « e 


where E, is the activation energy, we may write the individual rate constants in 
~£:/RT where the subscript ‘a’ has been dropped and ‘i’ represents the ith elementary 
step with activation energy Е;. Substitution of such expressions in the last equation of part (b) yields 


d[NO Ж 
(МО) oc е-В/АТ ( 


1/2 
а Ыт) Юй" мо) 


(завин сэн 
= pA) 


«e [02]" [NO]. 


We conclude that the effective activation energy, Ea eff» 18 given by 


Е.ет = Eb + Е 4 + Ea | 


(4) Using the estimate that activation energy is approximately equal to the bond energies that must be 
broken 





Est © B(NO) + 5B(O2) — 5B(O) 
= 630.57 kJ mol! + 5 (498.36 kJ mol!) — 3(0) 
= 879.75 kJ mor! 


where this is the unimolecular bond-breakage estimate of activation energies. 


The previous estimate of E, „рр may be much too high because the activation energy of step (b) 
is probably being greatly overestimated. A more realistic estimate of Ep would be that difference 
between the energies of the NO bond that must be broken and the O2 bond that is formed. Then, 


Ез ет ^: (B(NO) — B(O2)} + iB(O) 
~ B(NO) — 5В(О2) 


= 630.57 kJ mol"! — 1(498.36 kJ mol!) 


7: | 381.39 kJ mol! | 


The energy of the activated complex of step (b) is the difference between bond-breakage and bond- 
formation energies. 


It is interesting to compare these estimates with the value based upon E; values that have been 
determined by experiment 


E, ei = (161 kJ mol!) + 1(493 kJ mol!) — $(14 kJ mol!) 


= 401 kJ тог". 


This value is based upon experimental activation energies for the elementary steps. 
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(e) We now eliminate the assumption of O/O» equilibrium and assume that both [М] and [О] are at 
steady-state value. From part (b), [Nss] = kb[O]ss/ke- 


d[O ә 
ao = МОР — kp[O]ss + ke[N] + ke[N]ss[NO] — 2840 (М1:-28-40:М1--0. 


ka[NO]? — kp[O]ss [NO] + k [O]ss[NO] — 2&4[О]$5[М] + 2k-a[O2][M] = 0. 
ka[NO]? — 2ka[O]&s [M] + 2k-a[O2][M] = 0. 


At very low values of [O2] the last term is negligible so that 


№ \!? 
[Olss > (зал) [NO]. 


Substitution of the expression for [N]ss and [O]ss into the expression for d[NO] / dt (top of part 
(b)) gives 


aw = МОР — ky[O]ss[NO] — ke ( 


kp[O]ss 


c 


) [NO] 


= —2k [NO]? — 2kp[O]ss[NO] 





k 1/2 
= —2 [МОР — 2% ( гаа) [МОР. 


а 





1/2 
If propagation is much more rapid than initiation so that kp ( ) > ka, this expression 








2ka[M] 
becomes 
d[NO] _ E XE Lent 
dt = -2 (э) ший. 








(f) МО + О2 э О + МОз КА, initiation. 


d[NO] 


Ec —2k [NOT — kp[O][NO] — ke[N][NO] — ke[NO][O2] 


if the conversion has proceeded to the extent that [O2] has become significant and k,[NO][O2] > 
2k. [NO]? 
d[NO] 


—а = ^lOIINO] — ke[N][NO] — K.[NO][O;]. 


Applying the steady-state approximation to both [М] and [О] gives [N]ss = Кь [О] 6$ /Ас and 


d[O 
a = [МОР — ky[O]ssNO] + ke[N]ss[NO] — 2810 ,1М1-4-2К-4(021М| 


+ ke[O2][NO] =0 and — ke[O]ss[NO] + ke[N]ss[NO] = 0 
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Thus 2840 М] — 2k-a[02][M] — 6.10210] = 0. 


At high concentrations of O2 species ‘M’ is likely to be Оо and Ка ГОЁ [NO] > kp[O]ss[NO]. The 
value of К_ is so small that it can be neglected. 


2Ка[О]$5[М] ~ ke[Oz][NO]. 





& үс 1/2 1/2 
[O]ss = (==) [02] МОЈ. 


Substitution of [N]ss апа [О] into the expression for d[NO] / dt gives 


МО] 


dr = 1015$ — АЫО]$5[МО] — ke[N]ss[NO] — ke[NO]O2] 


= —2kp[O]ss[NO] — ke[NO][O2] 





ke ын 1/2 3/2 
= —2kp (==) [02] [МО] — ke[NO][O2]. 


If propagation is much more rapid than initiation, the expression becomes 


ЧМО] _ № VU 1/214013/2 
ái = -2 (zx) [O2] "[NOT | 











Еме = Ey + 3E, — Ед. 
Using the experimental values of Е;, E; ет is estimated to be given by 
Eaett = 161 kJ mol! + 1(198 kJ mol) — $(14 kJ mol!) 


= | 253 kJ mol! | 


This value is consistent with the low range of the experimental values of Е, ет, whereas the value 
found in part (b) is consistent with the high experimental values. 





024.1 


024.3 


024.5 


Molecular reaction 
_ dynamics 


Answers to discussion questions 


The harpoon mechanism accounts for the large steric factor of reactions of the kind К+ Вг› — KBr+Br 
in beams. It is supposed that an electron hops across from К to Br? when they are within a certain distance, 
and then the two resulting ions are drawn together by their mutual Coulombic attraction. 


The Eyring equation (eqn 24.53) results from activated complex theory, which is an attempt to account 
for the rate constants of bimolecular reactions of the form A +В = С? — P in terms of the formation 
of an activated complex. In the formulation of the theory, it is assumed that the activated complex 
and the reactants are in equilibrium, and the concentration of activated complex is calculated in terms 
of an equilibrium constant, which in turn is calculated from the partition functions of the reactants 
and a postulated form of the activated complex. It is further supposed that one normal mode of the 
activated complex, the one corresponding to displacement along the reaction coordinate, has a very low 
force constant and displacement along this normal mode leads to products provided that the complex 
enters a certain configuration of its atoms, which is known as the transition state. The derivation of 
the equilibrium constant from the partition functions leads to eqn 24.51 and in turn to eqn 24.53, the 
Eyring equation. See Section 24.4 for a more complete discussion of a complicated subject. 


Infrared chemiluminescence. Chemical reactions may yield products in excited states. The emission of 
radiation as the molecules decay to lower energy states is called chemiluminescence. If the emission 
is from vibrationally excited states, then it is infrared chemiluminescence. The vibrationally excited 
product molecule in the example of Figure 24.13 in the text is CO. By studying the intensities of the 
infrared emission spectrum, the populations of the vibrational states in the product CO may be determined 
and this information allows us to determine the relative rates of formation of CO in these excited states. 


Multi-photon ionization (MPI). Multi-photon absorption is the absorption of two or more photons by the 
molecule in its transition to a higher electronic state. The frequencies of the photons satisfy the condition 


AE = hv + И +... 


which is similar to the frequency condition for one-photon absorption. However, multi-photon selection 
rules are different from one-photon selection rules. Therefore, multi-photon processes allow examination 
of energy states that otherwise could not be reached. In multi-photon ionization, the second or third 


024.7 


E24.1(b) 
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photon takes the molecule into the energy continuum above its highest lying energy state. This technique 
is especially useful for the study of weakly fluorescing molecules. 


Resonant multi-photon ionization (REMPI). This is a variant of MPI described above, in which one ог 
more photons promote a molecule to an electronically excited state and then additional photons generate 
ions from the excited state. The power of this method in the study of chemical reactions is its selectivity. 
In a chemically reacting system, individual reactants and products can be chosen by tuning the frequency 
of the laser generating the radiation to the electronic absorption band of specific molecules. 


Reaction product imaging. In this technique, product ions are accelerated by an electric field toward a 
phosphorescent screen and the light emitted from the screen is imaged by a charge-coupled device. The 
significance of this experiment to the study of chemical reactions is that it allows for a detailed analysis 
of the angular distribution of products. 


Femtosecond spectroscopy. See Section 24.9 for a more detailed discussion. Until recently, because 
of their exceedingly short lifetimes, there have been no direct observations of the activated complexes 
postulated to exist in the transition state of chemical reactions. But, after the development of femtosecond 
pulsed lasers, species resembling activated complexes can now be studied spectroscopically. Transitions 
to and from the activated complex have been observed and such experiments have greatly extended our 
knowledge of the dynamics of chemical reactions. 


The Rb atom must hit the I side of CH3I in order to produce КЫ + CH3. The orientation of CH3I can be 
controlled by exciting rotations about the CI axis with linearly polarized light; the optimal orientation 
aims the I side of CH3I at the direction of approach of the beam of Rb atoms. Two possible alignments 
of the reactant beams are shown in Fig. 24.1. In the top depiction, the beams are antiparallel, thereby 
maximizing the likelihood of collision and the volume within which collision can occur (but also putting 
each beam source in the path of the other beam). In the lower depiction, the beam paths are at right angles, 
thereby minimizing the region in which the beams collide, but facilitating the study of that well-defined 
collision volume by a ‘probe’ laser at right angles to both beams. 


Figure 24.1 


Solutions to exercises 


The collision frequency is 


21/2 72) 
1- 2 а (сур мћегес = zd? = 4лг2 and (c) = ( 


SRT A? 
КТ 


mM 


Е24.2(Ь) 


E24.3(b) 
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Ds SRTV? — 16pNar2x!/2 
50 z = 7 (ar = 


mM (RTM)!/2 


16 x (100 x 10? Pa) x (6.022 х 1023 mol~!) х (180 х 107!? m? x (x)! 
"V [(8.3145J K^! mol!) x (298 К) х (28.01 х 10-3 kg mol~!)]!/2 


—|6.64 x 10787! 


The collision density is 
1 zp (6.64 x 109871) х (100 х 10? Pa) 
Zaa =- V= = —— = 8.07 х 10°* ms 
aa = N/V = түр 2(1.381 x 10-237 K7!) x (298 К) 


Raising the temperature at constant volume means raising the pressure in proportion to the temperature 





ZAA x JT 
so the percent increase іп z and Z4A due to a 10 К increase in temperature is | 1.6 percent |, same as 


Exercise 24.1(a). 


The appropriate fraction is given by 


—E, 
f= on (=) 


The values in question are 


-15 x 103 J mol”! 
(8.3145J K-! шог!) x (300K) 


(a) (i) toe (c ae 


ay gus 
we ею ! mol!) х (800K) 


—150 х 103 J mol”! 


= |7.7 х10-27 

(8.3145 J K-! шог!) x (300K) 
—150 х 10? J mol 

и) f= ex = | 1.6 x107! 

09 7 [sn рк; ! тог”! таа р) 


A straightforward approach would be to compute f = exp(—E,/RT) at the new temperature and 
compare it to that at the old temperature. An approximate approach would be to note that f changes from 
fo = exp ( C E;/RT) to f = exp (—E,/RT(1 + x)), where x is the fractional increase in the temperature. 
If x is small, the exponent changes from —E,/RT to approximately (—E,/RT)(1 — x) and f changes 
from exp (—E,/RT) to exp (—Еа(1 — x)/RT) = exp (—E,/RT) [exp (—E/RT)]  — fof; ^. Thus the 
new Boltzmann factor is the old one times a factor of fo . The factor of increase is 


(а) @ f” = (2.4 x 10-3)-10/300 — 
(ii) [т = (0.10) - 10/800 ES 


—15 x 10? J тог! * 


(D (i) f= ШТЭЭ 
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(D © 5" = (7.7 x 10—27у—10/30 — 


Gi) fy * = (1.6 x 10-10)-10/800 — 


E24.4(b) The reaction rate is given by 


8kpT V 1? 
v= Pa (=) Na exp(—Ea/RT)[D2][Br2] 


so, in the absence of any estimate of the reaction probability P, the rate constant is 


8kgT V? 
ke o( 52) NA exp(—E,/RT) 
ли 


1/2 
8(1.381 x 10-8 J K7! 450K 
= [0.30 x (107? m)?] x E к к 
л(3.930и) х (1.66 x 10-27 ви!) 
—200 х 10? 1 то]! 
х (6.022 х 1023 mohe ( re bei ) 


(8.31451К-1 mol7!) x (450K) 





= 1.71 x 107 m то 1877 =| 1.7 x 1012 dm? mol—! 5-1 | 





E24.5(b) The rate constant is 
Ка = 4лК *DN A 
where D is the sum of two diffusion constants. So 


Ка = 47 (0.50 х 107? т) x (2 x 42 x 107? m? 57!) x (6.022 х 1023 mol!) 





=(32 х 107 m? mol! 87! | 





In more common units, this is 


ka =| 3.2 x 1010 dm? тог 187! 


E24.6(b) (а) А diffusion-controlled rate constant in decylbenzene 18 


RT .3145J K^! шог!) х (298K 

Ка = ВКТ = дыы ызына ЛЫ Эр | =| 1.97x 106 т? mol"! s7! 
3 3 x (3.36 x 10-3kgm7! s-!) 

(b) In concentrated sulfuric acid 

8RT .3145J K^! mol!) x (298K 

k= — = тз де к nnd -124 x 10° m? mol`! s7! 
3n 3 x (27 x 10-3 кетт! s-!) 

E24.7(b) The diffusion-controlled rate constant is 


RT -1 тог!) х (298K 
ka = 8КТ = a А =] 1.10 107 m? шоГ 187! 
3n 3 x (0.601 х 10-3 кетт! s-!) 
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In more common units, kg = | 1.10 х 1010 dm? шог 157! 





The recombination reaction has a rate of 
у = kg[A][B] with [A] = [В] 


so the half-life is given by 


1 1 
1/2 = =|5.05 х10-% s 


k[Alo — (1.10 x 1019 dm? mol! s!) х (18 x 10-3 mol dm?) 








E24.8(b) The reactive cross-section о”" is related to the collision cross-section с Бу 
c* =Po so Р=ос*/о. 
The collision cross-section ø is related to effective molecular diameters by 


о=ла? so d = (о/л)!/? 


2 2 
Now одв = mdp = л Е + dp) | = Цөлд ын ой) 


ёл 
2 

1(1/2 , 1/2 

TO + овв ) 


NER ona ция 


$1((0.88) 2 + (0.40)!/2) х 10-9 т]? 
E24.9(b) The diffusion-controlled rate constant is 


8ЕТ  8x(83145JK ! mol!) x (293K) 


| = 5.12 x 10°m? mol! «^! 
3n 3 x (1.27 x 10-3 кетт! 5-1) 


Ка = 


In more common units, Ка = 5.12 х 10? dm? mol ! sh 


The recombination reaction has a rate of 


v = [АПВ] = (5.12 x 10? dm? mol | s7!) x (0.200 mol dm ^?) x (0.150 mol dm?) 





—|1.54 x108 mol dm? s^! 





E24.10(b) The enthalpy of activation for a reaction in solution is 


AH = E, — RT = (8.3145J K^! mol!) x (6134 K) — (8.3145J K^! шог!) х (298 K) 











= 4.852 x 10^ J mol! = | 48.52 kJ mol! 
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The entropy of activation is 


е А КЕТ? 
A*S в (в — ) where В = pE 


р 
_ (1.381 x 107” J K7!) x (8.3145J K^! mol^!) х (298 К)? 
(6.626 x 10-3415) x (1.00 х 105 Pa) 


= 1.54 x 10!! m? mol`! s7! 


B 








so A*S = (8.3145 J K7! mol) x (ь 2. 
(1000 dm? m ^) х (1.54 х 10!! m3 то]! 


-1-3221К-!шоГ! 


COMMENT. In this connection, the enthalpy of activation is often referred to as “energy” of activation. 


8.72 х 1012 dm? mol! s7! | 
8-1) 





E24.11(b) The Gibbs energy of activation is related to the rate constant Бу 





—A?G КЕТ? k 
ko = Bex where B = —— so A'G=-RTIn— 
р 

ЕТ һр° В 


ky = (6.45 х 1073 dm? mol! 8—!)уе—®375®)/298К)} — 9.47 x 105 dm? mol s! 


= 947 m? mol! 57! 


Using (ће value of В computed іп Exercise 27.13(b), we obtain 


A*G = —(8.3145 х 107? ЫК! mol!) х (298K) x In | ——— ————; 
1.54 x 10!! m3 mol! s7! 


= | 46.8 kJ mol! 


E24.12(b) The entropy of activation for a bimolecular reaction in the gas phase is 


947 m? mol”! 87! ) 


КЕТ? 


һр° 


А 
415 = R (im B 2) where B = 


в— 038! x 1077 JK ') x (8.3145J K! mol!) x [055 + 273) КР 
Р! (6.626 х 10-34 Js) x (1.00 x 105 Pa) 


= 1.86 x 10!! m? mol! s7! 





The rate constant is 


=E, E; 
kn = Aexp (10) so A= век (12) 


49.6 x 103 J mol! 


А = (0.23 m? mol! s7!) x Sr S 
(8.3145 J K~* mol ) x (328 K) 


= 1.8 x 107 m? mol! $57! 
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1.8 х 107 m? тог 17! 2) 


and AS = (8.3145 J K! mol) x {In | ——— —— — ——— 
1.86 x 10!! m3 mol! s7! 


-1-931К-! шог! 


E24.13(b) The entropy of activation for a bimolecular reaction in the gas phase is 


kRT? 
h е 


р 





А 
415 = В (in B^ 2) where B — 
For the collision of structureless particles, the rate constant is 


b o (T Lin | (228 
= === сех 
2 А nu р ЕТ 


so the prefactor is 


SkT ү!? RT ү!? 
А = NA — o = 4NA = o 
ли mM 





where we have used the fact that = jm for identical particles and К/т = R/M. So 


(8.3145J K-! шог) x (500 К) 


1/2 
x (0.68 x 10:18 m?) 
л х (78 x 10-3 kg mol!) 


A = 4 x (6.022 х 10? mol!) х | 


= 2.13 x 108 m? mor! s^! 
_ (1381 x 10-3 ЈК!) x (83145J K^! mol!) x (500K)? 
Е (6.626 х 10-34 18) х (1.00 х 10° Pa) 


= 4.33 х 10!! m? mol`! s7! 


2.13 x 108 m? тог 187! 
andA*S = (8.3145JK ^! mol.) х (к Ке E" 


4.33 x 10!! m? mol`! s-! 
= | —80.0 J K^! шог! 


E24.14(b) (a) The entropy of activation for a unimolecular gas-phase reaction is 


B 





A 
A?S=R (in гэн ) where В = 1.54 х 10!! m? mol~! s~! [See Exercise 24.14(a)] 
so А?$ = (8.3145 J K^! шог!) 
2.3 x 1013 dm? mol"! s~! 
x [In 3 — 1 
(1000 dm? m-?) x (1.54 х 10!! m3 mol"! s-!) 
—|—24.JK-! шог! 


(b) The enthalpy of activation is 





ATH = E, — RT = 30.0 x 10° Jmol! — (8.3145 J K~! шог!) x (298 К) 


= 27.5 х 103 J mol! = | 27.5 kJ mol! 


E24.15(b) 


E24.16(b) 
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(c) The Gibbs energy of activation is 
A*G = ДЇН – ТА*$ = 27.5 І mol! — (298K) х (—24.1 x 1073 K~! mol!) 
= 
The dependence of a rate constant on ionic strength is given by 
log k2 = log k + 2Azazpl!/? 
At infinite dilution, Z = 0 and кә = k3, so we must find 


log 43 = log k2 — 2Azazpl!/* = log(1.55) — 2 х (0.509) х (+1) х (4-1) х (0.0241)!/? 


= 0.0323 and | = 1.08 тб mol шиш! 


Equation 24.84 holds for a donor—acceptor pair separated by a constant distance, assuming that the 
reorganization energy is constant: 


(AG? A,G® 








In ke = ————— — constant, 
ы ДАЕТ ORT ^ 
or equivalently 
AG? A,G® 
In ket = (мб) г + constant, 


4АКТ 2kT 


if energies are expressed as molecular rather than molar quantities. Two sets of rate constants and 
reaction Gibbs energies can be used to generate two equations (eqn 24.84 applied to the two sets) in two 
unknowns: А and the constant. 


(AGP)? AG? (AG)? | AG? 
АС)" = tense "ЭРТ ил | 
ДАЕТ ЕТ ОМАН + а KT 





In kei + 





(А.С)? – (AGF)? _ шз 4:65 — AGE 
ЛАКТ ^ ид 2kT 
(АС)? – (A,G2)? 
4 (kT In(ket,2/ket,1) + (2:69 — ArGP/2)) 


= = у)? 1 
за OS — —É — — | 


A= 
4(1.381 x 10-23 J K~!)(298K) , 3.33 х 106 
Ш — 2(0.975 — 0.665) eV 
1602x10-99jev-1 "202x109 ^ е 


and A = 





If we knew the activation Gibbs energy, we could use eqn 24.81 to compute (Нрд) from either rate 
constant, and we can compute the activation Gibbs energy from eqn 24.82: 
_ (AG? +A)? _ [00.665 + 1.531) eV? 


= = = 0.122 eV. 
4. 4(1.531 eV) 


2(Hpa)? ( лз ү?? ліС 
Now ka = р) "| Ш 


A*G 
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” hka M? (4akT \ 1/4 АС 
= —— ex) === jg 
= ЭН: = PVT 
1/2 
(6.626 x 10-34 18)(2.02 х 10? s7!) 
(HpA) — ханилах аш 


- 1/4 
(sse: x 10:19 JeV-71)(1.381 x eem 
S [rav UE х Hr деу мәе NOU НЕ Лу 
3 
л 





(0.122 eV)(1.602 x 1071? JeV-!) = 
| =| 9.39х 107°" J 
SEES | 2(1.381 x 10-3 JK- 1) Q98K) = 
E24.17(b) Equation 24.83 applies. In Exercise 24.17(a), we found the parameter В to equal 12 nm~!, so: 


Inke/s~! = —Br+constant so constant = In Ёд/87! + Br, 


and constant = In 2.02 x 10° + (12nm~!)(1.11 nm) = 25. 


Taking the exponential of eqn 24.83 yields: 


ket = e 4r+constant se zu e (12/nm)(1.48 nm)+25 s7! =|14х 103 8—1 В 


Solutions to problems 
Solutions to numerical problems 


8kT 
A = NaAc* | —— | [Section 24.1 and Exercise 24.13(а); и = lm(CH3)] 
P24.1 ли 2 


1/2 
(8) х (1.381 x 10-23 JK-!) x (298К) ) 


"Y 23. з MEN 
ОИНИ (5 x (1/2) х (15.03 u) x (1.6605 х 10-27 kg/u) 


= (5.52 x 1026) х (o* mol”! тв). 
10-54: 3 5-4 7 aei (431 
g*— 2.4 x 107“ mol = E o 2.4 x 10’ mol нь AD 44 x 10-2 a? | 
(a) 5.52 х 1026 mol! т5-1 5.52 x 1026 mol! m s7! 


(b) Take o = ла? and estimate d as 2 x bond length; therefore 





в = (л) x (154 x 2x 107-12 т)? = 3.0 x 107? m?. 
o* 4.35 х 10-20 
H P мж ЗУЛ o aA = А le 
s (04 3.0 x 10—19 


Р24.3 For radical recombination it has been found experimentally that E; = 0. The maximum rate of 
recombination is obtained when Р = 1 (or more), and then 


8kT ү!? тү? 
ko а-н) е [u = 1 ad. 
лш лт 2 


о* & nd? = x x (308 x 10-12 m)? = 3.0 x 10:92, 


Р24.5 
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Hence 


k2 = (4) x (3.0 x 107? m?) x (6.022 х 1023 тог!) 





(1.381 x 10-23 JKT!) x (298 K) Nt 
(л) x (15.03 u) x (1.6605 х 10:27 kg/u) 


= 1.7 x 108 m? mol”! s^! =] 1.7 x 10!! М-! 57! | 


The rate constant is for the rate law 
— 2 
у = [СНз]. 


Therefore d{CH3]/dt = 2k;[CH3]? 








and its solution is 2kot. 


[CH] [СНз > 


For 90 per cent recombination, [CH3] = 0.10 х [CH3]o, which occurs when 


9 
or t= а 
[СНз Јо 2k2[CH3 lo 





201 = 


The mole fractions of CH3 radicals in which 10 mol% of ethane is dissociated is 


2) x (0. 
LAC ETT 
1+0.10 


The initial partial pressure of CH3 radicals is thus 


po = 0.18p = 1.8 x 10* Pa 


1.8 х 10* Pa 
а [CH3] = ————— —. 
and [CH3]o RT 
9RT (9) х (8.314J K~! mol!) x (298 К) 
Therefore t — лол: S А 
(282) x (1.8 x 10*Ра) (1.7 x 108 m3 mol! s-!) x (3.6 x 104 Pa) 


log k2 = 1089 + 2Azazp/'/? with А = 0.509 (mol dm ?)-'/? [24.69]. 


This expression suggests that we should plot log k against /!/? determine гв from the slope, since we 
know that |А | = 1. We draw up the following table. 


1/ (mol dm?) 0.0025 0.0037 0.0045 0.0065 0.0085 


(1/ (mol dm~3))!/2 0.050 0061 0067 0081 0.092 
log(ko/(dm? тої! s-!)) 0.021 0.049 0064 0.072 0.100 


Р24.7 


MOLECULAR REACTION DYNAMICS 499 


These points are plotted in Fig. 24.2. 


log (кат? mol ! 8) 





0 tee Су € } өөө Deresse IE : EE 2 ЛИТ 
005 006 007 0.08 0.0 0.10 


(1/(тоїкв!))77 Figure 24.2 


2 


The slope of the limiting line in Fig. 24.2 is ~ 2.5. Since this slope is equal to 2 Aza zg х (mol dm~3)!/2 = 
1.018 сАсв, we have zazp ^ 2.5. But |гА | = 1, and so |zg| = 2. Furthermore, za and zg have the same 
sign because zazp > 0. (The data refer to I~ and S2037.) 


ә 2 
9 а шин [Example 24.2]. 
o 4neod (I — Eea) 


Taking о = nd? gives 


2 = 2 
А ( e ) 6.5 пт 
с* x n| =. 
4n£9[/ (M) — Eea(X2)] (I — Ега) /еу 
Thus, o* is predicted to increase as / — Eea decreases. The data let us construct the following table. 


c*/nm Ch Br bL 


Na 0.45 0.42 0.56 


K 0.72 0.68 0.97 
Rb 0.77 0.72 1.05 
Cs 0.97 0.90 1.34 


All values of o* in the table are smaller than the experimental ones, but they do show the correct trends 
down the columns. The variation with Eea across the table is not so good, possibly because the electron 
affinities used here are poor estimates. 


Question. Can you find better values of electron affinities and do they improve the horizontal trends in 
the table? 


Р24.9 
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(a) 


(b) 





d[F20] 2 

=~ = [ОР — Io[FIIF2O], (D 
d[F] k 2 2 2 
тр = КРО — КЕРО] + 2I [OF — 2&[ЕР[Е›О], (2) 
d[OF] 2 2 
= =АЇЕОР + lo[FIIF20] — 2k[0F}. (3) 


Applying the steady-state approximation to both [F] and [OF] and adding the resulting equations 
gives 


ki [F20]? — ko[F]ss[F20] + 2k3[OF]g, —2k4[F]5 [F20] =0 
kı [F20]? + k2[F]ss [F20] — 2k3[OF]g, =0 
28) [F20]? —2k4 [F]§s [F20] = 0 


Solving for [F]ss gives 


А 1/2 
[F]ss = (њо) s 


Substituting (4) into (1) 











d [F20] 4 la V? ЭР 
= kı [FOr — k | — F,o}?/ 
dr 1 [F20] (2) [F20] 
or 
d[F 5 ki VP 
А арор + (2) БОР? 
dt КА 











Comparison with the experimental rate law reveals that they are consistent when we make the 
following identifications. 


k = kı = 7.8 x 10" е-5378Т dm? mol! s7!, 
E, = (19350 K)R = 160.9 kJ шог”, 
ky 1/2 | 
к= (2) = 23 x 1019e- E /КТ dm? mol! 871, 
4 
' = (16910 K)R = 140.6 kJ mol"! . 


502 +F > О AH(F;O) = 2441 kJ mol! 
2F— Е АН = —D(F—F) = -160.6 kJ mol! 


о> 5 Оз AH= -j D(O—O) = —249.1 kJ mol! 


2Е + O — FO 
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AH(FO—F) + АН(О—Е) = — | «сн: ) — D(F-F) — 1р0-0)| 


= — (24.41 — 160.6 — 249.1) kJ mol! 


= 385.3 kJ moll. 


We estimate that | AH (FO—F) = Е = 160.9 kJ mol! | 


Then 





AH(O—F) = 385.3 kJ mol! — AH(FO—F) 


А (385.3 — 160.9) kJ mol! . 


AH(O-—F) = 224.4 kJ mol! . 


In order to determine the activation energy of reaction (2) we assume that each rate is expressed in 
Arrhenius form, then 





Ink’ = Ino + ША — T Ink 


or 


/ 


Е Е, Е Ед 
ША’ - — = А: — — + 1 hA; - 1— — Hn A44 1. 
n RT nA? RT +5 ША! n A4 + 
Differentiating with respect to Т, we obtain 
Е’ = Ез + 3E, — 3E, = 140.6 kJ шог! 
ог 


E) — 1E, = Е — TE; = (140.6 — 80.4) kJ mol! 
= 60.2 kJ mol !. 


Ед is expected to be small since reaction (4) is termolecular, so we set Ед 7 0; then 


Бу ^ [60k mor"! | 


P24.11 Linear regression analysis of In(rate constant) against 1/T yields the following results: 
In(k/22.4 dm? тої! тіп!) = C + B/T 


where C — 34.36, standard deviation — 0.36, 
В = —23227 К, standard deviation = 252 К, 


К= [good fit]. 
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In(k'/22.4 dm? тог тш!) = C; + B2/T 


where C’ = 28.30, standard deviation = 0.84, 
В' = — 21065 К, standard deviation = 582 К, 


R= [good fit]. 


The regression parameters can be used in the calculation of the pre-exponential factor (A) and the activation 
energy (Ea) using In k = ША — E,/RT. 


InA = C + In(22.4) = 37.47, 


А = 1.87 x 1016 dm? mol! тіпт! = | 3.12 х 10!^ dm? то!!! | 





СДР" 10-3 kJ 
E, = —RB = —(8.3145 J K~'mol™') х (23227 К) х г 
= (1930 тог! | 


ША’ = C' + (22.4) = 31.41, 


А’ = 4.37 x 10!3dm? mol`! min^! = | 7.29 х 10!! dm? тог 187! | 


107? kJ 
E, = —RB' = —(8.3145 J K^! mol!) х (—21065 К) x ( : ) 


= | 175kJ mol! | 


To summarize 





A/(dm? шоГ 1871) Ej/(kJ mol!) 


k 3.12х 10!^(— A) 193 
К 729 x 10!! (2 A’) 175 


Both sets of data, k and k’, fit the Arrhenius equation very well and hence are consistent with the 
collision theory of bimolecular gas-phase reactions which provides an equation 24.19 compatible with 
the Arrhenius equation. The numerical values for k’ and A may be compared to the results of Exercise 
24.7(a) and are in rough agreement at 647 К, as is the value of Ea. 


Solutions to theoretical problems 


P24.13 [Л* = г] [J]e *dr + [Tle [24.40], 
0 


91Л" 
ot 





дї 


92* рәү (PN ы 
9х2 =®[ (58) + (55) 4 


= Ле“ + =e = Кет“ = (22) em, 
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Then, since 
92 apy) 
D— = — [24.39,k = 0], 
ax? дї [ l 
we find that 





2гүуж t * 
peg (* (387^) аа (207) 
9x? o \ дг дї 


a ПГЗ SEI" |; SUIT 
=*/ ( = es s uM ee 











which rearranges to eqn 24.39. When г = 0, Л" = [J], and so the same initial conditions are satisfied. 
(The same boundary conditions are also satisfied.) 


eT 
Чт 
А 


eT 
For T ~ 300 K, M ~ S0g mol-!, $m- = | 1.4 x 107 | 
A 


P24.15 = 2.561 x 10? (T/K)9/? (M/ g mol! )?? [Table 17.3]. 


1.0270 (T/K)?? 
x 
(ABC/cm-?)!2 





qÈ (nonlinear) = [Table 17.3]. 


For Т ~ 300K, А & B ~ С = 2em-^!, д = 2 [Section 13.5], È (NL) ~ 


0.6950 (T/K) 


R л: E 
q` (linear) = x (B/cm-1) [Table 17.3]. 


For T = 300K, B ~ L em^!, ø ~ 1 (Section13.5], g®(L) ~ [200] 


qY [1] and 4 = [1] [Table 17.31, 


kT _ 
y= xj [24.53] 


-o 
= (5) х (2) х (22) е SFo/RT [24.51] де Де Ёа/ЕТ | 


П р 4448 
We then use 

23 eT 
ЧА „ЧА „тд 10’ [above], 
Na А 

е ӨТ 
Яв B_y 1.4 x 10'[аБоме], 
Na A 


4с аста) 


= = (23/2) x (1.4 x 107) х (200 [above]) = 7.9 х 10°, 
A МА 


Р24.17 
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[The factor of 23/2 comes from тс = тд + тв ^ 2ma and 47 сс m?/?.] 


RT _ (83141К”! тог!) x (300K) 


—— AS 


2.5 x 107? m? mol~!, 


p? 105 Pa 

KkT КТ — (1.381 x 1072 J K-!) x (300K) Bes 

А = 6,25 x 10? s7!, 
h h 6.626 x 10—347 s 


Therefore, the pre-exponential factor 





_ (625 x 10125-1) (2.5 x 107 m? mol!) x (79 х 10°) 
(14 x 107? 


А 6.3 x 106 m? mol! s! or 163 x 10? dm? mol! s7! | 


If all three species are nonlinear, 


A 





= = 
ЧА 4 (14 х 107) х (900) = 1.3 x 1019 ~ 28. 
МА МА 
ЧА 


We AP (232/2) x (1.4 x 107) x (900) = 3.6 х 100 
A 


aw (625 х 1012 8-1) x (2.5 x 107? m? mol!) x (3.6 x 10) 
éd (1.3 x 10102 





А 33 m? mol! s^! or [33 x 104 dm? шог”! s 





A(NL) _ 3.3 x 10* 


уг = —6 
Therefore, Р = AD = 63x10 ^ 5.2 x 107° |. 


These numerical values may be compared to those given in Table 24.1 and in Example 24.1. They lie 
within the range found experimentally. 


We consider the y-direction to be the direction of diffusion. Hence, for the activated atom the vibrational 
mode in this direction is lost. Therefore, 

4 = qs di. for the activated atom, and 

а = qt q% qY for an atom at the bottom of a well. 
For classical vibration, qv А: КТ /hv [Section 24.4]. 


The diffusion process described is unimolecular, hence first-order, and therefore analogously to the 
second-order case of Section 24.4 [also see Problem 24.4] we may write 


Цам 


dt 


Ї 
= Кх] = vK? [x] =k [x] [к = | | 
[х] 


Thus 


kT i 1 
ky = К =v{ —) x x. e P^Fo |8 = — here 
hv q RT 
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where 4* and 4 are the (vibrational) partition functions at the top and foot of the well respectively. 
Therefore 


i2 
p = (7) N вл |2? вл | 
h (АТ va 


(a) v5 =v; ky = ve ^E, Assume AEQ © Eg; hence 
km 10!! Hz e 60x 107 /(8.314x 500) 5 4х 1 0 


№2 1 1 
But D = — = =)7k, | 21.85; т = —, Problem 22.10 
2т 2 ky 


1 
= 2% (816pm)? х 54 х 1057! = |2.7 x 10-5 m? s7! |, 


(D prov; ky =4ve ^E – 2,2 х 10787", 


D = (4) х (2.7 х 107m? $57!) =] 1.1 х 10-1 m? s7! | 


Р24.19 The change in intensity of the beam, d/, is proportional to the number of scatterers per unit volume, 
446, the intensity of the beam, Z, and the path length d/. The constant of proportionality is defined as the 
collision cross-section с. Therefore, 








dl = —o.Ajldl or dln/ = —o Mdl. 


If the incident intensity (at / — 0) is /o and the emergent intensity is /, we can write 


I 
eS нэ =o Al 
In m "ani w Iz [Ie 2| 





P24.21 А+В Cf 5 P. 
kT NARTYX des 
ky = (« : ) х ( ын ) е" [24.52]. 
p qd dg 


We assume that the only factor that changes between the atomic and molecular case is the ratio of the 
partition functions. 


(1) For collisions between atoms 


d = qÀ ^: 10°, 


= Т оды 1026 


Яв = dp 

de = (46) асас = (1015? x (1) x (1026) ~ 1029, 
1 29 

Ко(аїот$) ос МЕХ. A = 10-23. 


1026 x 1026 
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(2) For collisions between nonlinear molecules 
dA = (ay (dA) ^ (ад) © (10153 x (1) х (1029) = 3 x 1030, 
ав = (9B) ay)" 691) © 3 х 10°, 
dc = ае 7 (qe) © 3 x 109. 


3 x 1030 
] x 106! 


10-23 = 
Therefore k2(atoms)/k2(molecules) = 3x 10:31 А |3 x 107 | 


k»(molecules) ox — 3 x 10-31. 


Solutions to applications 


P24.23 Collision theory gives for a rate constant with no energy barrier 


ВАТ ү!? k упишу 
(>. ) SUM ОМА RE 


_ k/(dm? mol! s!) х (10-3 m? dm?) 
— (c/nm2) x (10-9 m)? x (6.022 x 1023 шог!) 


" ( л x (u/u) х (1.66 x 10-27 kg) ) 
8 x (1.381 x 10-23 JKT!) х (298 K) 


_ (6.61 x 107 3)k/(dm? mol"! 871) 
e (c /nm?) x (м/и)? 
The collision cross-section is 
1/2 1/2 (ol? +02 


o + с, 
А B SO OAB = 


САВ = лав where ддв = (da + ав) = 240.2 — 4 


The collision cross-section for Оо is listed in the Data section. We would not be far wrong if we took 
that of the ethyl radical to equal that of ethene; similarly, we will take that of cyclohexyl to equal that of 
benzene. For O2 with ethyl 


(0.40!/2 + 0.641/2)2 
б == 
4 





nm? = 0.51 nm?, 


тоте (32.0 и) x (29.10) 
и = = = 15.2 и, 
то + те (32.0 + 29.1) о 


(6.61 х 10-13) x (4.7 х 109) яг” 
so Р = (0.51) х (15.2)1/2 = [1.6 x 10-3] 








Р24.25 


Р24.27 
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For О with cyclohexyl 


(0.401/2 + 0.88!/2)2 

о = t — 

_ mom _ (32.04) х (77.1 u) 
L= notme (20411194 


nm? = 0.62nm?, 
= 22.6u, 


(6.61 x 107!3) x (8.4 x 10?) 
P = 11.8 x 10-3 | 
г (0.62) x (22.6)172 Е 


Equation 24.69 тау be written in the form: 


4 1 log(ko/k5) ЯН? е 5 ; 
д = 2A ПР о where we have used za = гв for the cationic protein. This equation suggests 
that z4 can be determined through analysis that uses the mean value of (log(k2 /k5)) /1 ? for several 


experiments over a range of various ionic strengths. 


We draw up a table that contains data rows needed for the computation. 





log (0/9) 
11/2 





ZA = 





1 0.0100 0.0150 0.0200 0.0250 0.0300 0.0350 
к/к 8.10 13.30 20.50 27.80 38.10 52.00 
Іов (к/к) /10-5 9.08 9.18 928 913 913 9.17 


mean { log(k/k°)/19>} = 9.17, 


1 log(k2/k9) 9.16 
а= zen | n? | 500506) = [+340] 


where we have used the positive root because the protein is cationic. 





Does eqn 24.83, 
In ka = —fr + constant, 


apply to these data? Draw the following table. 


r/nm ka/s^! In ket/s7! 


0.48 1.58 х 101? 281 
0.95 3.98 х 109 221 
0.96 1.00 х 109 20.7 
1.23 1.58 х 108 18.9 
135 3.98 х 107 17.5 
224 6.31х 10! 4.14 


Р24.29 
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30 





t2 
© 


In (К,/87) 





rinm Figure 24.3 


and plot In ket vs. r (Fig. 24.3). 


The data fall on a good straight line, so the equation | appears to apply . The least squares linear fit 


equation is 


In ke /s = 34.7 — 13.4r/nm, R? (correlation coefficient) = 0.991 


so we identify | В = 13.4nm7! | 


azurin(red) + cytochrome с(ох) -» azurin(ox) + cytochrome c(red). 

E? = Eg — Ер = 0.260 V — 0.304 V = —0.044 V. 

К = e'FE'/RT [7.30] = e1(96485.3 С mol™')(—0.044 V)/ (8.31451 J K^! mol™')(298.15K) — 2—1.713 _ 0,180. 
kobs = (kppkaAK)!/? [24.86]. 


d. (1.6 x 103 dm? шог”! 5-1)? 


= =|9.5 х 104 dm? mol! s^! |. 
КААК (1.5 x 102 dm? mol"! s~!) (0.180) 


kpp — 





025.1 


025.3 


025.5 


Processes at solid 
Surfaces 


Answers to discussion questions 


(a) A terrace is a flat layer of atoms on a surface. There can be more than one terrace on a surface, each 
at a different height. Steps are the joints between the terraces; the height of the step can be constant 
or variable. 


(b) The motion of one section of a crystal past another (a dislocation) results in steps and terraces. 
See Figures 25.2 and 25.3 of the text. A special kind of dislocation is the screw dislocation shown 
in Fig. 25.3. Imagine a cut in the crystal, with the atoms to the left of the cut pushed up through a 
distance of one unit cell. The surface defect formed by a screw dislocation is a step, possibly with 
kinks, where growth can occur. The incoming particles lie in ranks on the ramp, and successive ranks 
reform the step at an angle to its initial position. As deposition continues the step rotates around 
the screw axis, and is not eliminated. Growth may therefore continue indefinitely. Several layers of 
deposition may occur, and the edges of the spirals might be cliffs several atoms high (Fig. 25.4). 


Propagating spiral edges can also give rise to flat terraces. Terraces are formed if growth occurs 
simultaneously at neighboring left- and right-handed screw dislocations (Fig. 25.5). Successive 
tables of atoms may form as counter-rotating defects collide on successive circuits, and the terraces 
formed may then fill up by further deposition at their edges to give flat crystal planes. 


Langmuir isotherm. This isotherm applies under the following conditions: 


1. Adsorption cannot proceed beyond monolayer coverage. 

2. All sites are equivalent and the surface is uniform. 

3. The ability of a molecule to adsorb at a given site is independent of the occupation of neighboring 
sites. 


BET isotherm. Condition number | above is removed. This isotherm applies to multi-layer coverage. 


Temkin isotherm. Condition number 2 is removed and it is assumed that the energetically most favorable 
sites are occupied first. The Temkin isotherm corresponds to supposing that the adsorption enthalpy 
changes linearly with pressure. 


Freundlich isotherm. Condition 2 is again removed, but this isotherm corresponds to a logarithmic 


change in the adsorption enthalpy with pressure. 


In the Langmuir—Hinshelwood mechanism of surface-catalyzed reactions, the reaction takes place by 
encounters between molecular fragments and atoms already adsorbed on the surface. We therefore expect 


D25.7 
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the rate law to be second-order in the extent of surface coverage: 
A+B—>P у-КблАбв 


Insertion of the appropriate isotherms for A and B then gives the reaction rate in terms of the partial 
pressures of the reactants. For example, if A and B follow Langmuir isotherms (eqn 25.4), and adsorb 
without dissociation, then it follows that the rate law is 


с ККАКврАРВ 
(1+ Kapa + Кврв)?` 


The parameters K in the isotherms and the rate constant k are all temperature dependent, so the overall 
temperature dependence of the rate may be strongly non-Arrhenius (in the sense that the reaction rate is 
unlikely to be proportional to exp(—E,/RT). 


In the Eley-Rideal mechanism (ER mechanism) of a surface-catalyzed reaction, a gas-phase molecule 
collides with another molecule already adsorbed on the surface. The rate of formation of product is 
expected to be proportional to the partial pressure, рв of the non-adsorbed gas B and the extent of 
surface coverage, Өд, of the adsorbed gas A. It follows that the rate law should be 


А+В— Р у= крдбв. 


The rate constant, К, might be much larger than for the uncatalyzed gas-phase reaction because the 
reaction on the surface has a low activation energy and the adsorption itself is often not activated. 


If we know the adsorption isotherm for A, we can express the rate law in terms of its partial pressure, 
Pa. For example, if the adsorption of A follows a Langmuir isotherm in the pressure range of interest, 
then the rate law would be 


_ АКРАРВ 
1 + Крд’ 


If A were a diatomic molecule that adsorbed as atoms, we would substitute the isotherm given іп 
eqn 25.6 instead. 


According to eqn 25.27, when the partial pressure of A is high (in the sense Крд > 1, there is almost 
complete surface coverage, and the rate is equal to kpg. Now the rate-determining step is the collision 
of B with the adsorbed fragments. When the pressure of A is low (Крд < 1), perhaps because of 
its reaction, the rate is equal to ККрдрв: and now the extent of surface coverage is important in the 
determination of the rate. 


In the Mars van Krevelen mechanism of catalytic oxidation, for example, in the partial oxidation of 
propene to propenal, the first stage is the adsorption of the propene molecule with loss of a hydrogen 
to form the allyl radical, CH?—CHCH». An О atom in the surface can now transfer to this radical, 
leading to the formation of acrolein (propenal, CH? —CHCHO) and its desorption from the surface. The 
H atom also escapes with a surface О atom, and goes on to form H20, which leaves the surface. The 
surface is left with vacancies and metal ions in lower oxidation states. These vacancies are attacked by 
O2 molecules in the overlying gas, which then chemisorb as О; ions, so reforming the catalyst. This 
sequence of events involves great upheavals of the surface, and some materials break up under the stress. 


Zeolites are microporous aluminosilicates, in which the surface effectively extends deep inside the solid. 
М"+ cations and H20 molecules can bind inside the cavities, or pores, of ће Al—O—Si framework (see 


D25.9 


D25.11 


E25.1(b) 
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Fig. 25.29 of the text). Small neutral molecules, such as СО», NH3, and hydrocarbons (including 
aromatic compounds), can also adsorb to the internal surfaces and this partially accounts for the utility 
of zeolites as catalysts. 


Like enzymes, a zeolite catalyst with a specific composition and structure is very selective toward certain 
reactants and products because only molecules of certain sizes can enter and exit the pores in which 
catalysis occurs. It is also possible that zeolites derive their selectivity from the ability to bind and to 
stabilize only transition states that fit properly in the pores. 


The net current density at an electrode is j; jo is the exchange current density; о is the transfer coefficient; 
fis the ratio F/RT; and ņ is the overpotential. 


(a) j = jof is the current density in the low overpotential limit. 
(b) j = joe! 9f" applies when the overpotential is large and positive. 
(c) j = —joe "7" applies when the overpotential is large and negative. 


The principles of operation of a fuel cell are very much the same as those of a conventional galvanic 
cell. Both employ a spontaneous electrochemical reaction to produce an electric current that can be used 
as a power source for external devices. The main difference between fuel cells and ordinary cells is that 
the reacting substance is a material that we normally classify as a fuel and it is continuously supplied 
to the cell from an external source. We wish to obtain large currents from fuel cells and in order to 
accomplish that goal a number of obstacles limiting the rate of reaction have to be overcome. One way 
to increase the rate of the reaction in the cell is to use a catalytic surface with a large effective surface 
area to increase the current density. Operating the cells at high temperatures can increase reaction rates 
and in some cases molten electrolytes and electrodes are employed. 


Solutions to exercises 


The number of collisions of gas molecules per unit surface area is 











д ЧА 
W 7 Олмкт)у)? 
(a) For No 
M жее (6.022 х 1023 mol!) x (10.0Pa) 
© (2л х (28.013 х 10-3 kg mol!) х (8.3145J К-! шог!) x (298 K))!/2 
= 2.88 x 1023 m~? s7! 
=| 2.88 х109 ст? s7! 
в (6.022 х 10°? mol!) х (0.150 х 1079 Torr) х (1.01 х 10° Pa/760 Torr) 
п 





Zw = 
(2л х (28.013 x 10-3 kg mol!) x (8.3145 J К-! mol!) х (298 K))!/2 


= 5.75 х 107 m? s7! 


=|5.75 x10? cm"? s7! 
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(b) For methane 
(6.022 x 1023 шог!) x (10.0 Pa) 








(i) Zw = 
(2л х (16.04 х 10-3 kg mol^!) х (8.31453 К-! mol!) x (298 K))!/2 
= 3.81 x 10? m? s7! 
=| 3.81 x10!? cm? s7! 
(ii) Zw (6022 х 102? mol!) х (0.150 х 10-6 Torr) х (1.01 x 105 Pa/760 Torr) 








(2л x (16.04 х 10-3 kg mol!) х (8.3145) К-! mol!) х (298 K))!/2 
= 7.60 x 107 m? s7! 


-17.60 x10! cm? s7! 


E25.2(b) The number of collisions of gas molecules per unit surface area is 








Jy = МАР _ 2мА(лМЕТ)!”? 
W= Олмкт)у/? Р МАА 
(5.00 х 10!9 s7!) 
р 


— (6.022 х 1023 то!) хл х (1/2 х 20 x 10-3 mp? 
х (2л х (28.013 x 107? kg mol!) х (8.3145 J mol~! K^!) x (525 K))!? 


- [marn] 


E25.3(b) The number of collisions of gas molecules per unit surface area is 


Iw = Nap 
W (олм ЕТ 

so the rate of collision per Fe atom will be ZwA where A is the area per Fe atom. The exposed surface 

consists of faces of the bec unit cell, with one atom per face. So the area per Fe is 


Марс? 
(22M RT)! 


= 


А = с” and гаіе = 7мА = 


where с is the length of the unit cell. So 


(6.022 х 1023 mol!) x (24 Pa) х (145 х 10:12 т)? 
(2л x (4.003 x 10-3 kg mol!) х (8.31457 K^! mol!) х (100 K))!/2 


=| 6.6 х10* $! 


E25.4(b) Тһе number of CO molecules adsorbed on the catalyst is 





rate = 


pVNA | (1.00atm) х (4.25 x 10? dm?) x (6.022 х 1023 mol!) 
RT — (0.08206 dm? atm K~! mol!) x (273 К) 


= 1.14 x 1020 





N=nNa = 


E25.5(b) 


E25.6(b) 


E25.7(b) 


E25.8(b) 


E25.9(b) 
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The area of the surface must be the same as that of the molecules spread into a monolayer, namely, the 
number of molecules times each one's effective area 


A = Na = (1.14 x 1020) x (0.165 x 10-18 m?) = 


If the adsorption follows the Langmuir isotherm, then 


Kp ЭН”, 0 V/Vmon 


0- = —————— m — 
1+ Kp p(1—0)  p(l— V/Vmon) 





Setting this expression at one pressure equal to that at another pressure allows solution for Von 





Vi /Vmon ЭР У? / Vmon 4 P1(Vmon — V1) _ р2(Ушоп — V2) 
pi (1 — Vi/Vmon) p2(1 — V2/Vmon) Vi V2 


рі = р2 (52.4 — 104) КРа : 
ү, = = = [9.7 cm? | cm 
mon рҮр-р/Үз | (524/1.60 — 104/2.73) kPa cm~? 


The mean lifetime of a chemisorbed molecule is comparable to its half-life: 


Е 155 х 103 J то]! 
пуз = To exp (=) ~ (107 s) exp а вито) = 





(8.31457 K-! шог!) x (500K) 
The desorption rate constant is related to the half-life by 
t=(In2)/kg so kg = (In2)/t 


The desorption rate constant is related to its Arrhenius parameters by 


—E E, 
Ка = Aexp (==) so ка = ҺА — Е 


(Ink —Inky)R _ (181.35 — 1n 1) x (83145JK ! шог) 
Те г (600 K)-! — (1000 К)-! 


Eq = |3.7 x10? J mol! 


The Langmuir isotherm is 


and Eg = 


Kp Ө 
so p = ———— 
1+ Kp K(1 — 0) 
0.20 


m= (0.777 КРа”!) x (1 — 0.20) Б 


0.75 
(b) = = | 3.9 kPa | КР 
Р (0.777 kPa^!) х (1 — 0.75) = 


0- 





(а) 





0.32 КРа 





The Langmuir isotherm is 


Kp 
1 + Kp 


Ө = 
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We are looking for Ө, so we must first find K or mmon 


K= Ө 2 т/ттоп 
E p — 6) = РИ — m/mmon) 





Setting this expression at one pressure equal to that at another pressure allows solution for mmon 


mı /Ттоп >. тэ /Ттоп EA Pi (Mmon — mi) = р2(ттоп — m2) 
pi(1 — mi/mmos)  p2(1 — m2/mmon) m i тэ 
- 36.0 — 4.0) kPa 
Ттоп = a: ОИГЮЕИ Бэхи c. PS — 0.84 mg 


pi/mi — р2/т› — (36.0/0.63 — 4.0/0.21) kPa mg-'! 


So Ө = 0.63/0.84 = and 6 = 0.21/0.84 = 


E25.10(b) The mean lifetime of a chemisorbed molecule is comparable to its half-life 
1ү)2 = трех Ea 
1/2 = TOEXP | RT 


20 x 107 Jmol! 
(а) At 400K: аг = 012x ees ( гн ) 


(8.3145 J K-! mol!) x (400 K) 


-149 х 10-1! s 
20 x 10? J тог”! 
AtS00K: пу = (0.12 x 107 s) exp za гн R 
(8.3145 J K-! mol) x (800 K) 
=|2.4 х 10:128 
2 103 J тог”! 
(| АМ00К: пур = (0.12 x 107}? s) exp EM ioa) „ий 
(8.3145J K-! mol^!) x (400 K) 





= |1.6 x 10P s 
200 x 10? J тог”! 
ASOK: nj = (0.12 x 10772 s) exp | ————— —— —À1—— — 
(8.3145 J K-! mol!) x (800K) 
=|1.45 
E25.11(b) The Langmuir isotherm is 
0 
= so p= _—— 
1--Кр K(1— 9) 


For constant fractional adsorption 


K 
pK = constant so pjK; =p2K2 and p? = Piz 
2 


Е25.12(Ь) 


E25.13(b) 


E25.14(b) 
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— Aaa H? Ki —AaH? (1 1 
But K ———— — = LAM le 
и « exp ( ЕТ 50 Га ехр Е Т, Т» 


ЕЕ ( 1 1 )) 
2 = pi XP (| OC5—— (= - = 
Р ава R Т, Т» 


-122 х 103 J mol! 1 1 
= (8.86КРа) х ехр (555) х (5=к z яве) = [6.50 kPa 


8.31457 K^! mor! 


The Langmuir isotherm would be 





EN. 
м ee T+ КР y 
_ (Кр) 
(b) © 1+ (Kp)! 
200 (Kp)? 
MESI 


A. plot of 0 versus p at low pressures (where the denominator is approximately 1) would show 
progressively weaker dependence on p for dissociation into two or three fragments. 


The Langmuir isotherm is 


_ 6 
~ Kü- 98) 





р 
so 
1-РЁВ P 
For constant fractional adsorption 


K 
pK = constant so pıKı = p2K2 and ME Scl 
p К) 


— Aaa H? p2 —АаН® (1 1 
ut К e exp ( ЇГ 80 = exp Ё т 


м 
апа А н° =в(т--үт-) In—, 
а T Т: p2 


1 1 x 350 КРа 
АаН® = (8.3145J K^! mol! € —— In ——— ———— 
s ( mol )X | ок  240K) х \ 102 х 103 kPa 


= —6.40 х 10*J mol! =| —6.40 kJ mol! 


The time required for a given quantity of gas to desorb is related to the activation energy for desorption by 
t x ex (=) 50 289 ех afd : 
P| RT Авт B 


LD oy 
апа Ра = R | — — — нэ 
Т, Т: 


-1 
Eq = (8.3145 K-! шог!) х ( 1 1 ) : (in ша 


873K 1012K 8.44 8 
= | 2.85 х 105 J mol! 








E25.15(b) 


E25.16(b) 


E25.17(b) 


E25.18(b) 
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(a) The same desorption at 298 K would take 
2.85 x 10° J mor! 1 1 
t = (1856 s) x exp | | ——— — —— — кеен NM = [1.48 х 10555] 
P (225 1 2-5 ? (55 K 873 Е) аа. 
(b) The same desorption at 1500 К would take 
5 -1 
i= (dal warp 2.85 x 10° Jmol «( 1 Е 1 ) 
8.31457 К-! шог”! 1500 К 1012K 
= | 1.38 х 10-45 


Disregarding signs, the electric field is the gradient of the electrical potential 


= Жл. мы 
= — d & вы (48) х (8.854 x 10:121-1С2-1) = = 


In the high overpotential limit 








(1-0)/л со Ji _ еа-вгаи-т) where f = І 


Pee h RT 25.69mV 


The overpotential 72 is 


" 1 ч р trai 25.69 mV 7 72 mA ст? 
— —— — = х 
SUT Л 1—042 17.0 тА cm? 


= [inv] 


In the high overpotential limit 





(1—o)fn (a—1)fn 


J = joe so jo = Је 
јо = (17.0 mA ст-2) x el(042- x (105mv)/Q5.69 mV) _. [L6mA ст” | 


In the high overpotential limit 


a-f so 71 =е(-аУт-т) and р = jelo m-n), 
j2 


J = joe 
So the current density at 0.60 V 


j = (1.22mA cm 2) х el(1-0.50) x (0.60 V—0.50 V)/(0.025 69 V)) _ 


Note: the exercise says the data refer to the same material and at the same temperature as the previous 
Exercise (25.18(a)), yet the results for the current density at the same overpotential differ by a factor of 
over 5! 
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E25.19(b) (a) The Butler—Volmer equation gives 
= бе 797) 


= (2.5 х 10-3 Аст 2) x насан _ Маана) 


= [03282] 


(b) According to the Tafel equation 
j = joe е 


— (2.5 х 10-3 Acm~2)el(1-0.58) x (0.30 V)/(0.025 69 V)} = 0.34 Аст-2 


The validity of the Tafel equation improves as the overpotential increases. 


E25.20(b) The limiting current density is 


zFDc 
ó 





Лит = 
but the diffusivity is related to the ionic conductivity (Chapter 21) 


ART . с). 
= EI SO Літ = gd 


(1.5 mol m^?) х (10.60 x 10-3 S m? mol!) x (0.025 69 V) 
(0.32 x 107? m) x (+1) 


Літ = 


=[134m=| 


E25.21(b) Fortheironelectrode E? = —0.44V (Table 7.2) and the Nernst equation for this electrode (section 7.7a) is 


s RT 1 
Е=Е — — Ш | — v=2 
vF [Fe?*] 


Since the hydrogen overpotential is 0.60 V evolution of Hz will begin when the potential of the Fe 
electrode reaches —0.60 V. Thus 


02 
—0.60V = —0.44V + 292209 In[Fe?*] 


-016V _ 123 
00128V 7 


[Ее?+] = |4 x 10-6 mol dm? 


COMMENT. Essentially all Fe?* has been removed by deposition before evolution of H2 begins 


In[Fe?*] = 


Е25.22(Ь) 


E25.23(b) 


E25.24(b) 
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The zero-current potential of the electrode is given by the Nernst equation 


RT 1, a(Fe**) 1, a(Fe?*) 
Е = E? — — 0 = E? — - In ——— 20.77 V — 2 In ——4— 
" "2 PU a (Ее?+) y* a (Fe^*) 


The Butler-Volmer equation gives 


j = jo(e fn - ean) = jo(e9 42" 2 е-058/ту 


where n is the overpotential, defined as the working potential Е’ minus the zero-current potential E. 


a (Ее?+) 


7 1 
п= Е – 0.77У + – In 
f  a(Fe 


: 1 
= Е – 0.77У + - Inr, 
$ 


where r is the ratio of activities; so 
522: үд(042)Е/ 0.42) x (—0.77 V)/(0.025 69 У)) „0.42 
j = jo(e 94» /f 6000.42) x ( )/( Ny 

— g 70.58 E'/f {(—0.58)х(—0.77 V)/(0.025 69 V)} „—0.58) 


Specializing to the condition that the ions have equal activities yields 








j = | (2.5 mA cm?) x [(e942£ /f х (3.41 х 1079) — e(CO589E'/f х (3.55 х 107)] | 





Note. The exercise did not supply values for јо or о. Assuming a = 0.5, only j fio is calculated. From 
Exercise 25.22(b) 


fs jole 5E If e- (0.50? /f 0-50 _ „(—0.50)Е'// e (05005? Jf p-930) 
= 2josinh| 5f E' 17 E° + $ Inr], 


so, if the working potential is set at 0.50 V, then 


j 25 sinh] } (0.91 V)/(0.02569 V) + 1 In r] 
j [jo =2 sinh(8.48 + 5 Inr) 


Atr=0.1: j /jo = 2 sinh(8.48 + 1 010) = 1.5 x 103тА ст-? = 
Atr = 1: j /jo =2sinh(8.48 + 0.0) = 48 x 108тАст2 = 
Atr=10: j /jo =2sinh(8.48 + $ In 10) = 1.5 х 108 mA cm? = 


The potential needed to sustain a given current depends оп the activities of the reactants, but the over 
potential does not. The Butler- Volmer equation says 


j = jo(e A — ent) 


E25.25(b) 


E25.26(b) 
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This cannot be solved analytically for 7, but in the high-overpotential limit it reduces to the Tafel equation 


аут 1 j _ 0.02569V 15 mA cm~? 


j = joe so = —— Ìn >= — ————— in ————— ———— 
PUB Яо je 1-075 40х10-2штАсш 2 


n =[0.61v] 


This is a sufficiently large overpotential to justify use of the Tafel equation. 


The number of singly charged particles transported per unit time per unit area at equilibrium is the 
exchange current density divided by the charge 

jo 

e 


N- 


The frequency f of participation per atom on an electrode is 
f — Na 


where a is the effective area of an atom on the electrode surface. 


For the Cu, H5|H* electrode 


jo 1.0 х 1076A cm? Sr aS 
fa? 32.8... o tfo DD 
e — L602x10-9C ice ыш 


f = Na = (62 x 107287! стт?) x (260 x 107 ст)? 
: 
For the Pt|Ce**, Ce?* electrode 
ya? = 40x 10 Aom? =| 2.5 x10!4 s7! cm? 
e 1.602 x 10-1? C 


The frequency f of participation per atom on an electrode is 


f = Ма = (2.5 х 10!4 s7! cm?) x (260 х 10-!0ст)2 = 


The resistance R of ап ohmic resistor is 








R= potential у 


current — jA 


where А is the surface area of the electrode. The overpotential in the low overpotential limit is 


j 1 
вы so К---- 


fio f joA 


Е25.27(Ь) 


Е25.28(Ь) 


Е25.29(Ь) 


E25.30(b) 


E25.31(b) 
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0.025 69 V 
(а) R = о 25. 10? Q = [5.1 00 | 
(5.0 x 10-12 A cm?) x (1.0cm2) x [5.162] 


0.025 69 V 
= = [100] 
Ф) (2.5 х 10-3 A cm?) х (1.0ст2) EM 


No reduction of cations to metal will occur until the cathode potential is dropped below the zero-current 
potential for the reduction of М? + (—0.23 Vat unit activity). Deposition of Ni will occur at an appreciable 
rate after the potential drops significantly below this value; however, the deposition of Fe will begin 
(albeit slowly) after the potential is brought below —0.44 V. If the goal is to deposit pure Ni, then the Ni 
will be deposited rather slowly at just above —0.44 V; then the Fe can be deposited rapidly by dropping 
the potential well below —0.44 V. 


As was noted in Exercise 25.18(a), an overpotential of 0.6 V or so is necessary to obtain significant 
deposition or evolution, so H2 is evolved from acid solution at a potential of about —0.6 V. The reduction 
potential of Са?” is more positive than this (—0.40 V), so Cd will deposit (albeit slowly) from Са?+ 
before Нә evolution. 


Zn can be deposited if ће Н+ discharge current is less than about 1 mA cm ?. The exchange current, 
according to the high negative overpotential limit, is 


j = joe "f" 


At the standard potential for reduction of Zn2+ (—0.76 V) 


j= (0.79 mA cm?) x e (05 х (-0.76 V)/(0.02569 У)) _ 21x 10? mA cm? 


much too large to allow deposition |. (That is, Нә would begin being evolved, and fast, long before Zn 


began to deposit.) 


Fe can be deposited if the H+ discharge current is less than about 1 mA cm ?. The exchange current, 
according to the high negative overpotential limit, is 


j = joe 9" 
At the standard potential for reduction of Fe?* (—0.44 V) 
j = (1 х 10-6 A cm?) x e-1(05) x (7044 V)/(0.02569 )) — 55 х 10-3 A cm? 
a bit too large to allow deposition |. (That is, H2 would begin being evolved at a moderate rate before 
Fe began to deposit.) 


The lead acid battery half-cells are 


Pb** + 2е— — РЬ2+ 1.67 V 
and PbSO, 4-2e^ + Pb + S037 — 0.36 V, 


E25.32(b) 


P25.1 
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for a total of E? — | 2.03 V |. Power is 
P = IV = (100 x 10? A) х (2.03 V) =| 0.203 W 


if the cell were operating at its zero-current potential yet producing 100mA. 


Two electrons are lost in the corrosion of each zinc atom, so the number of zinc atoms lost is half the 
number of electrons which flow per unit time, i.e. half the current divided by the electron charge. The 
volume taken up by those zinc atoms is their number divided by number density; their number density 
is their mass density divided by molar mass times Avogadro's number. Dividing the volume of the 
corroded zinc over the surface from which they are corroded gives the linear corrosion rate; this affects 
the calculation by changing the current to the current density. So the rate of corrosion is 


м _ (2.0 A m~?) х (65.39 х 10-3 kg тог!) 
2ерМА  2(1.602 x 10-19 C) x (7133kg m3) х (6.022 х 1023 mol!) 
—9,5x107!! ms?! 


rate — 


= (9.5 х 107!! ms!) х (107 тт m^!) х (3600 х 24 х 3658 y7!) 


ттт] 


Solutions to problems 
Solutions to numerical problems 


Refer to Fig. 25.1. 





Оер 


Figure 25.1 


Р25.3 
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1 : : ‘ 1 
Evaluate the sum of =>, where r; is the distance from the ion i to the ion of interest, taking +— for ions 
i r 


of like charge and -< for ions of opposite charge. The array has been divided into five zones. Zones 
B and D can be summed analytically to give —1п2 = —0.69. The summation over the other zones, 
each of which gives the same result, is tedious because of the very slow convergence of the sum. Unless 
you make a very clever choice of the sequence of ions (grouping them so that their contributions almost 
cancel), you will find the following values for arrays of different sizes. 


10 x 10 20 x 20 50 x 50 100 x 100 200 x 200 


0.259 0.273 0.283 0.286 0.289 


The final figure is in good agreement with the analytical value, 0.289 259 7... 


(a) For a cation above a flat surface, the energy (relative to the energy at infinity, and in multiples of 
е? /4тсє ту where ro is the lattice spacing (200 pm)), is 


Zone C + D + E = 0.29 — 0.69 + 0.29 = 
which implies an attractive state. 
(b) For a cation at the foot of a high cliff, the energy is 
Zone A+B +C +D +E = 3 x 0.29 +2 х (-0.69) =| —0.51 ] 


which is significantly more attractive. Hence, the latter is the more likely settling point (if potential 
energy considerations such as these are dominant). 


Refer to Fig. 25.2. 





Figure 25.2 


The (100) and (110) faces each expose two atoms, and the (111) face exposes four. The areas of the 
faces of each cell are (a) (352 pm)? = 1.24 х 10-15 ст2, (b) 42 x (352 pm)? = 1.75 х 107 cm?, 
and (c) 4/3 х (352 pm)? = 2.15 х 107!5 cm?. The numbers of atoms exposed per square centimetre are 
therefore 


Р25.5 
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2 
=] 1.61 x 105 cm? | 
(а) 124 х 10:15 om? nu om 
2 
b) — —— m| 1.14 x 10P cm? | 
99 1.75 х 10-15 cm? = = 
: [1.86 х 105 cm? | 
о = 1156х109ш | 
© 215 х 10:15 сий a 


For the collision frequencies calculated in Exercise 25.1(а), the frequency of collision per atom is 
calculated by dividing the values given there by the number densities just calculated. We can therefore 
draw up the following table. 








Hydrogen Propane 
Z/(atom—! 871) 100 Pa 1077 Torr 100 Pa 10-7 Torr 
(100) 68x10 . 87x10?  l4x10 19х10? 
(110) 9.6 х 10° 12x10! | 20x10 27x10? 
(111) 5.9 x 10? 7.5 х 10-2 12 х 107 17 x 1072 
V 
- = [is BET isotherm, z — z] | 
Vinon di —z){1-—(1 -—c)z} p* 


This rearranges to 


č 1 et 
(4. —2)V i CVmon CVmon | 








Therefore a plot of the left-hand side against z should result in a straight line if the data obeys the BET 
isotherm. We draw up the following tables. 


(a) 0°C, p* = 3222 Torr. 
p/Torr 105 282 492 594 620 755 798 


107: 32.6 875 1527 1844 1924 2343 2477 
10?z/(1 — z)(V/cm?) 304 7.0 12.1 14.1 15.4 177 20.0 


(b) 18°С, p* = 6148 Torr. 





p/ Torr 39.5 62.7 (108 219 46 555 601 765 





105: 64 10.2 176 356 758 903 978 1244 
lOz/(1—z)(V/cm 0.70 1.05 174 327 636 758 809 108 





The points are plotted in Fig. 25.3, but we analyse the data Бу a least-squares procedure. 


The intercepts are at (a) 0.466 and (b) 0.303. Hence 


= (а) 0.466 x 1077 cm 3, (b) 0.303 х 10-3 стг. 





CVmon 


Р25.7 
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The slopes of the lines are (a) 76.10 and (b) 79.54. Hence 


=I 





= (а) 76.10 x 1077 cm 3, (b) 79.54 х 10-3 стг. 


СУ mon 


Solving the equations gives 
c — 1 = (a)163.3, (b)262.5 


and hence 


c = (a) [164] 0264) Vos = (a) [13.1 em} Ф) [12.5 ст | 


(a) 


wa 


10002/(1 — z)(V/cm?) 





Ө = сір!/. 


We adapt this isotherm to a liquid by noting that wa « Ө and replacing р by [А], the concentration of 
the acid. Then wa = c;[A]!/2 (with с, сэ modified constants), and hence 


1 
log Wa = logci + — x log[A]. 
c2 
We draw up the following table. 


[A]/(mol dm~?) 0.05 0.10 0.15 020 0.25 


log([A/moldm~*) —1.30 -100 —0.30 —000 0.18 
log(wa/g) -140 -122 -092 -080 —0.72 


Р25.9 
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These points are plotted in Fig 25.4. 





0.5 0 i -0.5 B -1.0 -1.5 
log([A]/(mol dm?)) Figure 25.4 


They fall on a reasonably straight line with slope 0.42 and intercept —0.80. Therefore, c? — 1/0.42 — 
and c; = [0.16] (The units of cı are bizarre: сү = 0.16 g mol 042 dm!-?6 ) 


Taking the log of the isotherm gives 
In caa, = ШК + (In сы) /п 


so a plot of In саа; versus In Cso} would have a slope of 1 /поо and a y-intercept of In К. The transformed 
data and plot are shown in Fig. 25.5. 





5 : : 
у = —1.9838 + 1.7106x 
4 
FE 
2 
1 
20 2.5 3.0 3.5 4.0 


In суо Figure 25.5 





Со (те 871) 8.26 15.65 2543 31.74 40.00 
Cads/(mg g7!) 44 19.2 35.2 520 67.2 

In со 211 2.75 3.24 346 3.69 
In Cads 1.48 2.95 3.56 3.95 4.21 


К=е 19838 шее ! = | 0.138 те 27! |ап@ n= 1/1.71 = 10.58 | 





Р25.11 


Р25.13 
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In order to express this information in terms of fractional coverage, the amount of adsorbate correspond- 
ing to monolayer coverage must be known. This saturation point, however, has no special significance 
in the Freundlich isotherm (i.e. it does not correspond to any limiting case). 


The Langmuir isotherm is 


Kp n p p 1 
= = — so п(1 + Kp) =n Kp and = = — З 
1+ Кр n% ( p) = noKp n По T Kn% 








So a plot of p/n against p should be a straight line with slope 1/л and y-intercept 1/Knoo. The 
transformed data and plot (Fig. 25.6) follow 


p/kPa 31.00 38.22 53.03 76.38 101.97 130.47 165.06 182.41 205.75 219.91 
n/(mol kg~') 100 1.17 154 204 249 2.90 3.22 3.30 3.35 3.36 
(p/n)/ (kPa mol! kg) 31.00 32.67 34.44 37.44 40.95 44.99 51.26 55.28 6142 65.45 


у = 24.641 + 0.17313х 
R? = 0.982 








Figure 25.6 
5.78 mol kg! 
n — ———————— ШЕ s В 
© 0.17313 mol! kg 
The y-intercept is 
" 1 x 1 1 
= 50 Em pe — a 
Kn% по (24.641 kPa тоГ ' kg) x (5.78 mol Ке!) 


К = 7.02 x 1077 kPa! = | 7.02 Pa! | 


Inj = Injo + (1 — o)f [25.45]. 


Draw up the following table. 


n/mV 50 100 150 200 250 


In(j/mA cm?) 0.98 2.19 3.40 4.61 5.81 


Р25.15 
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The points are plotted in Fig. 25.7. 





0 50 100 150 200 250 
n/mV Figure 25.7 


The intercept is at —0.25, and so jo/(mAcm~*) = e-925 = [0.78]. The slope is 0.0243, and so 


(1 — о)Е/КТ = 0.0243 mV~!. It follows that 1 — œ = 0.62, and so [о = 0.38 | If у were large but 
negative, 


Ul © 70е7977(25.46| = (0.78 mA cm?) х (е 98081 a) 
= (0.78 mA cm?) x Санахын 
and we draw up the following table. 


n/mV —50 —100 —150 —200 —250 
j/(mAcm-?) 1.65 350 740 157 332 


FD FD 
20 125.574], and so 3 = —— [z — 1] 
8 Лит 





7 lim = 
Therefore, 


5 (9:65 х 109 Сто!) х (1.14 x 107? т? 5!) х (0.66 mol m?) 
Б 28.9 x 10-2 A m~? 


= 2.5 x 10-4 m, ог [0.25 mm | 


Р 4RT I 
Е-Е- (+) In (5) — IR, [25.62]. 
F Aj 


j I 4RT - 
P =I F' = Е —alln (z) — PR, where a — F and Jo = Aj. For maximum power, 
0 





ФР эн ш12 218, =0 
IL = -ш-Ааїйй(|-1-4а4- =з 
di 2 Io ы ? 
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which requires 


-(0-0-)-48 
Io a a 


This expression may be written 








E _ 2R; ЕК; 


1 
Inf—)J=c)-@l; а=--Ь о = = 
(5) үтен шиг” 5 а 2КТ 


For the present calculation, use the data in Problem 25.16. Then 


10 = Aj = (5 ст?) x (1 mA cm 2) =5mA, 
" (1.10 V) 
“1 = (4) x (0.0257 V) 


_ 6359) 
~ (2) x (0.0257 V) 


= 1 = 10.7, 


c2 =73 9 У-! = 73 А-!. 


That is, In(0.207/mA) = 10.7 — 0.073(1/mA). 


We then draw up the following table. 


I/mA 103 104 105 106 107 


In(0.207/mA) 3.025 3.034 3.044 3.054 3.063 
10.7 — 0.073(//mA) 3.181 3.108 3.035 2.962 2.889 


The two sets of points are plotted in Fig 25.8. 


32 


p 
= 


ра 
о 


2.9 


RHS & LHS of equation 


102 103 104 105 106 107 
I/mA Figure 25.8 


Р25.19 
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The lines intersect at / = 105 mA, which therefore corresponds to the current at which maximum power 
is delivered. The power at this current is 


Р = (105 mA) x (1.10 V) — (0.103 V) х (105 mA) x In (2) — (105 mA)? х (3.75 Q) 
= 41 mW. 
rp = (eRT /2pF?1Ib°)"? [19.46] 
where J = 5 Y; z?(b;/b®), b? = 1molkg™!. 
i 
For NaCl: 16° = Рмаст © [NaCl] assuming 100 per cent dissociation. 
For Ма280, : Ib? = 5 ((1)?(2bna,so,) + QY bua;so;) 


= 3bnaso, © 3[Na2SO4], assuming 100 per cent dissociation. 


-18 ү-1468-2-1 = ee 1/2 1/2 
2) 78.54 х (8.854 х 10 J C*m™) x (8.315 JK~* mol ) x (298.15 К) 4 ( 1 ) 
2 x (1.00 g cm) x (10-3 kg/g) х (106 cm3/m?) х (96485 С mor)? Ib 


_ 3.043 х 10:10 mmol!/? kg 1/2 
р (1ь°)12 


_ 304.3 рт mol!/? kg 1/2 
xx (Ib9)1/2 


These equations can be used to produce the graph of rp against Баң shown in Fig. 25.9. Note the 
contraction of the double layer with increasing ionic strength. 


(a) The accompanying Tafel plot (Fig. 25.10) of In j against E shows no region of linearity so the Tafel 
equation cannot be used to determine jo and o. 


К 
(b) Му = Maas, 
tp% 
Maas + H^ +е =MHaas, 


k 
2МН,.------» HMMH. 


rate—determining 


Assuming that the dimerization is rate-determining, two electrons are transferred per molecule of 
HMMH andz = 2. Itis also reasonable to suppose that the first two reactions are at quasi-equilibrium. 
According to reaction 3, the current density is proportional to the square of the functional surface 
coverage by MHads, Өмн, 


j = 2Екз6мн, 
In j = In(zFk3) + 2 1n дмн. 
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rp/pm 


In(j/(mA m2) 


Gouy- Chapman diffuse double layer 


5000 





NaCl(aq) 
3000 
Na»SO4(aq) 
2000 
1000 
0 
0 20 40 60 80 100 
b/ (mmol кет!) Figure 25.9 
Tafel plot for dione in butanol 
6.00 
5.00 
4.00 
3.00 
2.00 
-14 -1.5 -1.6 -17 -1.8 -1.9 -2.0 -21 
E/V Figure 25.10 


The characteristics of this equation differ from those of the Tafel equatioin at high negative 


overpotentials 


Inj = ln jo — of n [25.47]. 
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At low concentration of М the value of бмн changes with the overpotential in a non-exponential 


manner. This makes Inj non-linear throughout the potential range. 


Solutions to theoretical problems 


P25.23 Refer to Fig. 25.11. 





Figure 25.11 


Let the number density of atoms in the solid be M. Then the number in the annulus between r and r + dr 
and thickness dz at a depth z below the surface is 25Л// dr dz. The interaction energy of these atoms 
and the single adsorbate atom at a height R above the surface is 


—2nNr dr dz Cg 
(R+? +rep 





dU 


if the individual atoms interact as — C6 /d6, with d? = (R + z)? + r?. The total interaction energy of the 
atom with the semi-infinite slab of uniform density is therefore 


N oo oo r 
U = —52xNOG, | ar f dz——————. 
* Jo o — (Rz? +r?}3 








We then use 
Г гаг 31 d(r?) -i f” dx 1 
о (а2+)3 2% (@ +r 2 (@ +x} 40 
and obtain 





1 © dz TN Cg 
U=-= NC, 1 m = | 
Et о (R+z)4 6R3 





Р25.25 
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This result confirms that И ос 1/R?. (A shorter procedure is to use a dimensional argument, but we need 
the explicit expression in the following.) When 


“-4|(07-071-3-8 


we also need the contribution from С 2 


ын 99 1 f? dz 2nNC 
0 = алс | «| a à af SE Se 
2 Јо Л (84224246 * 10/) жаб 90 


and therefore the total interaction energy is 


U= ЛС МС 
^. 90R? 6R3 ` 


We can express this result in terms of = and с by noting that Су = 4eo !? and Ce = 4ec, for then 
1 усу 1 ;/043 
-28ze6?N | (2) ——(—) |. 

Prev." м5 (=) Bud | 
For the position of equilibrium, we look for the value of R for which dU/dR = 0, 

dU 1 (о? 1 fo? 

— = 8пво N | -— | — —-{—)|=0. 

an “ӨӨХ (86) 3(8)| 

2\ 1/6 

Therefore, о9/10К10 = o3/4R* which implies that R = (5) о = |0.8580о |. Foro = 342 pm, 
К X | 294 рт |. 


КТ 
du’ = —сә (2) dV, 
с 


which implies that 


ам’ _ (=) " ( dV, ) 
dinp |. c dinp/ ' 


However, we established in Problem 25.24 that 




















du | ZRT Va 
dinp o ` 
Therefore, 
RT dV, —КТ\, 
-С2|--) х а) = АЮ or c2 dIn Va = din p. 
с dinp c 


Hence, dIn Уз? = dIn p, and therefore У, = ape] 


Р25.27 


Р25.29 
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For association: 


dR i 
а = konao(Req — К) where a = ао is constant, 


dR 
Req — 


R dR t 
| = | konaodt = Копао! 
о Rq-R Jo 


— In(Req — R)I = Konaot 


Reg — К 
— In (==) = konaot, 
Reg 


Req — R 
Reg 





= kopnaodt, 





= e Kondo! , 


R= Ry [1—2 


R(t) = Reg{1 — еко} where Ко = Konao | 


For dissociation: 


—kon aoR, 


К = Rege 69% where Коь = Konao | 


Let у oscillate between 7+ and n_ around a mean value no. Then n- is large and positive (and n+ > 7- ), 





j ^ joe! OM = joe" [a = 0.5] 
and n varies as depicted in Fig. 25.12(a). 


N+ 


Figure 25.12a 


Therefore, j is a chain of increasing and decreasing exponential functions, 


7 = дое-+79//2 © e /* 


Р25.31 
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during the increasing phase of n, where т = 2RT/yF, y isa constant, and 


j = joe +Y 9f /2 xX et 


during the decreasing phase. This is depicted in Fig.25.12(b). 


t 


Solutions to applications 


For the Langmuir and BET isotherm tests we draw up the following table (usingp* — 200kPa — 


Figure 25.12b 


1500 Torr) [Example 25.1, Illustration 25.3, and eqn 25.57Ъ]. 


p/Torr 100 200 
3 /(Torr cm?) 5.59 6.06 
1052 67 133 


103z/((1 — z)(V/em3)) 4.01 4.66 


p/V is plotted against p in Fig. 25.13(a), and 10?z/((1 — z)V) is plotted against z in Fig. 25.13(b). 


7.0 


6.0 


(p/V)/(Torr cm?) 


p/ Torr 


We see that the | BET isotherm is a much better representation | of the data than the Langmuir isotherm. 


300 400 


6.38 6.58 


200 267 
5.32 5.98 





500 600 


500 


6.64 


333 
6.64 


600 


6.57 


400 
7.30 


Figure 25.13a 





The intercept in Fig. 25.13(b) is at 3.33 x 10-3, and so 1/cVmon = 3.33 x 10-3ст-3. The slope of the 


Р25.33 
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graph is 9.93, and so 


с—1 





= 9.93 x 10-3ст-3. 
CVmon 


Therefore, c — 1 — 2.98, and hence Vmon = 75.4 cm? | 


1000 z/((1 — z)(V/cm?)) 





{ ў 4 
2 Figure 25.13b 
1 1 + Вруос 1 1 
(a) — Е ыо, 
QVOC, RH=0 abcvoc abcvoc а 


Parameters of regression fit: 
0/C Ша l/ab R a Ыррт-! 


33.6 9.07 709.8 0.9836 0.110 0.0128 
41.5 10.14 890.4 0.9746 0.0986 0.0114 
574 11.14 1599 0.9943 0.0898 0.00697 
76.4 13.58 2063 0.9981 0.0736 0.00658 
99 16.82 4012 0.9916 0.0595 0.00419 


The linear regression fit is generally good at all temperatures with 


К values in the range 0.975 to 0.991 |. 


ДааН 1 
R T 


manta mg- ЕС 1, 
R T 


Linear regression analysis of In a versus 1/T gives the intercept Ink, and slope — A44H /R while a 
similar statement can be made for a In b versus 1/T plot. The temperature must be in Kelvin. 
For Ina versus 1/Т 

Ink; = —5.605, standard deviation = 0.197, 

— Aaa H /R = 1043.2 К, standard deviation = 65.4 К, 

R = 0.9942 [good fit], 





(b Ina=Ink, — 
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ka =е 5.605 — | 3.68 x 10-3 | 


ДааН = —(8.31451 J K^! шог!) x (1043.2 К) 


= | —8.67 kJ mol”! | 


For In Б versus 1/T 


In(kp/(ppm™! )) = —10.550, standard deviation = 0.713, 
—ApH/R = 1895.4K, standard deviation = 236.8, 
R = 0.9774 [good fit], 


ky = e7 !0550 ppm! = | 2.62 х 10° ppm! 


ApH = —(8.31451J K^! mol!) x (1895.4 K), 


ApH = —15.7 kJ mol! |. 


(c) k4 may be interpreted to be the maximum adsorption capacity at an adsorption enthalpy of zero, 
while kp is the maximum affinity in the case for which the adsorbant-surface bonding enthalpy is 
zero. 





P25.35 (a) Kunit: (gr dm 3)! [ев = mass (grams) of rubber]. 
Kr unit : (mg) '/? gel dm 3/". 
Кү unit: (mg dm 3). 
M unit : (mg gR )- 
(b) Linear sorption isotherm 


4 = Kceq. 


К = 4/сед 80 К is best determined as an average of all q/Ceq data pairs. 


Kay = 0.126(gg 4т`3)-! |, standard deviation = 0.041(gg dm ?)^!. 


95 per cent confidence limit: (0.083 — 0.169) (ggdm ?)-!. 


If this is done as a linear regression, the result is significantly different. 


К (linear) = 0.0813(gg dm~*)~!, standard deviation = 0.0092 (gndm ?)-!. 


R (linear) = 0.9612 


Freundlich sorption isotherm: q — Кес”; using a power regression analysis, we find that 


КЕ = 0.164 |, standard deviation = 0.317. 
= 0.877, standard deviation = 0.113; [и = 1.14] 


(Freundlich) = 0.9682 |. 





| Fl 


| 
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Langmuir sorption isotherm 


- KL Mceq 
Нета" 


1 (1 +» 
а ХЮМ/ Neq]. М’ 


1 
KLM 


1 
М = —0.0043gR mg |, standard deviation = 0.1985; М = |-233 mg ga | 
R (Langmuir) = 0.9690 |. 


All regression fits have nearly the same correlation coefficient so that cannot be used to determine 
which is the best fit. However, the Langmuir isotherm gives a negative value for Кү. If Кү is 
to represent an equilibrium constant, which must be positive, the Langmuir description must be 
rejected. The standard deviation of the slope of the Freundlich isotherm is twice as large as the slope 
itself. This would seem to be unfavorable. Thus, the | linear description seems to be the best |, but 
not excellent choice. However, the Freundlich isotherm is usually preferred for this kind of system, 
even though that choice is not supported by the data in this case. 


(c) dme, ын [отет 
charcoal Сед 
The sorption efficiency of ground rubber is much less than that of activated charcoal and drops sig- 
nificantly with increasing concentration. The only advantage of the ground rubber is its exceedingly 
low cost relative to activated charcoal, which might convert to a lower cost per gram of contaminant 


adsorbed. 


= 8.089gp dm~*, standard deviation = 1.031; Күт = —0.00053(gg dm~*)~!, 





P25.37 (a) The electrode potentials of half-reactions (a), (b), and (c) are (Section 25.13): 
(a) E(H2, H+) = —0.059 V pH = (—7) x (0.059 V) = —0.14 V, 
(b) Е(О2,Н+) = (1.23 V) — (0.059 V)pH = +0.82 V, 
(с) E(O2, ОН”) = (0.40 V) + (0.059 V)pOH = 0.81 V. 


0.059 V 


Z+ 


0.35 V 


<+ 








Е(М,М+) = E° (M, M^) + ( ) log 10-6 = E° (M, М) — 


Corrosion will occur if E(a), E(b), Е(с) > Е(М,М*). 


(i) E° (Fe, Ее?+) 2 —0.44 V, z} = 2, 
E(Fe, Fe?*) = (—0.44 — 0.18) V = —0.62 V < E(a, b, and c). 


(1) E(Cu, Си?) = (0.52 — 0.35) V = 0.17 V js Еа) 
< Е( and c) 
E(Cu, Cu?*) = (0.34 — 0.18) У = 0.16 V Г Е(а) 
< E(b and c) 
Gii) E(Pb, РЬ2+) = (—0.13 — 0.18) V = —0.31 V |: Е(а) 
< E(b and с) 
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(iv) E(AL АРТ) = (—1.66 — 0.12) У = —1.78У < E(a,b, and с). 
> E(a) 

< E(b апас) 

(vi) E(Cr, Cr+) = (—0.74 — 0.12) У = —0.86 V < Е(а, b, and c). 
(уй) E(Co, Со?+) = (—0.28 — 0.15) У = —0.43 V < E(a, b, апас). 


(v) E(Ag, Ав?) = (0.80 — 0.35) У = 0.45 V 


Therefore, the metals with a thermodynamic tendency to corrode in moist conditions at pH — 7 are 


Fe, Al, Co, Cr | if oxygen is absent, but, if oxygen is present, all seven elements have a tendency to 
corrode. 


(b) A metal has a thermodynamic tendency to corrosion in moist air if the zero-current potential for 
the reduction of the metal ion is more negative than the reduction potential of the half-reaction 
4Ht + O2 + 4е7 > 2H20, E? = 123 V. 


The zero-current cell potential is given by the Nernst equation 


RT RT Mt] 
EG S gent S. INIT 
vF vF  [H*]'p(O;)/4 


We are asked if a tendency to corrode exists at pH 7 ([Н+] = 1077) in moist air (р(О») ~ 0.2 Баг), 
and are to answer yes if E > 0 for a metal ion concentration of 1076 , so for v = 4 and 2+ cations 


0.02569 V i (10-6)2 


Е = 123ү =E? ысын i. NN 
M v 101х107) x (02) 


= 0.983 V — Ем. 


In the following, z — 2. 


For Ni: E° = 0.983 V — (-0.23 V) > 0 [corrodes | 
For Са: E? = 0.983 V — (-0.40 V) > 0 [corrodes | 
For Mg: E? = 0.983 V — (-2.36V) > 0 [corrodes | 
For Ti: E? = 0.983 V — (—1.63 V) > 0 [corrodes | 

For Mn: E? = 0.983 V — (-1.18V) > 0 [corrodes | 


P25.39 Corrosion occurs by way of the reaction 
Fe + 2H*+ > Ее? + Hp. 
The half-reactions at the anode and cathode are: 
Anode: Fe —> Ее?+ + 2е7, 
Cathode: 2H* + 2e^ — Н». 
Афсог = (—0.720 V) + (0.2802 V) = —0.440 V, 


Афсот = n(H) + Аф-(Н) [Justification 25.1], 
Афе(Н) = (—0.0592 V) x pH = (—0.0592V) x 3 = —0.1776V, 


1 Јсот 
Н) = –— 1 { 
Цидийг р 
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Then Афсет = —0.440 У = NUT Jeor — 0.1776 V 
олира af j(H) ` 
and In a = (0.262 V) x af = (0.262 V) х (18 V~!) = 4.716. 
jo 


сот = jo(H) x e*716 = (1.0 x 1077A ст^2) x (112) = 1.12 x 1075 Астг2. 
Faraday’s laws give the amount of iron corroded 


kort — (1.12 x 10-5 A cm~?) х (8.64 x 104s d^!) 
п = нээ аА nM E NU ee eS 
2Е (2) х (9.65 х 104C тог!) 
m =n x (55.85 8 mol!) = (5.0 х 10-6 mol ст 247!) х (55.85 х 103 mg шог!) 


-10.28 mg cm? d^! |, 


5.0 х 1079 mol cm~7d7!. 








